Chapter 2

No-Arbitrage Asset Pricing

This chapter explores no-arbitrage as a useful restriction on the prices of all
tradable securities. In the next section, we provide an exhaustive list of the
implications of no-arbitrage on asset pricing, together with a proof of the
fundamental theorem of finance. Several applications of the fundamental
theorem on option pricing, forward and futures pricing, the term structure
of interest rates and the pricing of interest-rate contingent claims will be
carried out in the remainder of this chapter. This chapter serves also as
an introduction to financial derivatives and the term structure of interest
rates.

2.1 Fundamental Theorem

In the Introduction of this book, we saw that the no-arbitrage condition is
equivalent to the existence of a positive linear pricing rule, which constitutes
a necessary and sufficient condition for the existence of an optimal solution
to the agent’s optimal choice problem. Consequently, no-arbitrage will
necessarily constitute part of the restrictions on equilibrium security price.
Precisely speaking, if an equilibrium price p exists, then there must exist a
state price vector 1 > 0 such that pgy - ¢ = ¢ o d® for any trading strategy
¢ € ® (here, d? is the future cash stream generated from ¢). However,
we must keep in mind that the existence of a positive pricing rule v on
market span D = D (p,d), generated from tradable securities (p,d), does
not necessarily imply that the underlying security price p can be supported
as the equilibrium price. Therefore, the no-arbitrage approach to asset
pricing is understood to be a partial equilibrium approach.
We now list the useful implications on security price of no-arbitrage.
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50 Advanced Asset Pricing Theory

(a) One-price principle: Two trading strategies resulting in the same cash
stream must cost the same in the current marketplace. For all d € D
that is spannable in the marketplace, from condition S1 (see Chapter
1), we see that the initial costs underlying all trading strategies ¢ that
finance d must be the same. This is given by ¥ (d) = ¢ o d.

(b) Positivity: ¥o(d) > 0 for all d > 0 in D. ¥y (d) is strictly positive if
d # (); and it equals zero if d = ().

(c) Additivity: Vo (d+d") = Vg (d) + Vg (d) for all d and d’ € D.

(d) Homogeneity: ¥o (ad) = a¥q (d) for all d € D and for all real numbers
a.

(e) Recursivity: For all d € D and ¢ > 0, the time ¢ market price Uy (d) is
Fi-measurable and is given by

Zsztﬂ Vg0 dsliF, W)
Zw’e]—'t(w) Yy (W)
where, for all z and y, z ® yl{F, ()} stands for - ¢z, () 2 (W) y (W)
Moreover, U, (d,w) can be expressed as the time t present value of the

V (d,w) = (2.1)

immediate future cash flow d;; plus its market capitalization Wy q (d).

That is, at all (¢,w) it must hold true that

Y e [dir + Vi1 ()] 1F, ()}
Zw’e]—'t(w) ¥y (W) .

To illustrate the validity of the recursive pricing relationship, we con-

sider a trading strategy ¢ that finances d. We compare the cash flows

in each of the following three scenarios:

Wy (d,w) (2.2)

(1) Where the investor holds portfolio ¢, and trades according to ¢
afterwards.

(2) Where the investor holds the same initial portfolio ¢, at time 0
and sells the portfolio at time ¢ (at the market price) when (and
only when) event F; (w) is observed at time ¢. The resulting cash
stream, denoted as d’, is the same as d except that at w’ € F; (w)
the cash flows after time ¢ become

dy (W) = di () + ¥ (dsw)
d, (W) =0 forall s >t+1.

(3) Where everything is the same as in the second scenario except
that the investor chooses to close the account at time ¢ + 1 after
observing event F; (w) at time ¢. Let d” be the corresponding cash
stream. We have:

di 1y (W) = di1 (W) + Pep (diw) for all ' € Fy (w).
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The initial costs associated with each of these three trading strategies
are the same. Setting ¥q (d) = ¥q (d') = ¥ (d”) obtains

S gedi= > doedit+ Y Y edidigF )

s>1 1<s<t s>t+1

+H YD W) W (dw)

w’' €Ft(w)
= Z Y, eds + Zz/)s e dslia_F, ()}
1<s<t s>t
+ Y1 @ [dir1 + Yirr (d)] Lz, ()}
The first equality yields expression (2.1]), while comparing both sides
of the second equality leads to the recursive relationship (2.2)).

