Chapter 1

SETS

One concept that pervades almost the whole of mathematics and many
other disciplines is the notion of sets. George Cantor is considered the
founder of set theory. In this chapter we study set theory and follow Cantor’s
original intuitive approach but also build it axiomatically at times. So our
approach is a fine blend of intuitive ideas and the theory built on axioms.

1.1. Preliminaries

Intuitively speaking, a set is a well-defined collection of objects. For
example, the collection of all the students of B.Tech/M.Tech computer
engineering in the college is a set. There is one thing inherent in the
statement, ‘well-defined collection of objects’ in the definition of a set. By
this we mean that, given a set and some object, we should be able to decide
whether the object is a member of the set under consideration, or not.
Objects which form the set are all distinct (some authors do not insist on
this but we shall do so). For example, all the chairs lying in this room do
not form a set, for if we take chairs out and place them among other chairs,
we cannot identify the chairs lying in this room. Objects in the set are
called members or elements of the set. Now we will give a more formal
definition of a set. Let P be a given property. A set is a collection of objects
having the given property P. Sets are normally denoted by capital letters
suchas S, T, U, X, Y, A, B, Cetc. and elements or objects or members of
a set are denoted by lower case letters. If S is a set and x is an object in .5,
we write « € S while if z is not an element of S we write it as z ¢ S. We
may describe a set S by writing all the elements of S if it were possible, and
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to enclose these within brackets. For example, (a) {Ram, Rahim, Krishan,
Uma} is a set consisting of Ram, Rahim, Krishan and Uma; (b) {1, 3, 5, 7,
9} is the set consisting of the odd integers 1, 3, 5, 7 and 9; (c) {1, 2, 3, ...,
99, 100} is the set consisting of the integers from 1 to 100. Here the ellipsis
after 3, and before 99 indicates the integers beyond 3 and up to 98; (d) {1,
3,5, ..., 2n + 1, ...} is the set consisting of all odd positive integers;
(e) {2,4,6, ..., 2n,...} is the set of all even positive integers. The sets in
examples (b) to (e) above may also be expressed in the set builder notation
or in a more formal manner as
(b) {n|n is an odd positive integer less than 10}

= {n|n is an integer, it is odd and 1 <n < 10}
(¢) {n|n is a positive integer less than 101}

= {n|n is an integer and 1 <n < 100}
(d) {n|n is an odd positive integer}

= {2n + 1|n is a non-negative integer}

= {m|m = 2n + 1, n a nonnegative integer}
(e) {n|n is an even positive integer}

= {2n|n is a positive integer}

= {m|m = 2n, n a positive integer}.

A set which has no elements is called an empty set or a null set and
is denoted by { } or ¢. Empty sets may be obtained more formally by using
a property P which is self-contradictory. For example, the set of all positive
integers less than 0 or the set of all odd integers which are divisible by 2 or
the set of all real numbers which are the roots of the polynomial 2% + 1. In
the set builder notation we may describe these sets as

{n|n is a positive integer and n < 0}
{n|n is an odd integer and 2 divides n}
{ala is a real number and a® + 1 = 0}.

We have not placed any restriction on the elements of a set. For
example, we may have sets like
{Ram, Rahim, London, New Delhi, New York, 1, 2, 3}; or
{{a,b,¢c}, 1,2, 3, 4, z,y, 2z} in which one of the elements is {a, b, c},
which itself is a set; or {¢,{¢}, {1, 2, 3}, 1, 2, 3}. Observe that {¢} is not
an empty set but is a set having one element which is ¢ the empty set. Or

{a, {a}, {{a}}, {{{a}}}, b, {b}, {{0}}}-

Recall that while defining a set we have not placed any order in which
the elements of a set are listed. Thus {1, 2, 3}, {1, 3, 2} and {2, 1, 3}
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all represent the same set, the elements of which are 1, 2 and 3. Sets in
which elements are written in a particular order are called ordered sets and
will be studied later. We next establish notations for some well-known sets.
Throughout, we write

N = The set of all natural numbers = {1, 2,3, ..., n, ... };
which is also called the set of counting numbers;

Z*t= The set of all non-negative integers ={0,1,2,3 ,...,n, ... };
which is the same as the set N of natural numbers together with the
number 0;

Z = The set of all integers = {0, +1, £2, £3,...};
@ = The set of all rational numbers = {p/q | p, q integers, g # 0};
Q*= The set of non-zero rational numbers

= {p/q|p, qintegers, p - ¢ # 0}.

There are infinitely many numbers which are not rational numbers.
Examples of such numbers are /2, 1/3,1/5,3/2,7 etc. These are real
numbers, none of which is a rational number. Numbers which can be
represented as points on the real line are called real numbers. There is a
deep theorem in mathematics which says that between every two rational
numbers there are infinitely many real numbers. We do not go into details
about these numbers but we introduce the notations:

R = The set of all real numbers;
R* = The set of all non-zero real numbers;
C' = The set of all complex numbers = {a + ibla,b € R and i =/ — 1};
C* = The set of all non-zero complex numbers
={a+ibla,be R,i=+/—1and a# 0 or b # 0}.

Corresponding to every complex number there is a point in the plane
and corresponding to every point in the plane there is a complex number.

The number of elements in a set .S is called the order of the set and
is denoted by o(S) or |S|. If the order of S is finite, we call S a finite set
and otherwise we call it an infinite set. Also in this case we say that S is
an infinite set. Observe that all sets N, Z, @, R and C' are infinite sets. The
set of all the roots of the cubic #® + 322 + 8 is a finite set of order 3. This
is so because every polynomial of degree n has n roots. Given two sets A
and B, we say that A is a subset of B if every element of A is in B and we
express it by writing A C B. If A is a subset of B and there is an element
b € B which is not in A, then A is called a proper subset of B and this
situation is expressed by A C B. Two sets A and B are said to be equal
and written as A = B if A is a subset of B and B is a subset of A. It is
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clear that if A is a subset of B and B is a subset of C, then A is a subset
of C. Also, every set is a subset of itself. Following are some examples.

1.

N oot w

10.
11.

12.

The set of B.Tech computer engineering second-year students in this
college is a subset of the set of all B. Tech second-year students in the
college.

. The set of all second-year engineering students in this college is a subset

of the set of all engineering students in the college.

. The set of all people in Delhi is a subset of the set of all people in India.

The set {1, 3, 5, 7, 9} is a subset of the set {1, 2, 3, 4, 5, 6, 7, 8, 9}.

. The set of all odd integers is a subset of the set of all integers.

The set of all even integers is a subset of the set of all integers.

. The set of all integers which are multiples of 3 is not a subset of the

set of all odd integers as 6 is a multiple of 3 but is not an odd integer.
The set N of all natural numbers is a subset of the set of all integers,
the set Z of all integers is a subset of the set of all rational numbers, the
set @ of all rational numbers is a subset of the set of all real numbers,
the set of all real numbers is a subset of the set of all complex numbers.

. Let n be a positive integer. The set S = {e2™*/"|0 < k < n} of all

nth roots of unity is a subset of the set C' of all complex numbers.
Observe that, if for k < [ < n,e?™k/n = 2mil/n then e2mill=F)/n —
or cos2m(l — k)/n + 14 sin2x(l — k)/n = 1, which is possible only if
27(l — k)/n is a multiple of 2. However, this is not possible as 1 <
I — k < n. This proves that the set S has order n. We shall consider
this set again when we discuss groups. Observe that S is a subset of
the set R of all real numbers only when n =1 or 2.

The set {1, —1} is a subset of the set {1, —1,4, —i} where i =/ — 1.
Let M3(R) denote the set of all square matrices of order 2 with real
entries, M2 (R)* be the set of all nonsingular square matrices of order 2
with real entries and Ma(R)** be the set of all square matrices of order 2
with real entries which have determinant 1. Then Ms(R)** is a subset
of Ma(R)* and Ma(R)* is a subset of M (R).

The set of vowels in the English alphabet is a subset of the set of all
English alphabets.

1.2. Algebra of Sets

Sets that we study are subsets of a certain larger set. This larger set of
which every set under study is a subset is called the universal set. The
universal set may change with context. For example, if we talk of sets of
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numbers, we may take the set C' of complex numbers as the universal set.
It may sometimes be enough to consider the set R of real numbers as the
universal set. When we talked of students of B. Tech computer engineering
second year in this college we take the set of all engineering students in the
college as the universal set. For the set of all the people in Bombay, we may
take the set of all people in India as the universal set. For the sets under
consideration we will write X or E or U for the universal set. Let A, B be
two sets. We define A\B or A— B by A\B = {x € A|z ¢ B} which clearly
is a subset of A. The set X\A = {z € X|x ¢ A} where X is the universal
set is called the complement of A and is denoted by A’ or A° or A.

We define union A U B and intersection A N B of two sets A, B by
AUB={zeXjze Aorxe B},ANB={z€ X|z € Aand z € B}.

It is clear from the definitions that A, B are subsets of A U B while
AN B is a subset of A as well as B. The following are then clear:

(a) ¢ =X, X' =9 (b) (A) =4
(c) fTAC B, then BBC A" (d) ANA' =¢, AUA = X.
Moreover,

AUB=BUA, ANB=BNA, AUA=A ANA=A,
AUX =X and ANX = A.