(f) Risk-neutral pricing rule: Define probability measure Q on the event
space (2, F) such that

!/
QA F(w)) = gmrea i (&)
Zw’e]—'t(w) Vg (@)
for all (t,w) and A C F; (w). The probability measure Q so defined is
referred to as a risk-neutral probability measure. Consider a one-period
discount bond at time ¢ with unit payoff at t+1. Let R/ (w) = 147 (w)
be the risk-free interest rate for the bond contingent on w. By the
recursiveness principle, we have

1 _ Zw’e]:t(w) Vg (W)
L+re(w)  Ywer ) ¥ (W)
With the prescribed expressions respectively for the risk-free interest

rate and the risk-neutral probability measure Q, the recursiveness prin-
ciple for pricing future cash flows can be re-expressed into the following

(2.3)

> 0. (2.4)

risk-neutral pricing rule. For all d € D, and ¢ > 0, we have
Wi (d) = T Eq i + Vs (4) | 7). (2.5)
+ 7

That is, the time t price equals the discounted value of the time t + 1
dividend payment plus its market capitalization at ¢ 4 1.

(g) Risk-free return rule: Under the risk-neutral probability measure Q,
the expected returns for all cash streams d € D are the same, and are
given by the risk-free interest rate; that is,

Eg [RY, | F] =1+m (2.6)

diy1+Viy1(d)
——3a

in which Rfﬂ = @
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52 Advanced Asset Pricing Theory

The following fundamental theorem of asset pricing is a summary of
these listed observations.

Theorem 2.1. For finite economies, the statements M3, S1, (e), (f) and
(g9) are equivalent to each other. Fach of these statements implies, and is
implied by, the statements (a), (b), (¢) and (d) combined.

Proof. 1In following this construction, we have S1 = (a), (b), (c) and (d)
= M3. We also have S1 = (e) = (f) & (g) = M3. The step ‘(g) = M3’ is
valid because the risk-free return rule implies the validity of the following
present value pricing rule

dy
T+mr)- - (L+7—1)

¥o (@) =Be |3 (2.7
t>1

keeping in mind that, for finite economies, U7 (d) = dr = 0 when T is

sufficiently large. The statement of the theorem follows from Theorem

on the equivalence between S1 and M3 for finite economies. O

We must differentiate the risk-neutral probability measure Q from the
original probability measure P. The risk-neutral probability is a hypotheti-
cal probability measure fully derived from the state price v, while the latter
is, in general, affected by the measure P in equilibrium. Moreover, when
the no-arbitrage condition is satisfied, the corresponding risk-neutral prob-
ability measure Q is, in general, not unique. It becomes unique when the
underlying state price 1 satisfying condition S1 is unique, as is the case
when the market is complete. Here is an illustrative example.

Example 2.1. Consider a one-period economy with three states {a, b, c},
each occurring with equal probability % It has two tradable securities with
payoffs respectively given by

4, =[110,110,110] and 2 = [50,100,150] .
The initial market prices are p; = po = 100. It is easy to verify that the
market admits no arbitrage; in particular, condition S1 is satisfied with a
continuum range of positive state price vectors v given by

wa 7% 1
_ | 12
’lpb - 11 + wc -2
U, 0 1
for all ¢, € (1—21, 16—1) With a risk-free interest rate of r = 10% we obtain a

continuum range of risk-neutral probability measures that is given by

qa =qc— 0.2 and q, = 1.2 — 2¢,
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with ¢, taking an arbitrary value in the open interval (0.2,0.6). So, in
this case, the no-arbitrage condition fails to generate a unique risk-neutral
probability measure. It is also noted that the objective probability measure
with equal probability mass % does not fall into the set of risk-neutral

3
probability measures.