Also, if A is a subset of B, then AUB = B and AN B = A. The
converse is also true and we can have:

Theorem 1.1. For sets A and B, (a) AU B = B if and only if A € B;
(b) AN B = A if and only if A C B.

Proof. Suppose that A S B. Let x € AUB. Then z € Aor z € B. As
A C B,z € A implies that 2 € B. Then « € B or z € B i.e. © € B. Hence
AUB C B. Also B € AU B. Therefore AU B = B. On the other hand, if
AUB=DB,as AS AUB, we have A € B. Proof of (b) follows on similar
lines.

Union and intersection of sets are related through laws known as
distributive laws.

Theorem 1.2. For any sets A, B, C,
(a) AN(BUC)=(ANB)U(ANCOC);
(b) AU(BNC)=(AuB)N(AUCQC).

Proof. (a) Let x €¢ AN(BUC). Thenx € Aand x € BUC or z € A and
(x € B or x € C). This means that (x € A and x € B) or (x € A and
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zeC)ieex e ANBorz e ANC. Thusz € (AN B)U(ANC). This
proves that

AN(BUC) S (ANB)U(ANC). (1.1)

Next, let z € (ANB)U(ANC). Thenz e ANBorze ANCie (z€A
and z € B) or (r € Aand z € C).

This is equivalent to saying that x € A and (x € B or z € C). i.e.
x € Aand x € BUC. Therefore x € AN (BUC). This proves that

(ANB)U(ANC) S An(BUCQ). (1.2)
Combining (1.1) and (1.2) gives

AN(BUC)=(ANB)U(ANC).
(b) Since BNC < B and BNCCC,

AU(BNC)S AUuB and AU(BNC)S AUC.

Combining these we get

AU(BNC) S (AUB)N(AUC).
For the reverse inclusion, let x € (AU B) N (AU C). Then

re€AUB and z€ AUC
or
(reAorxeB) and (x € Aorxel).

This implies that z € Aor {z € Band x € C} ie.z € Aorz € BNC
which together imply that x € AU (B N C). This proves that

(AUB)N(AUC) S Au(BNCO).
Hence AU(BNC)=(AUB)N(AUC).
Theorem 1.3. For any sets A and B,
(a) AAB=AnDB, (b)(AUB) =A'NB', (c)(AnB)Y=AUDRB.
Proof. (a) AB={zxcA|xz¢B}={xcA|lzeB}=ANnpB.
(b) Let z € (AUB)'. Then x ¢ AUB and so © ¢ A and = ¢ B which is the

same thing as saying that x € A’ and x € B’. This shows that z € A’ N B’.
Thus (AUB) € A'nB.
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Next, let z € A’ N B’. Then x € A’ and x € B’ which is equivalent to
saying that © ¢ A and x ¢ B. Therefore + ¢ AU B or that z € (AU B)".
Hence AN B’ € (AU B)".

Combining the two inclusions, we get (AU B)' = A'N B’.

(c) Let x € (ANB)’. Then x ¢ ANB. Therefore either x ¢ A or x ¢ B which
implies that x € A" or x € B' i.e. x € A/ UB’. Thus (AN B) € A’ UB".
On the other hand, if x € A’ U B/, then x € A’ or ¢ € B’ ie. x ¢ A or
x ¢ B. This shows that © ¢ AN B or that € (AN B)’. This proves that
A'UB’ € (AN B)'. Combining it with the reverse inclusion already proved,
we get (ANB) =A'UB".

The two results as at (b) and (c) above are called De Morgan’s Laws.

Example 1.1. For any sets A, B, C' prove that

(a) AN(B\C) = (ANB)\(ANC),
(b) AU(B\C) = (AU B)\(C\A),
(c) AABCE B,

(d) (AAB\C = A\(BUC).

Solution. Since A\B = AN B’ (c) follows.

(a) (ANB\(ANC)=(AnB)n(AnC)
= (AnB)Nn(A'uC)
=(AnBNA)YU(ANBNC")
=ANnBnNnC
=An(BnC)
= AN (B\C).
(b) (AUB)\(C\A) = (AUB)\(CNA)
=(AUuB)Nn(CNAY
= (AUB)N(C"U (4'))
=(AUB)N(C"UA)
= (AN (C'"UA)U(BN(C'UA))
Au((BNnC"YU(BNA))
=(Au(BNA)u(BNC
AU (BNC")=AuU(B\C)

"uU
U
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which completes the proof of (b).
(d) (A\B)\C = (A\B)NC"=(AnB)YNnC'"=An(B'nC")
=AN(BUC) = A\(BUCQ).

Let A, B be two sets. By the symmetric difference of the sets A, B we
mean the set (A\B) U (B\A) and it is denoted by A ~ B or A ® B. Now

A& B=(A\B)U(B\A)=(ANB)U(BNA)
(ANBYUB)N((ANnB")UA)
(AUB)N(B'UB))N((AUA)YN(B'UA")
(AUB)NX)N(XN(ANB)")

B)N(ANB) = (AUB)\(ANB).

(
(
(
(
=4

Thus the symmetric difference A @ B consists of all elements which are in
A or in B but not in both.

Two sets A and B are said to be mutually disjoint or mutually
exclusive if they do not have any element in common, i.e. if AN B = .
Observe that if A, B are mutually exclusive sets, then the symmetric
difference A @ B is just A U B. On the other hand if A € B, then
AB=¢and A®B=(AUB)\(ANB)=B\A=BnNA

Example 1.2. For any sets A, B,C,AN(B®&C)=(ANB)® (ANC).

Solution.

(ANB)® (AN Q)
ANB\(ANC)) U ((ANC)\(AN B))

(
(ANB)N(ANC)YYU(AnC)Nn(ANB))
(
(

ANB)NA'ud)Hu((AnC)n (A UB))
ANBNAYUANBNCHU((ANCNAYU(ANCNBY)

) ®
(
(
(
(

=(ANBNCHYU(ANCNB)

=(AN(BNC)HU(AN(CNBY)
=ANn({(BNnCu(CnB")

AN((B\C)U(C\B)) =AN(B&C).
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Example 1.3. Let A, B,C be any sets. Given that ANC € BN C and
ANC’" S BNC', prove that A € B.

Solution. Let X be the universal set. It follows from the definition of the
complement of a set that X = C U C’. Now

A=ANX=An(CUl)=(ANnC)U(ANnC)Y S (BNnC)u(BNC)
=BNn(CuC)=BNX=B8

Thus, A € B.
Using the above we can deduce that if A, B,C are sets with AN B =
ANCand AANB=A"NC, then B=C.

Exercise 1.1. We have used in some of the proofs earlier that if A, B, C, D
are sets such that A € B and C € D, then ANC € BN D. Give a formal
proof of this observation.

In view of the above, if A, B,C and D are sets such that A ; B and
C S D, then ANC S BNDand AUC S BUD. It is not essential that
ANCSBNDand AUCS BUD.

For example, let A = {1,2,3}, B = {1,2,3,5,7},C = {1,2,4} and
D ={1,2,4,6}. Then AS B,C S Dbut ANC ={1,2} = BN D.

This example also shows that ANC = BN C but A # B.

For the observation about union, we take A = {1,2,3}, B = {1,2,3,4},
C ={1,2,4tand D = B.Then A G B,C G Dand AUC = {1,2,3,4} =
B U D. This example also shows that AU B = AU C while B # C.

1.3. Venn Diagrams

Sometimes it is convenient to visualize results about unions, intersections,
complementation and their combinations using two-dimensional figures or
diagrams. In this pictorial representation, universal set is represented by a
rectangle and sets are represented by circular, elliptic or any curved regions.
If A, B are any two sets then their intersection and union are represented
by the shaded region in Figs. 1.1 and 1.2 below while the complement A’
of A is given by the shaded region in Fig. 1.3, A\ B is given by Fig. 1.4 and
the symmetric difference A ~ B = A @ B is given by Fig. 1.5.

Exercise 1.2. If A, B,C are any sets indicate using Venn diagrams the
proofs of the distributive laws

(a) AN(BUC) = (ANB)U(ANC);
(b) AU(BNC)=(AUB)N(AUOQ).
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1.4. Power Set

We will now consider power set of a set and binary relations on sets. Let S
be a non-empty set. The collection of all subsets of .S is called the power

set of S and is denoted by PB(5). For example, if
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(a) S = {1}, then P(S) = {4, 5};
(b) S = {172}7 then S,B(S) = {¢7 {1}7 {2}75};
(¢) S =1{1,2,3}, then

B(S) ={o, {1}, {2}, {3}, {1,2},{1,3},{2,3}, 5}

In case (a) the number of elements in B(S) is 2 = 2!; in case (b) the number
of elements in P(S) is 4 = 2%; and in case (c), the number of elements in
PB(S) is 8 = 23.

We shall prove later that if S is a finite set of order n, then
o(P(S)) = 2™. Binary relations on sets shall also be considered later.

1.5. Countable Sets

Let A, B be two non-empty sets. By a map f from A to B written as f:
A — B we mean a rule or a law which associates to every element of A
a unique element of B. The unique element of B which is associated with
an element a of A is denoted by f(a) and is called the f-image of a or the
image of a under f. For example, if A = B = R, the set of real numbers, we
may define f: R — R by f(a) = |a|, a € R, where |a| denotes the magnitude

of a. Recall that |a| =aifa >0 and |a| = —a if a < 0.
We may consider some other maps f: R — R as
(a) f(a) =—a,a € R,
(b) f(a) =a%a € R,
) fla) =€ a€ R,

(c
(d) f(a) =2a+3,a€R.

Observe that we have not defined any map like f(a) =1/a+2or 1/a—1
etc. because in the first case the right-hand side is not defined for ¢ = —2
while it is not defined for a = 1 in the second case. We have also not
considered things like f(a) = v/a for if a < 0, then y/a is not a real number.
However, (e) if A is the set of all positive real numbers and B is the set of all
real numbers in the interval (0, 1), we may define f(a) = 1/a+2, a € A.
(f) Let A = {1,2,3}, B = {a,b}. Then the assignments in Figs. 1.6-1.8
below are maps while those in Figs. 1.9 and 1.10 below are not maps.

(g) Let N be the set of all natural numbers and Z be the set of all integers.
Then

(i) f: N — N given by f(n) =2n, n € N,
(ii)) f: Z — Z given by f(n)=2n, ne Z

are maps.
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(h) f:C — R given by f(a +ib) = a®> +b%, a,b € R, is a map.
(i) Let Ma(R) be the set of all square matrices of order 2 over R.
Then f: M3(R) — R defined by f(A) = detA, A € M3(R) is a map.
(i) f: R — C defined by f(a) = €'* = cosa + isina, a € R, is also a
map.

Let A, B be non-empty sets. A map f: A — B is called

(1) injective or one—one or monomorphic if for a1,a2 € A,a1 # as
implies f(a1) # f(a2). Equivalently, if f(a1) = f(a2),a1,a2 € A, then
a1 = az;
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(2) surjective or onto or epimorphic if for every b € B, there exists an
a € A such that f(a) = b i.e. every element of B is the image of an
element of A;

(3) bijective or isomorphic if f is both one-one and onto.

Example 1.4. The maps in examples (a), (d), (e) above are bijective, the
maps in examples (c), (g)((i) and (ii)) are injective but not surjective while
the maps in (b), (h), (j) are neither injective nor surjective. The map in (i)
is surjective but not injective.

Example 1.5. Define amap f: N — Z by f(2k+1)=k+ 1,k >0 and
f(2k) = —k,k > 0. Since f(2k + 1) > 0 while f(2k) < 0, for no k and I,
F(2k+1) = f(20). Also f(2k+1) = f(20+1) implies that k+1 = {+1 which
gives k =1 and f(2k) = f(2l) shows that —k = —[ or that k¥ = [. Thus the
map f defined is one-one. For any positive integer k,k = f(2k — 1) and
—k = f(2k.) Hence the map f is onto as well. Thus the map f is bijective.

Definition. Given two sets P and @, we say that there is a one-to-one
correspondence between the elements of P and the elements of @ if it
is possible to pair off the elements in P and @ such that every element
in P is paired off with a distinct element of () and vice versa, i.e. every
element of P is associated with a unique element of @) and every element of
@ is associated with exactly one element of P. This is equivalent to saying
(in precise formal language) that there exists a map f : P — @ which is
bijective.

Definition. A set S is said to be countable if it is finite or the elements
of S are in one-to-one correspondence with the elements of N — the set of
natural numbers. Sometimes a set S, the elements of which are in one-to-
one correspondence with the elements of IV, is called denumerable. Then
a set S is countable if either it is finite or denumerable. Thus for infinite
sets there is no difference between denumerable and countable sets. A set
which is not countable is called uncountable.

Theorem 1.4. Every infinite subset of a denumerable set is denumerable.

Proof. Let A be a denumerable set and B be an infinite subset of A.
Let f : N — A be a map which is one—one and onto. Then the elements
of A are f(1), f(2), f(3), ... and, therefore, the elements of B look like
fi1), f(i2), ... for iy < iy <ig < .... Define a map g: N — B by g(n) =
flin),n € N. By the very definition g is onto. Suppose that g(n) = g(m).
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Then f(i) = f(i,) which implies that i,, = ¢,, the map f being one—one.
However, for m # n,i,, # i, by our choice. Therefore i, = i, implies
that m = n. Hence the map g is one—one as well. This proves that B is
denumerable.

Theorem 1.5. The set ZT x Z+ = {(m,n)|m,n € ZT} of all ordered
pairs (m,n), m,n € ZT is denumerable.

Proof. Observe that a set is denumerable if the elements of the set can be
listed in a row so that the elements can be called the first, the second, the
third, etc. Keeping this in mind, we list the elements of ZT x ZT as follows:

(0,0),(0,1),(1,0),(0,2), (1,1),(2,0), (0,3), (1,2),
(2,1),(3,0),(0,4),(1,3),(2,2),(3,1), (4,0, ...

i.e. we first list the pair (0,0), then all pairs the sum of the entries of which
is 1 starting with the pair having first entry 0, then all pairs (a,b) with
a + b = 2, starting with (0,2), then all pairs (a,b) with a + b = 3, then
a + b =4, and so on every time the first pair being (0,a + b). The above
fashion lists all the elements of Z1 x ZT showing that the set ZT x ZT is
denumerable.

A careful examination of the first few terms of the above listing of
elements of ZT x Z7T suggests that there may be defined a map f : Z+ x
Z*t — N by f(m,n) = (1/2)(m+n)(m+n+1)+m+1,m,n € Z* which
gives the above listing.

Exercise 1.3. Prove that the map f : ZT x ZT — N defined above is
injective. (Hint: Let (a,b), (c,d) € ZT x ZT and suppose that f(a,b) =
f(e,d). Consider four possible cases, namely:

Now f(a,b) = f(c,d) implies that (a+b)%>+3a+b = (c+d)?+ 3c+d which
ultimately leads to (a+b+c+d+1)(a—c+b—d)+2(a—c)=0.

This implies that a — ¢ = km and a — ¢+ b — d = —k or —2k for some
positive integer k. The second alternative leadstoa+b+c+d+1=m <
a — ¢+ 1 which is obviously not possible. In the case of first alternative,
a+b+c+d+1=2(a—-c)/k For k > 1, this again leads to an obvious
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contradiction, while for k = 1, this leads to a = b+3c+d+1 which again can
be shown to lead to a contradiction. In case (b—d)/(a — ¢) is an integer, we
must have 14+ (b—d)/(a—c¢) = —1land a + b+ ¢ + d + 1 = 2. This implies
that three of a, b, ¢, d are zero and one of these is 1. This is a contradiction
to case (i). Therefore, in case (i) it follows that f(a,b) = f(c¢,d) cannot
happen (Cases (ii), (iii) and (iv) are much simpler than this case).

As a consequence of this result it follows that Z* x Z+ may be identified
with a subset of N and so is denumerable. Also the set N x N being an
infinite subset of the denumerable set Z* x ZT is denumerable The set Z+
is also denumerable in view of the map f : ZT — N given by f(a) = a+1,
a € Z being bijective.

Theorem 1.6. The set @ of all rational numbers is denumerable.

Proof. We can prove this result in a few steps.

1. Counsider the subset A = {(m,n) | m,n € N and g.c.d (m,n) = 1}. This
is an infinite subset of the set N x N. Since N x N is denumerable,
A is denumerable. Let QT be the set of all positive rational numbers.
Define a map f : A — QT by f(m,n) = m/n, (m,n) € N x N. Since
every positive rational number is of the form p/q, where p, ¢ are positive
integers and g.c.d(p,q) = 1, therefore p/q = f(p,q). Thus f is onto. In
fact, every positive rational number can be uniquely expressed in the
/4, p, q positive integers with g.c.d.(p,q) = 1, the map [ is one-one as
well. Hence Q7 is denumerable.

2. We have proved in Example 1.5 that the map f : N — Z given by
flm) = —m/2 if m is even and (m + 1)/2 if m is odd is bijective.
Therefore, the set Z of integers is denumerable.

Define a map g : N x N — Z x Z by g(m,n) = (f(m), f(n)), m,
n € N. Let m, n, m’, n’ € N and suppose that g(m,n) = g(m’,n’).
Then (f(m), f(n)) = (f(m’), f(n’)) which implies that f(m) = f(m’)
and f(n) = f(n’). The map f being injective, it follows that m = m/,
n = n' or that (m,n) = (m/,n'). Hence g is one—one. Let a, b € Z.
The map f being onto, there exist m, n € N such that a = f(m) and
b= f(n). Then (a,b) = ((f(m), f(n)) = g(m,n). Hence g is onto as well.
Thus g is a bijective map. The set N x N being denumerable, it follows
that Z x Z is denumerable.

3. Let B = {(m,n) | myn € Z,n # 0 and g.c.d(m,n) = 1}. Then
B is an infinite subset of the denumerable set Z x Z and, so B is
denumerable. Now define a map h : B — @, where @ is the set of all
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rational numbers, by h(m,n) = m/n, (m,n) € B. Since every rational
number can be uniquely written in the form m/n, where m,n € Z |
n # 0 and g.c.d.(m,n) = 1, the map h is one-one and onto. The set B
being denumerable, it follows that the set @) is denumerable. We next
describe a practical approach to enlist all the positive rational numbers.