Further to this observation, the no-arbitrage condition would, in gen-
eral, fail to determine a unique price for contingent claims. To illustrate
this, we continue with this example and introduce a new security into the
marketplace. The payoffs of the new security are given by d3 = [0, 0, 50].
We wonder: what is the sensible price for the security? A sensible price for
a security is understood to be a price at which the market with the newly
introduced security remains to fulfill the no-arbitrage condition. Under the
risk-neutral pricing rule, for arbitrary ¢. € (0.2,0.6), p3 = 50/1.1¢. must
constitute arbitrage-free prices for the newly introduced security. This re-
sults in a continuum range of prices ps € (100/11,300/11) which are all
consistent with the no-arbitrage condition. So, for this particular example,
we see that the no-arbitrage condition fails to provide a precise and unique
assessment of the newly introduced security.

Generally speaking, a unique price for a contingent claim is obtained
whenever the payoff of the contingent claim is redundant in the sense that it
is spanned by the existing tradable securities. By definition, all contingent
claims will be uniquely priced if, and only if, the marketplace is complete so
that all contingent claims are redundant to the existing tradable securities.
To illustrate this, we continue with the example and add a third security
with payoffs 3 = [0, 0,50]. Suppose this security is traded at p3 = 200/11.
In this case, the market with three tradable securities becomes complete.
In fact, it is straightforward to check that the 3 x 3 payoff matrix formed by
the three tradable securities has a full rank. Consequentially, all arbitrary
future payoffs [z, zp, ] can be obtained through a portfolio of these three
tradable securities.

To determine the price of the contingent claim, we may compute the
risk-neutral probability measure by applying the no-arbitrage condition.
This yields

qo = 0.2 and ¢, = ¢, = 0.4.

In this case, the random payoffs [z,,zp,x.] correspond to a unique
arbitrage-free price p, that is given by
20, + 4xp + 4,
Pz = 11 .
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2.2 Primitive vs Derivative Securities

2.2.1 Derivative Securities: An Introduction

Securities tradable in the marketplace can be roughly classified into two
broad categories: primitive securities and derivative securities. These se-
curities differ from each other according to the specifications of the pay-
offs/future cash flows of the underlying securities.

The payoffs of a primitive security are directly linked to the produc-
tion performance of the issuing company. Typical examples of primitive
securities are stocks issued by some trading companies, indexes such as the
S&P 500 and the FTSE 300, and commodities. The cash flows associated
with a stock are measured by the dividend payments made by the issuing
company plus the capital gains at the closing date. The dividend payment
is determined by many economic factors that directly affect the company’s
financial status. These factors include, for example, profitability, cash po-
sition, financial structure (debt-equity ratio), current market conditions,
potential earnings, other future growth perspectives of the company and so
on. The value of the stock reflects the real performance of the company,
which is; of course, also affected by the overall well-being of the economy.
Similarly, the index, the value of which reflects the real performance of the
economy, belongs to the primitive securities category.

Bonds are another class of primitive securities. Included in this class are
Treasury bills issued by the United States government and corporate bonds
issued by individual companies. The bonds are also known as fixed income
securities because their cash flows, called coupons, are fixed. The bonds
have fixed terms on the delivery of the coupons and have a pre-specified
time-to-maturity. The value of a government bond is particularly affected
by several macroeconomic variables such as the growth rate and employ-
ment rate that summarize the overall fundamentals of the economy. The
value of a government bond is also affected by monetary and fiscal policy
variables such as the inflation rate and taxes. A corporate bond’s value is
particularly sensitive to the financial situation of the issuing company and
is linked to their risk of default.