List all the positive rational numbers with denominator 1 in the first
row, the numbers with denominator 2 in the second row, the numbers with
denominator 3 in the third row and so on. The elements in each row being in
one-to-one correspondence with positive integers are denumerable. Similarly
the elements in every column are denumerable. Thus the table is:

171 2/1 = 3/1 4/1 —» 5/1 6/1 ...

1
/ 2// 3// 4 52 /2....
W

1/3 4/3 5/3  6/3...

l//

2/5 35 45 55  6/5...

5/4  6/4 ...

1/6 26 3/6  4/6 5/6  6/6 ...

Then start listing the positive rational numbers as indicated. This
procedure lists all the positive rational numbers. Observe that in the
listing there will appear numbers which have been listed previously. All
such numbers will be removed from the listing or a number which has
occurred earlier again appears is omitted (i.e. the duplication is removed
by omitting a number which occurs the second time). Observe that in the
above procedure we first list the number 1, then all numbers p/q with
p+ g = 3, then all numbers p/q with p + ¢ = 4, then numbers p/q with
p+ q = 5 and so on omitting from the listing a number which has already
appeared in the listing.

Theorem 1.7. The set of all real numbers is uncountable.
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Proof. If the set R of real numbers is denumerable, then every infinite
subset of R is denumerable. However, we prove that the set of all
real numbers in the interval (1, 2) is not denumerable. From this it
will then follow that the set of real numbers is uncountable. We prove
by contradiction that the set of real numbers in the interval (1, 2) is
uncountable. So, suppose that the set of all real numbers in (1, 2) is
denumerable. Let these numbers be listed as a1, a2,a3,...,a;,....
Let the decimal representations of these numbers be

ar = l.a;n a2 a3 au
az = l.agr a2z a3 ao

az3 = l.az; azz asz ass

a; = l.a;1 aix a3 aip

Then a;; all belong to the set {0,1,2,...,9}. Consider a real number
b with decimal representation b = 1.by b2 bs ... where the decimal digits
b1,b2,b3, ... are defined by b; = 3, if a;; # 3 i.e.

Aq; € {0,172,475,6,7,8,9} and b; =4 if a; = 3.

Thus b; # a;; for any 7 or b; is not the ith decimal digit of a; for
any i. Two numbers are equal if and only if the corresponding entries in
the decimal representations of the two are equal. It follows that the number
b does not appear in the above listing of the real numbers in the interval
(1, 2). However, 1 < b < 2 so that b € (1,2). This is a contradiction and it
follows that the set of real numbers in the interval (1, 2) is not denumerable
and, hence, R is uncountable.

Remark: The procedure given for proving that the set of positive rational
numbers is denumerable can also be used to prove that a denumerable union
of denumerable sets is denumerable.

1.6. Some Special Maps (Functions)

In this section we give a brief description of some functions defined on real
numbers which are quite useful and may appear frequently. These include,
among others, polynomial functions, logarithmic functions and exponential
functions. In a polynomial function every real number x is associated with
a polynomial in x such as f(z) = 22 + 1, f(z) = 22 + 2 + 1, f(2) =
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1/22? — z + 1 etc. In general, a polynomial function may neither be one-one,
nor onto. However, a linear polynomial function such as f(x) = ax + b, where
a, b are fixed real numbers, is always one—one as well as onto. Observe that in
alinear polynomial function f(x) = az + b, z € R, a is non-zero. In case a is
zero, this function no longer remains a linear function and becomes a constant
function which associates the fixed real number b to every real number z. The

function f(z) = z% = € R is neither one-one, nor onto as there is no real
number x for which 22 = —Tand f(1) = 12 = (-1)? = f(-1).
In logarithmic function f(z) = log® to every real number z is

associated the unique real number a such that = 2%. Observe that for
every real number a, 2% > 0. Thus the logarithmic function is defined on
the set of positive real numbers. We have used the notation log® for the
logarithm of x to the base 2. Logarithmic functions may be defined to any
base b. In that case we write logj to mean the number a such that z = b*
and call logi to be the logarithm of x to the base b. When the base of
logarithm is the number 10, we call such a logarithm as natural logarithm
and we write log], as In z.

Another function that is defined on the set N of natural numbers and
called the factorial function is defined for every natural number n as
fn)=nl=n(n—-1)...1 (i.e. the product of the first n natural numbers)
and is called factorial n. We define 0! = 1. Observe that 3! =3 x 2 x 1 = 6,
5l=5x4x3x2x1=120and 7' =7x6 x5 x4 x 3 x2x1=>5040.

We next define two other functions from the set of all real numbers to
the set of integers.

Definition. The floor function denoted by | | is the function: R — Z
which assigns to the real number x the largest integer which is less than or
equal to x. Thus |z| denotes the largest integer < z. On the other hand
we define the ceiling function denoted by []: R — Z to be the function
which associates to the real number x the smallest integer which is greater
than or equal to the real number z. Thus [z] is the smallest integer >z.
Observe that

(a) |z] = [z] for every integer ;
(b) both the floor function | | and the ceiling function [ | are onto;
(c) neither of the functions | | and [ ] is one-one.

The floor function is also sometimes called the greatest integer function
and analogously the ceiling function may be called the least integer
function.
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In analysis both floor function and the ceiling function are cited as
functions which have infinitely many discontinuities. These functions are
in fact discontinuous for every x € Z. To fix up our ideas about these
functions, note that

|1/3] =0; [1/3]=1; |-1/3]=-1; [-1/3]=0; [23]=2;
[2.3]=3; [V5]=2 [V5]=3.

The following properties of the floor and the ceiling function are clear
from their definitions. If n is an integer, then

(a) |z]=nifandonlyifn <z <n+1;
(b) [z =nifandonlyifz —1<n <uz;
(¢) [zl =nifand only if n — 1 < z < n;
(d) [zl =nifandonlyif z <n <z + 1.

Combining (b) and (d) above, we also have
r—1<|z]<z<[z]<z+1

The floor and the ceiling functions for x and —z are related by

(€) [—a) = —[z]; () [-2] = =]
For (e), let [2] = n. Then by (d) above z < n < x + 1. This leads
to —x > -—n>—-x—1or —z—1< —n < —z which by (b) implies
that —n = |—z|. Hence |—z| = —[z]. The result (f) may be proved
on similar lines by using (a) and (c).

Theorem 1.8. For any integer n and real number z,

(@) lz+n] =|z]+n; (b) [z+n]=][z]+n.

Proof. Suppose that [z] = m, where m is an integer. Then by (c) above
m—1 < x < m. Adding n to the numbers in this inequality, we have
m+n—1<n+ax <m+n in which m + n is again an integer. By (c)
again, [n+ x] = m +n = [z] + n. This proves (b) above. The result (a)
may be proved on similar lines.

Theorem 1.9. For any real number z, prove that
|[2z] = |z] + |z + 1/2].

Proof. Let x = n + ¢, where n is an integer and € is a real number with
0 < e < 1. Then by the definition of the floor function || = n. We consider
two cases: € < 1/2 and € > 1/2.
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Case (a) 0 < € < 1/2. Then 0 < 2¢ < 1. Therefore 2z = 2n + 2¢ where
2n is an integer and 0 < 2¢ < 1. Hence [2z] = 2n. Also z +1/2 = n +
e+1/2 and 0 <e+1/2 < 1. Therefore |z + 1/2| = n. Hence

[22] =2n=n+n=|z|+ |z +1/2].

Case (b) 1/2 < e < 1. Then 1 < 2¢ < 2 0or 0 < 2¢ —1 < 1. Now
2z =2n+2e =2n+1+(2e—1), with 0 < 2¢—1 < 1, so that [2z] = 2n+1.
Alsox+1/2=n+e+1/2=n+1+(e—1/2), with0<e—1/2< 1/2.
Therefore |z +1/2] = n+ 1. Thus |2z2] = 2n+1 = n+n+1 =
lz| + [z +1/2].

Example 1.6. Data stored on a computer disc or transmitted over a data
network are usually expressed as strings of bytes. Each byte is made up of
8 bits. How many bytes are required to encode 125 bits of data?

Solution. To determine the number of bytes needed, we need to divide 125
by 8. The quotient which is 15 is such that 15 bytes will be able to store
15 x 8 = 120 bits of data. We are still left with 5 bits of data for which
another byte will be used. Then the number of bytes needed is 16 which
equals [125/8] i.e. the smallest integer which is >125/8.

Example 1.7. In asynchronous transfer mode (ATM) (which is a
communications protocol used on backbone networks), data are organized
into cells of 53 bytes. How many ATM cells can be transmitted in one
minute over a connection that transmits data at the rate of 128 kilobits per
second?

Solution. In one minute, this connection can transmit 128000 x 60 =
7680000 bits. Each ATM cell is 53 bytes long i.e. it is 53 x 8 = 424
bits long. Then the number of cells that can be transmitted in 1 minute
is <7680000/424 and it has to be a whole number i.e. an integer. This
means that [7680000/424] = [18113 + 11/53] = 18113 ATM cells can be
transmitted in 1 minute over a 128 kilobits per second connection.

Exercise 1.4. How many ATM cells as described in the above example
can be transmitted in 10 seconds over a link operating at the rate of

(a) 300 kilobits per second?
(b) 500 kilobits per second?
(¢) 1 megabit per second (1 megabit = 1,000,000 bits)?
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1.6.1. The characteristic function

Let U be a universal set. For any subset A of U, we can define a map
fa:U—B={0,1} by fa(z)=0ifx ¢ Aand 1 if z € A.

The map f4 is called the characteristic function of A. The
characteristic functions of the subsets of the universal set U have the
following properties:

Theorem 1.10. Let A, B be subsets of U. Then, for every x € U,

(a) fanp(z) = fa(x)fB(x);

(b) faus(z) = ( )+ fB(x) = fa(x) fB(x);
(c) far(z) =1 fa(z);

(d) faes(@) = fal®) + fB(z) — 2fa(z)fB(2).

Proof. (a) If x € AN DB, then z € A and = € B so that fanp(z) =1 =
fa(x)fp(x). If x ¢ ANB, then either x ¢ A or x ¢ B and we have f4(x) =0
or fp(x) =0 and fanp(z) = fa(z) fB(z).

(b) If z € AU B, then either z belongs to both A and B or = belongs to
one of A, B and not the other. In the first case

L= faup(x) = fa(x) + f(2) — fa(2)fB(2)

while in the other case one of fa(x), fe(x) is zero and the other is 1.
Therefore, fa(z) + fe(z) — fa(x)fp(z) =1 = faun(z).
Ifz ¢ AUB, then ¢ A and x ¢ B so all three of faup(x), fa(z) and
fB(z) are 0 and, so, faup(z) = fa(z) + fe(z) — fa(z) fB(2).
(¢) x € A" if and only if x ¢ A. Therefore one of fa(z), fas(x) is 0 and the
other is 1. It then follows that fa(z) =1 — fa(x).

(d) Recall that A@B=(A-B)U(B—-—A)=AUB—-ANB.Ifx € A® B,
then z € AUB but x ¢ AN B and one of fa(z), fg(x) is 1 and the other
is 0 but fanp(xz) = 0. Therefore

1= faep(®) = falz) + fe(x) — 2fa(2) fB(2).

On the other hand, if + ¢ A® B, then x ¢ AU B — AN B. This means
that either x € ANBor x ¢ A and x ¢ B i.e. either x is in both A and B
or z is in neither of A, B. In the first case fa(x) + fp(x) —2fa(z) fp(x) =
141 —2.1 = 0 while in the second case fa(z) + fp(r) —2fa(z)fp(x) =
Thus in both the cases fagp(r) = 0= fa(x) + fp(x) —2fa(2)fB(T).
Consider the universal set U and the power set p(U) of U i.e. the set of
all subsets of U. To every subset A of U corresponds a function f4 : U — B.
Thus we obtain a collection of maps (characteristic maps) the elements
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of which are in one-to-one correspondence with the subsets of U. This set
or collection of maps is denoted by BY i.e.

BY = {fa:U — BJA € p(U)}.

1.7. Partitions of Sets

Definition. Let A be non-empty set. A collection or set {4;},7 € K, of
subsets A; of A, where K is an index set is called a partition of A if

(a) A; # o for every i € K;

(b) AinA; =g fori, j € K and i # j,

(¢) A =UA,;, where i runs over all the elements of K.

Each subset A; of A appearing in the partition is called a block of the
partition.

Partitions of sets appear in a natural way in the study of groups and
rings. In fact the collection of all left cosets of a subgroup H of a group G
provides a partition of the set G. We shall consider this problem later while
studying groups. Another situation where partitions appear naturally arises
while studying equivalence relations on sets. Indeed, equivalence classes
determined by an equivalence relation on a set provide a partition of the
set. We study these also later in the book. A set can have many partitions.

Example 1.8. If A = {1,2,3}, then P, = {{1},{2}.{3}},~ =
{{1,2},{3}}, Ps = {{1},{2,3}}, P» = {{2}, {1, 3}} are partitions of A.

Example 1.9. If A ={1,2,3,4}, then

b= {{1},{2}, 3} {4}}, P ={{1}.{2},{3.4}},

Py ={{1},{3}.{2,4}}, P ={{1},{4},{2,3}},
Pso={{2}, {3} {1,4}}, P ={{2},{4},{1.3}},
Pro={{3},{4}.{1,2}}, B = {{1,2},{3,4}},

Py ={{1,3},{2,4}}, Pio = {{1,4},{2,3}},

Pi={{1},{2,3,4}}, Py, = {{2},{1,3,4}},

Pis = {{3},{1,2,4}}, Pu= {{4},{1,2,3}}

are some partitions of A. However, {{1}, {2, 3}, {1, 2}} is not a partition
of the set {1, 2, 3} nor is {{1, 2}, {2, 3}} a partition of this set. Similarly
{{1, 2}, {2, 3, 43}, {{1, 2}, {2, 3}, {4}}, {{1, 4}, {2, 3}, {4}} are not

partitions of the set {1, 2, 3, 4}.
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Example 1.10. The collection {2Z,2Z 4 1}, where 2Z is the set of all
even integers and 2Z + 1 is the set of all odd integers, is a partition of the
set of all integers. Another partition of Z is {37,3Z + 1,3Z + 2}, where
3Z + 1,0 < i < 2 is the set of integers which on division by 3 leave the
remainder .

Example 1.11. Recall that a complex number a + ib, where a, b are real
numbers, is called pure imaginary if a = 0 but b # 0. Let ¢R* denote the
set of all pure imaginary numbers, with ¢ = / — 1. Then the collection
{R,iR*} is a partition of the set C' of complex numbers.

Example 1.12. Consider the set A of the English alphabet, V' the set of
vowels and C the set of consonants in A. Then {V,C?} is a partition of the
set A.

For a set A, the collection {A} has only one element, namely the set
A itself also provides a partition of the set A. Such a partition is called
trivial partition. It is only non-trivial partitions which are of interest.

For obtaining partitions of a subset B of a set A from a given partition
of the set A, we have

Theorem 1.11. Let A be a non-empty set, B be a non-empty subset of A
and {4;}, i € K be a partition of A. Then {A; NB|i € K with A,NB # ¢}
is a partition of B.

Proof. Let J be a subset of K consisting of all j € K for which A;NB # ¢.
Let b€ B. Then b € A = UA,,i € K. Thus, there exists a j € K such that
be A;. Then b€ A;jN B and A; N B # . This proves that j € J and, so,
J # ¢. The above also proves that B C U(A4; N B) where j runs over all
the elements of J. As A; N B C B for every j € J, U(A; N B) C B. Hence
B =U(A; NB).

Consider A;NB and A;NB, where,j € J and i # j. Then A;NA; = ¢
and (4; NB)N(A;NB) = (4;NA;)NB = ¢NB = ¢. This completes the
proof that {4; N B|j € J} is a partition of B.

Definition. A partition p = {B;]i € L} of a set A is called a refinement
of a partition IT = {A;|i € K} of A if for every ¢ € L, B; is a subset of A;
for some j € K. If for some ¢ € L, B; is a proper subset of some A;,j € K,
then g is called a proper refinement of II. Every partition II of A is a
refinement of itself.

Consider a partition IT = {{1},{2,3},{4,5}} of the set A = {1,2,3,
4,5}. Then II; = {{1},{2},{3},{4,5}}, II. = {{1},{2,3},{4},{5}} and
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IIs = {{1},{2},{3},{4},{5}} are refinements of II but {{1, 2}, {3},
{4, 5}} is not a refinement of II. Observe that II, 11, II, I3 are the only
possible refinements of II.

Exercise 1.5.

1. Find all possible nontrivial partitions of the set A = {1,2,3,4,5}.

2. If A = {1,2} there is one nontrivial partition of A, namely {{1}, {2}}.
For A ={1,2,3}, we have calculated all the possible partitions of A and
these are 4 in number. For a set having 4 elements, we have obtained 14
nontrivial partitions which are all the possible ones. For a set having 5
elements, prove or disprove that the number of nontrivial partitions is
66. If this number is not 66, find the correct number.

3. For a set having 5 elements, find the number of partitions having two
blocks each.

4. For a set having 6 elements, find the number of partitions having (i) two
blocks each; (ii) three blocks each.

5. Among the partitions Py, P», P35, Py of A = {1,2,3} obtained in
Example 1.8, decide the partitions which are refinements of some other
partitions.

6. Among the partitions P; to Pyy of A = {1,2,3,4} obtained in
Example 1.9, determine the partitions which are refinements of some
other partitions.

7. Prove that every refinement P, of a partition P of a non-empty set
A, Py # P, is a proper refinement of P.

1.8. The Minset and Maxset Normal Forms

Let X be a universal set and {A;},1 < i < r be a collection of subsets of X.
A set obtained from ¢, X and Aj, As,..., A, by the use of set operations
(complementation), U and N is called a set generated by A, Aa, ..., A,.
Consider, for example, two subsets A, B of X. Then

0, X, A B,A, B, ANB,ANB , ANBANB AUB AUB,
A'UB and A'UB (1.3)
are some of the sets generated by A, B.