A derivative security is a security with its payoffs, or cash flows, de-
rived from the price of other (primitive or derivative) securities. Typical
examples of derivative securities are stock options, index options, finan-
cial/commodity forward and futures contracts. For example, a European
call option on company A’s stock is a right to buy the stock at a future

ADVANCED ASSET PRICING THEORY
© Imperial College Press
http://www.worldscibooks.com/economics/p745.html




No-Arbitrage Asset Pricing 55

time T at a pre-fixed price X. The investor who owns the option can decide
whether he is to exercise his option or not. Of course, he will exercise the
option if and only if the time T price, say S, of the stock is above the pre-
fixed contract price X. Here, X is called the exercise price of the option,
and T is called the time-at-maturity or the maturity date of the option.
The cash flows associated with the option are thus derived from the price
of the underlying stock at the maturity date, which is Cr = (Sp — X)+.
Here, (m)+ =z if x > 0 and equals 0 otherwise. Similarly, for a European
put option on the stock, the maturity payoff is given by Pr = (X — ST)Jr .
Therefore, the put option is the right to sell the stock at maturity date T’
at the exercise price X. American options are similar to European options
except that the investor has the right to exercise the options at any time
before the maturity dates. There are other types of options available for
trade in the marketplace such as exotic options. Readers may wish to con-
sult textbooks such as that specialize in options and derivative
trading.

The futures and forward contracts are not options, but ‘obligations’ to
buy or sell an asset at some pre-specified price and at a pre-fixed maturity
date. The payoff for a long position at maturity 7" with futures price Fy r,
which is fixed at ¢ = 0, is thus given by S — Fy 7. A short position has a
maturity payoff Fy r — Sp. Unlike options, the payoff of a futures/forward
contract at the maturity date could be positive or negative depending on
whether the future spot price St of the underlying security is above or be-
low the contract price Fy . The futures and forward contracts are treated
as being the same here although, in practice, forward and futures contracts
differ in their settlement procedures and are subjected to different regula-
tory restrictions (for instance, margin deposits).

2.2.2 Trading with Derivatives

There are various motivations for investors to trade in derivative securities.
Roughly speaking, investors trading in derivatives can be divided into three
categories: speculators, arbitrageurs and hedgers.

Speculators hold derivatives because they aim to profit from short-term
price changes. For example, an investor who expects the stock price to
drop in the near future will probably buy a put option, aiming to profit
from the downside move in the stock prices. Similarly, if he expects the
market prices to go up, he may want to hold long in calls. In either scenario,
buying put or call options represents a much more effective way of trading
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in comparison with the traditional strategy of selling short or buying long
the underlying securities. This effectiveness can be best traced back to
the respective liquidity implications of both groups of strategies. Let us
illustrate this with a numerical example. Suppose an investor has $1000 to
invest. He sees a stock, ABC, that is currently trading at $100 per unit.
Suppose he believes that the share price of the stock ABC will surpass $110
within a one-month period. To profit from the situation, the investor can
afford to buy 10 shares of the stock. By doing so, he expects to make a
profit of about 10 x ($110 — $100) = $100 if he bets correctly. Now, suppose
the stock ABC is option eligible so that investors can trade options written
on the stock. Assume a one-month call option with an exercise price of
$100 is traded at $5 per unit. The investor with $1000 in his pocket can
afford to buy 200 option units. If he bets correctly, he will make as much as
200 x ($110 — $100) = $2000 in profit. The profit resulting from the options
trading is 20 times the profit made by following the prescribed trading
strategy of holding 10 shares of stock ABC. However, with options trading
the speculator might lose all his money ($1000) if he bets incorrectly. This
is the risk that the investor has to bear if speculating with options trading.