Example 1.13. Consider sets generated by A, B which involve three of
the sets A, A’, B, B’. Such sets are of the form

(A*UuB*UC, (A"uB*)NC, (A*NnB)YUC, (A*NnB")YNC (14)
where A* is A or A’, B* is B or B’ and C is either A or A’ or B or B’.
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We consider the case when C is either A or A’. Observe that

(A*UB*)UC = A* U B* if 0 = A*
- X if O £ A%
(A*UB*)NC = (A*NC)U(B*NC)
= A* if C = A*
=B*nC if ¢ # A*;
(A*NB*)UC = (A*UC)N (B*UC)
= A* if C = A*
=B*UC if ¢ # A*;
(A*NB*)NC = A* N B* if C = A*
_ if ¢ # A

Thus the sets in (1.4) are sets generated by A, B involving two of
A, B, A’, B'. Interchanging A and B in the above argument, we can prove
that the sets in (1.4) when C is either B or B’ are also sets generated by
A, B involving at most two of A, B, A’, B’. By using iteration or a simple
induction argument, we can prove that the sets in (1.3) are all the possible
sets generated by A, B. An argument similar to the above also gives

Theorem 1.12. Every set generated by a collection {4;}, 1 < i < r of
subsets of X involves at most r of the sets Ay,..., A, A7 ... AL

Let {4;}, 1 < i < r, be a collection (or set) of subsets of a universal
set X. A set of the form NA}, 1 < ¢ <r, where each A} is either A; or A
is called a minset or minterm generated by A;, As, ..., A,. Since every
A¥ has two choices, there are 2" such minsets.

For example, if we consider a set
(a) {A1 As} of two subsets of X, the minsets generated by A;, Ay are

Ay ﬁA27A10A/27A/10A27 and A’lﬁA’g

(b) {A1, A3, A3} of three subsets of X, then the minsets generated by

A17 A27 A3 are

AN AN As, AlﬁAgmA;ﬂ Ay ﬁA/QﬁAg, A/lﬁAgmAgn
ATnA N AL, AlNnASNAs, AiNA;nA;, and AjnA,N AL

All minsets need not be non-empty. Consider for example,

X ={1,2,...,9}, A; = {1,2} andA4, = {3,4}.
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One of the minsets in this case is A; N Ay which is the empty set. In general,
if we take r subsets A;, 1 < i < r of X such that NA; = ¢, then one of
the minsets is the empty set. Also, if one of the subsets Aj, As,..., A,
say A, is the universal set X itself, then all minsets in which A/ appears
are the empty set. This situation may be avoided by taking all the subsets
Ay, Ag, ..., A, proper.

The concept of minsets is related to the partitions of a set and this
relationship is provided by

Theorem 1.13. The set of all non-empty minsets generated by
Ay, As, ..., A, constitutes a partition of the set X.

Proof. It is enough to prove that every = € X belongs to one and only
one minset. Let z € X. For any ¢, 1 <i <7,z € A; or x € A,. Thus there
exists a minset NAY, 1 < i < r, to which x belongs. If possible, suppose
that x belongs to two distinct minsets, say, NB; and ND;, where for every
i, B; = A; or Aj and for every j, D; = Aj or A. The two minsets being
distinct, there exists an i, 1 < ¢ < r, such that B; # D;. But B; being
either A; or A} and similarly for D;, in one of the minsets A; appears
while in the other A} appears. But NB; C B; and ND; C D,. Therefore
x € B;ND; =A; N A, =¢ — which is a contradiction. Thus every x € X
belongs to one and only one minset.

Observe that later half of the above proof amounts to proving that
every two distinct minsets are disjoint.

For the sake of convenience a minset NA}, 1 < i < r, is denoted by
Ms1s2...5» Where each §; is either 0 or 1 according to the rule that é; = 0 if
Af = Al and §; = 1 if A7 = A;. For example, if A, B, C are three subsets
of X and we think of A as Ay, B as A; and C as Az, then

Miy1=ANBNC, M110:AOBDC’, Ml()l:AﬁB/ﬁC,
M011:A/OBQC, Mlo():AﬁB/ﬁC/7 MolOZAIﬁBﬁC/,

Mg()l = A/OB/OC, MOOO =AnNBNnC.

Example 1.14. Consider subsets A, B of X. As already seen. all the sets

generated by A, B are given in (1.3). Moreover, all the minsets generated
by A, B are

ANB, AnB, AnB, AnNnB.
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By Theorem 1.13.,
X=(ANB)U(ANnB)YU(A NB)U(A' NnB).
Then
A=ANnX

=AN(ANB)UANB)YU(A'NnB)U(A'NnB"))
=(ANANB)UANANB) )UANA NB)U(AN(A'NnB"))
=(ANB)UANB)UpUep
=(ANB)U(ANB).

Similarly,
=(ANB)U(A'NB);
A'=(A'nB)u(A'nB;
B'=(AnB)U(A'nB).
Also then
AUB=(ANB)U(ANB)U(ANB)U(A'NB)
= (ANB)U(ANB)U (4 N B);
AuB=ANBUMANB)UANB)UA' NB)
=(ANB)U (A’mB)U(A B');
AUB' = (ANB)U(ANB)YU (A NnB);
AUB =(AnB)U(A'NnB)U (A’mB).

Thus all non-empty sets generated by A, B have been expressed as union
of some minsets generated by A, B. This result is true in general and we
have

Theorem 1.14. Every set generated by Aj, As,..., A, is either ¢ or is
equal to a union of distinct minsets generated Ay, As, ..., A,.

When a set is ¢ or is expressed as a union of distinct minsets, it is said
to be in minset normal form or minset canonical form.

Example 1.15. Consider three subsets A, B, C of a universal set X. The
minsets generated by A, B, C are
ANBNC, AnBnC', AnB'nC, AnNBnNnC, AnB' nNnC,
ANBNC, AnNBNC and ANBNC.
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Then, proceeding as in Example 1.14, we get
A=(ANBNC)UANBNCHYUANB' NCYU(ANB' NnC’)
B=(AnNBNC)UANBNCH UA'NnBNnC)Uu(A'nBNC)
C=(AnBnC)u(AnB' NnC)uA'NnBnC)uA'NnB'NC)

and A’, B’, C’ can be obtained from the expressions for A, B, C by changing
Ato A’, B to B’ and C to C’ respectively. Thus

A=AnNBnCOYuA'NnBNnCHYUA'NB' NnCYUA NB'NC’)
B =(AnB' nOo)u(AnB' nChYuAnB'NnC)u(A'nB'NnC")
C'=AnBNnCHYUANB NnCHYuA'NnBNnCHYUA' NnB' NnC).
Once these are obtained, any non-empty set generated by A, B,C

can then be expressed as union of distinct minsets by substituting for
A, B,C, A", B’,C’" from above. For example,

(ANnB YU (BN(AUC"))

=(ANBYU((BNA)U(BNC))

=((ANnB)YU(ANB))U(BNC")

=(An(B'UB))U(BNC")

=(ANnX)u(BnC)

=AU (BNC)

=(AUB)N(AUC")

=(AuUA'NBNnCYUA' NBNC))N((Au(A'nBNC)
uA'nB'nC))

=((AuA'NnBnC))UA NBNC)N((AU(A' NnBNC"))
u A’ NnB'nC")

=(AUA'NBNC)HU(ANBNC)N(A'nB' NC"))

=(AUA'NBNQC)) Uy

=AUA' NnBNC")

=(ANBNC)U(ANBNC)U(ANB'NC)U(AnB' NnC")
uA'nBncC.

Exercise 1.6. Find the minimal normal form of (AU D) N (B'UC’)) U
(AN BN D) generated by A, B,C, D.
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Definition. Let {4;}, 1 < i < r, be a collection of subsets of a universal
set X. Then a set of the form UA}, 1 < ¢ < r, where for every i,
1 < i < r, Af is either A; or Al, is called a maxset generated by
Aq, As, ..., A,.. As in the case of minsets, there are 2" maxsets generated by
Ay, As, A,

Observe that (UAS) = N(AF) and for every i,1 < i < r,(AF) is
either A; or A,. Thus every maxset generated by Aj, As,..., A, is the
complement of a minset generated by A1, Ag, ..., A, and conversely. Similar
to the expression for minsets, a maxset UA} generated by A;, As,..., A,
is denoted by ]\%152,,,5“ where every §; is either 0 or 1 with 6; = 0
if A = A; and §; = 1 if A7 = A]. Writing A as A;,B as Ay and
C as As, we observe that the maxset A’ U B U C’ is M. However
AUBUC = (ANB' NC) = Miy. In general (it is clear from the
definition of minset and maxset) that Ms1s0 50 = M $152. sr In view of
this relationship between minsets and maxsets and Theorem 1.14 we have

Theorem 1.15. Every set generated by A, Ao, ..., A, is either X or is
an intersection of distinct maxsets generated by Aj, Ao, ..., A,.

When a set generated by A, As,..., A, is expressed as X or as an
intersection of distinct maxsets, it is said to be in a maxset normal form
or maxset canonical form.

Example 1.16. Consider subsets A, B of the universal set X. The maxsets
generated by A, B are AUB,AUB’,A/UB and A’ U B’.
Then

A=AUp=AU(BNB)=(AUB)Nn(AUB’).
Similarly

B=(AuB)n(A'"UB),
A=A UuUB)N (A UB),
B'=(AuB)n(A"uB).

Example 1.17. Consider the case of three subsets A, B,C of X. The
maxsets generated by A, B, C are

AUBUC, AuB'UC, AuBUC', AUBUC, AuBUC,
AuBuUC, AUBUC and A UB UC.
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In this case
A=(AuB UCYN(AUB' UC)N(AUBUC)N(AUBUQ)
B=(AuBuUC)n(AUBuUC)Nn(AuBUC)N(AUuBUC")
C=(AuBuC)Nn(AuUBUC)N(AUuB' UC)N(A'UB UC)

(
(
(
=AuBUC)NAuUuBUC)N(AUBUC)N(AUB' UC)
=(AuB UC)N(AuB' UC )N A UB UC)N(A UB UC
=(AuBUC)N(AuB' UC )N (A uBUC)N(AUB' UC).

We next obtain a maxset normal form of (AN B) U (A'NC).
Using the values of A, A’ etc. obtained above

ANB={(AUBUC)N(AUB'UC)N(AuBUC"YN(AuB UC")
NA"UBUC)N (AUuBUC")}
and
AnC={(AuBUC)N(AUBUC)N(AUB' UQ)
NnNAuUBuUC)N(AuBUC)N(AUB' UC)}.
Set
(AuBUC)N(AuB' UC)N(AUBUC)N(AUBUC) =L
Then ANB=LN(AUB'UC")N(AUBUC") and
AnC=LnAuBuc)nAuB ul).
Now
(AUB'UC)N(AUBUC") =(AuC)uU(BnB)
=(AuCHup=AUC’
and
(AAuBuC)n(AuB uCl)=AuB)u(CnC)=AUB.
Therefore
(ANB)U(A'NC)=(LN(AUC")U(LN (A UB")
=LN(AUC'UA"UB')
=LN(AUA UC' UB)
=LNX=L.
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Hence

(ANB)U(A'NC)={(AUBUC)N(AuB'UC)N(AUBUC)
nA'uBUC"}

is the required maxset normal form representation of (AN B) U (A’ N C).

Unlike the set of all minsets generated by Ai, Az, ..., A, the set of
all maxsets generated by Ajp, As,..., A, does not provide a partition of
the set X. In fact every two distinct maxsets need not be disjoint. For
example, A;UA;U...UA, and A UA3U...UA, are distinct maxsets and
(AJUAU...UA)N(AJUAU...UA,) = (A1NADU(AU...UA,) =
Ay U A3 U...U A, which is not an empty set.

We end this section with the following

Theorem 1.16. Minset normal form (or maxset normal form) of a set
S generated by A1, As, ..., A, is unique except for the order of minsets (or
maxsets).

As an immediate corollary of this we have

Corollary. Two sets S and T generated by A1, As, ..., A, are equal if and
only if S and T" have identical minset canonical form (maxset canonical form).

Exercise 1.7.

1. Prove Theorem 1.14.

2. Prove Theorem 1.16.

3. Find the minset and maxset normal forms of the sets
(i) B'nC, (il) Au(BNC"), (iii)) (A’ NB)U(B'N(AUC)) generated by
A B,C.

4. Use the minset and maxset normal forms to prove that the complement
of ( ANBHYUA' N(BUC))is (AAUB)N(AU(B'NQC)).

5. Let A = {1,2,...,9} and set A = {5,6,7}, A2 = {2,4,5,9},
As ={3,4,5,6,8,9}.

(i) Find all minsets generated by A;, As, As.
(ii) Find all maxsets generayed by A;, Aa, As.
(iii) Express the sets A}, A; UAy and A5 U A% in the minset normal form
and maxset normal form.

1.9. Multisets

A sub-branch of a bank applied to be upgraded to a regular branch. For this
the sub-branch was asked to supply the monthly lists of all bank account
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numbers for which there were transactions during the last three months.
For a particular account, there could be more than one transaction during
a month; some of these may be debit entries and some credit entries. For
all these transactions the sub-branch could not list that account only once,
for otherwise the branch would lose credit for the remaining transactions
of this account number. The lists of these account numbers are not sets as
it may contain the same account number more than once. Each of these
three lists is called a multiset. Thus a multiset is a collection of objects
not necessarily all distinct. A second example of a multiset is the collection
of names of all students who appeared in the university examination for
discrete mathematics in a particular year. Yet another example of a multiset
is the collection of all names in the telephone directory of a town.
We may list some other multisets as:

A={a,a,a,b,b,c,c,d,d,d, e}

B ={a,a,b,b,b,c,c,c,d, e e, e}

C ={a,a,b,c,d,d}
D=1{1,1,2,2,2,2,3,3,4,4,4,4,5,5}
E=1{1,1,2,2,3,4,4,4,5,5}
F=1{1,1,2,2,3,4,4,5,5,5,6}

G =1{1,1,2,2,3,4,4,5,5,5}.

The multiplicity of an element of a multiset is defined to be the
number of times the element occurs in the multiset. For example, in the
multiset A, the multiplicity of a is 3, multiplicity of b is 2, multiplicity of ¢
is 2, multiplicity of d is 3 while that of e is 1. In the multiset B, multiplicity
of ais 2, of bitis 3, of cit is 3, of d it is 1 and that of e is 3. By ignoring or
removing multiplicities of different elements of a multiset, we get a set —
the underlying set of the multiset. The set corresponding to the multisets
A and B is {a, b, ¢, d, e}, that corresponding to the multiset C' is {a, b, ¢, d},
the set corresponding to the multisets D, E and G is {1, 2, 3, 4, 5} while
the set corresponding to the multiset F is {1, 2, 3, 4, 5, 6}. The order or
the cardinality of a multiset is defined to be the order or cardinality of the
corresponding (or underlying) set. Thus the order of each of the multisets
A,B,D,E,G is 5, the order of C' is 4 and that of F is 6.

A multiset X is called a submultiset of a multiset Y if the multiplicity
of every zeX is less than or equal to the multiplicity of x as an element of
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Y. For example, C is a submultiset of A, F is a submultiset of D, and G is
a submultiset of F'.

Observe that every set is always a multiset with the multiplicity of every
element being 1. We will now define union, intersection and difference of
multisets. These are to be so defined that these are in conformity with
union, intersection and difference respectively of sets or that these do not
contradict the corresponding definitions for sets.

Let P, @Q be multisets. Then

(a) the intersection P N @ of P and @ is the multiset in which the
multiplicity of an element x is the minimum of the multiplicities of
x as an element of P and as an element of @;

(b) the union P U Q of P and @ is the multiset in which the multiplicity
of an element z is equal to the maximum of the multiplicities of x as
an element of P and as an element of Q;

(c) the difference P — @ of P and @ is the multiset in which the
multiplicity of an element z is the multiplicity of z as an element of
P minus the multiplicity of z as an element of @Q. If this difference of
multiplicities of = is < 0, then x does not appear in P — Q.

It is fairly easy to see thatP N @ is a submultiset of P as well as of @,
both P and @ are submultisets of P U Q and P —(Q is a submultiset of P.

Example 1.18. For the multisets A to G as above

(a) ANB={a,a,b,b,c,c,d, e}
AUB ={a,a,a,b,bb,c,c,c,d,d,d e e e}
A—-B={a,d,d},B— A= {b,c,e,e}
(by ANC=C, AUC=A, A—C={a,b,c,d,e}, C—A=¢p
(¢) BNC ={a,a,b,cd}
BuUuC ={a,a,b,b,b,c,c,c,d,d,e e e}
B —-C ={b,b,c,c,e,e,e}, C—B={d}
d DNE=E,DUE=D,D—E=1{2234}, E-D=¢
() DNF ={1,1,2,2,3,4,4,5,5)
DUF ={1,1,2,2,2,2,3,3,4,4,4,4,5,5,5,6}
D—F=1{2234,4}, F— D = {5,6}
(f) DNG ={1,1,2,2,3,4,4,5,5}
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DUG=1{1,1,2,2,2,2,3,3,4,4,4,4,5,5,5}
D-G=1{2,2,3,4,4},G— D = {5}
(¢) ENF={1,1,2,2,3,4,4,5,5}
EUF={1,1,2,2,3,4,4,4,5,5,5,6}
E—-F={4}, F—E={5,6}
(h) ENG=1{1,1,2,2,3,4,4,5,5}
EUuG=(1,1,2,2,3,4,4,4,5,5,5}
E-G={4}, G-E={5}
(i) FNG=G, FUG=F, F—-G={6}, G—F = .
We next define the symmetric difference of two multisets. This again needs
to be consistent with the definition of symmetric difference of two sets.
Recall that the symmetric difference of two sets P and @ is defined to be
(P—Q)U(Q— P) and it has been shown to be equal to (PUQ) — (PNQ).

Let P, @ be two multisets. As in the case of sets, we define the symmetric
difference P & @ of P and Q by

P&Q=(P-QU(@Q-P).
Theorem 1.17. For multisets P and Q,P®Q = (PUQ) — (PN Q).

Proof. Let x € P @ @ be an element of multiplicity >1. Then multiplicity
of x = max{multiplicity of z in P — @, multiplicity of x in Q — P}
= max{ ((multiplicity of z in P) — (multiplicity of  in Q)),
((multiplicity of z in Q) — (multiplicity of « in P))}.

Observe that one of

(multiplicity of z in P) — (multiplicity of z in @) and

(multiplicity of z in @) — (multiplicity of z in P) is positive and the other
is negative. Therefore multiplicity of = equals

[(multiplicity of z in P) — (multiplicity of z in Q)] or
[(multiplicity of z in Q) — (multiplicity of x in P)],
whichever is positive. If multiplicity of  in P > multiplicity of z in @), then



Sets 35

(multiplicity of z in P) — (multiplicity of z in Q) =
(multiplicity of z in P U Q) — (multiplicity of z in PN Q).
Similarly, if multiplicity of = in @ > multiplicity of = in P, then
(multiplicity of = in @) — (multiplicity of z in P) =
(multiplicity of z in P U Q) — (multiplicity of z in PN Q).
Thus in either case multiplicity of = equals
(multiplicity of z in P U Q) — (multiplicity of z in PN Q).
Thus P @ @ is a submultiset of PUQ —-PN Q.
On the other hand, let  be in PUQ — P N Q. Then, multiplicity of
x = (multiplicity of z in P U Q) — (multiplicity of z in PN Q) =
(multiplicity of = in P) — (multiplicity of z in Q)
or
= (multiplicity of z in @) — (multiplicity of = in P) whichever is positive.
Therefore,
multiplicity of x = multiplicity of x in P — @ or multiplicity of x in Q — P
= multiplicity of x in (P - Q)U (Q — P) = P& Q.
Hence, (PUQ) — (@ N P) is a submultiset of P & Q.
Therefore, P& Q = (PUQ) — (QNP).

Example 1.19. We have computed P — @ and ) — P as also P U @ and
PN Q for the multisets A to G as in Example 1.18. We now compute the
symmetric difference for pairs of mutisets A to G for which P — @) and
@ — P have already been obtained.

1. Ae B={a,d,d}U{b,c,e,e} ={a,b,c,d,d,e,e}.
2. AgC=A-C)U(C-A)=(A-C)Up=A—-C={a,b,c,d,e} and
(AUC)—(ANC)Y=A-C=AaC.
3. B&C = (B-C)U(C—B) = {b,b,c,c,e,e,e}U{d} = {b,b,c,c,d,e, e, e}
Also
BUC—-BNC ={a,a,b,bb,c,c,c,d,de e et —{a,a,b,c d}
={b,b,c,c,d,e,e,e} = BdC.
4. DEE=(D—-E)U(E-D)=(D-E)U¢=D—E=1{2,2,3,4}
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and

(DUE)— (DNE)=D—E=1{2,234}=Da&E.

5. DOF =(D—F)U(F - D) =1{2,2,3,4,4YU{5,6} = {2,2,3,4,4,5,6}
and
(DUF)— (DNF)={1,1,2,2,2,2,3,3,4,4,4,4,5.5,5,6}
—{1,1,2,2,3,4,4,5,5}
={2,2,3,4,4,5,6} = D& F.

6. D&G=(D-G)U(G—D)=1{2,2,3,4,4}U{5} ={2,2,3,4,4,5}
and
DUG-DNG =1{1,1,2,2,2,2,3,3,4,4,4,4,5,5,5,5}
_{171727273747475757}
=1{2,2,3,4,4,5} =D& G.

7. E&@F=(E—F)U(F—E)={4}U{5,6} = {4,5,6}
and
(EUF)— (ENF)=1{1,1,2,2,3,4,4,4,5,5,5,6}
_{17172727374747575}
={4,5,6)=E&F

8. F&G=(E-G)U(G-E)={4}u{5}={4,5}
and
(FEUG)—(ENG)=1{1,1,2,2,3,4,4,4,5,5,5}
-{1,1,2,2,3,4,4,5,5}
={4,5} =EaG.

9. FOG=(F-G)U(G—-F)={6}Up={6}
and
(FUG)— (FNG)=F —G={1,1,2,2,3,4,4,5,5,5,6}
_{1717272737474757575}
= {6} =FaG.
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Observe that the result of Theorem 1.17 stands verified in all cases in
the above example. Also observe that if @) is a submultiset of P, then
P®Q = P — Q. In particular, if @ is the empty set(=multiset), then
P&Q=P.

Exercise 1.8.

1.

10.
11.

12.

13.

For sets A, B and C, show that
(Au(BNQC)) =A"n(B Ul),

where for a set K, K’ denotes the complement of K.
Let A=1{0,2,4,6,8}, B=1{0,1,2,3,4} and C = {0, 3,6,9}, find

AUBUC and ANnBNC.

Let A ={1,2,3,4,5}, B = {0,3,6} and C = {0,3,6,9}. Find
(a) AUB; (b) ANB; (¢c) ANC; (d) AUuC; (e) A— B; (f) B — A4
() A-=C;(h) B-C; (1) C -4 (j) C—B.

. For any sets A and B show that

(a) AU(ANB)=A4; (b)) An(AUB) = A.
Find sets A and B if A— B ={1,5,7,8} and B — A = {2,10}.
List the elements of the set

(a) {n€eZ|n?>-10n—24<0and 4 <n < 16};
(b) of prime numbers less than 25;
(c) {geQ|¢*—1=15and ¢ = 60}.

Find the power set of A when

(a) A= {}; (b) A = {p,a,{a}}; (¢) A= p({a}).

For A = {a,b,{a,c}, ¢}, determine the following sets:

(a) A\{a}; (b) A\6: () A\{6}; (d) A\{a,b}: (c) {aP\A.

If A is a subset of the universal set X, prove that

(a) AbA' =X;(b) Adp=4; (c) A X =A".

For any sets A, B show that (A® B)® B = A.

For sets A, B, C, if Ad C = B ® C, does it necessarily imply that
B=C?

Give an example to show that intersection of two countable infinite sets
is (a) finite; (b) again countable and infinite.

If A is a finite set having n elements, prove that A has exactly 2"
distinct subsets.

(Refer to the section on mathematical induction in Chapter 3.)
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14.

15.

16.

17.
18.

19.

20.

21.

22.

23.
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Let S be a non-empty set and p(S) be the power set of S. In p(S5)
define addition and multiplication as follows: For A, B € p (5), define

(a) A+ B=(A—- B)U (B — A) (= the symmetric difference A @ B);
(b) AB=ANB.

For subsets A, B, C of S, prove the following relations.

(a) (A+B)+C=A+(B+0)
(b) A(B+C) = AB + AC;

(c) AA= A;

(d) A+ A=y

() f A+ B=A+C, then B=C.

(Also refer to Question 11 above.)

Given sets A = {1,2,3}, B = {3,5,7}, find A— B and B — A. Also find
A X B and B x A.

For any sets A, B, C, prove that

(a) Ax (BNC)=(Ax B)n(AxC);
(b) Ax (BUC) =(AxB)U(AxC);
() (AxB)— (AxC)=Ax (B-C).

If A, B are two sets, prove that p(AN B) = p(A) N p(B).
Give an example to show that

(a) p(AU B)# p(A) Up(B);
(b) p(A—=B) # p(A) — p(B).

Show that the set A does not exist when

A ={S|S is a set such that S ¢ S}(Russells paradox).

If S is a finite set, prove that any map: S — S which is one—one is onto
and any map: S — S which is onto is one—one.

Give an example to show that the two results in Question 20 are not
true if S is an infinite set.

Give an example to show that if 0 : A — B, 7 : B — C are maps such
that

(a) T 0 0: A— C is onto, it is not necessary that ¢ and 7 are onto;
(b) 7 0 01 A — C is one-one, it is not necessary that o and 7 are
one—one.

For the set Z of integers, prove that the map f : Z x Z — Z defined by
flm,n) =m+n, m, n € Z, is onto but is not one—one.
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25.

26.

27.

28.

29.

30.

31.

32.

33.
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Prove that the map f : R — R defined by f(z) = %, € R, is one—one.
Is it onto? Justify.

Let f: X — Y be a map. Prove that f(ANB) = f(A) N f(B) for all
subsets A, B of X if and only if f is one—one.

Prove or disprove that [z+4y] = [z] + [y] for all real numbers x and y.
Prove or disprove that [z +y| = |z] + |y] for all real numbers = and y.
For the functions f and g from R to R defined by f(z) = 2 + 1 and
g(x)=xz+2, 2R, find f ogand g o f. Also find f+ g and fg.

If f, g are functions such that f and f o g are both one-one, is g
necessarily one-one? Justify.

If f, g are functions such that f and f o g are both onto, is g necessarily
onto? Justify.

Consider the functions f, g where f(z) = ax +b, g(z) = cx +d with a,
b, ¢, d real constants. Find the values of the constants a, b, ¢, d so that
fog=golf.

Determine the number of bytes required to encode n bits of data when
n equals

(i) 5; (ii) 105 (iii) 501; (iv) 2999; (v) 3000; (vi) 6; (vii) 16; (viii) 166;
(ix) 29900; (x) 999; (xi) 1002.

Data are transmitted over a particular network in blocks of 1500 octets
(blocks of 8 bits). Determine the number of blocks required to transmit
the amounts of data over this Network. (Note that here a byte is a
synonym for an octet, a kilobyte is 1,000 bytes and a megabyte is
1,000,000 bytes.)

(i) 149 kilobytes of data, (ii) 150 kilobytes of data,

(iii) 274 kilobytes of data, (iv) 384 kilobytes of data,

(v) 1455 megabytes of data, (vi) 43.6 megabytes of data.