Some investors, known as hedgers, use derivative securities to hedge
against the risk, particularly the downside risk, associated with a stock in
the underlying primitive securities. Consider an investor who has a long
position, say 10 units, in ABC stock that is traded at $100 as described
above. Suppose he expects a press release from the issuing company within
a period of one month. Upon reading the press release, the stock price
will either go up (to $120) or drop (to $80) depending on whether the
news turns out to be good or bad. The investor faces a dilemma. On
the one hand, he does not want to close his position and miss an ‘up’ op-
portunity if the news turns out to be good. On the other hand, he does
not wish to bear the risk of losing big in the case of bad news. In the
presence of options trading, he can simply hold long 10 units of the one-
month put option on the stock with an exercise price of $110. By doing
so, he will not miss the growth opportunity if the stock price goes up. If
there is bad news, the gain in the put option will largely offset the cap-
ital loss in the stock. Therefore, with the help of options trading he is
able to secure himself a ‘win and not-much-to-lose’ situation. To illustrate,
suppose the unit cost of the put option is $12. Under the prescribed op-
tions trading, the payoff by the end of the month will be either $1200 or
$1100 with the downside risk largely eliminated. The cost of the hedging
is $120.
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The third group of investors trading in derivatives are arbitrageurs. The
goal of an arbitrageur is to identify arbitrage opportunities in the market-
place. Arbitrageurs make a living by speculating on the imperfections of
the marketplace. Indeed, the real market is not perfect compared to an
ideal, arbitrage-free marketplace. Since payoffs of a derivative security are
derived from the prices of those primitive securities, in an ideal, arbitrage-
free world, the price of the derivative security along with the prices of the
primitive securities must be constrained in a coherent fashion to rule out
arbitrage opportunities. When such coherency breaks down, arbitrage op-
portunities will emerge.

To illustrate how arbitrageurs make profit, we consider again Example
in which security 1 is a risk-free bond with an interest rate of 10%,
and security 2 is treated as a stock. Consider a call option written on
the stock with an exercise price X = $100. The payoffs of the option are
thus given by d3 = [0,0,$50]. Suppose the option is traded at p3 = $9,
which is out of the no-arbitrage range (10,30). This creates an arbitrage
opportunity for the arbitrageurs. The following trading strategy illustrates
how arbitrageurs profit from situations like this:

e buy 10 bond units at $100;
e sell short 11 stock units at $100;
e buy 11 option units at $9.

This results in future payoffs [$550,0,0] with an initial cost of capital
given by 10 x $100 — 11 x ($100 — $9) = —$1.

In the following section, we establish several useful parity relationships
between the price of derivative securities (options and futures) and the
price of primitive securities (bonds and stocks) in an arbitrage-free market-
place. Violations of any of these parity relationships would represent profit
opportunities for arbitrageurs.

2.2.3 Furopean Put-Call Parity

Consider a stock with the current market price Sy. Assume that the stock
is associated with non-zero dividend payments d = {dt}le. Let By be
the price of a discount bond with maturity date T. Let Cy (X,T) be the
price of a European call option written on the stock with exercise price X
and with maturity date T. Let Py (X,T) be the price of the corresponding
European put option. We have:

ADVANCED ASSET PRICING THEORY
© Imperial College Press
http://www.worldscibooks.com/economics/p745.html




58 Advanced Asset Pricing Theory

Proposition 2.1. In an arbitrage-free marketplace, the option price must
satisfy the following put-call parity:

So+ Py (X, T) =Ty (d) + XBor + Co (X,T) (2.8)
for all T and X.

Proof. First, we assume that the stock pays no dividend before time 7.
Consider a buy-and-hold strategy with the initial portfolio consisting of a
long position in one unit of stock and a long position in one unit of a put
option written on the stock with maturity date T" and exercise price X. The
resulting maturity date payoff is given by St + (X — ST)+, where St is the
time 7 market price of the stock. This maturity payoff Sy + (X — Sp)"
can be re-written as X + (Sp — X)+. The latter is the payoff resulting
from a buy-and-hold trading strategy of an initial portfolio that consists
of X units of a discount bond of maturity 7" and one unit of a European
call option written on the stock with exercise price X and with the same
maturity. Since both strategies involve zero cash flows before the maturity
date, by the one-price principle, they must have the same initial market
price; that is,

So+ Py (X,T) =XDBor + Co (X,T)

as desired.

In general, with non-zero dividend payments, the cash flow generated
from the buy-and-hold trading strategy (I) involved in a portfolio with a
long position in the stock (one unit) and one unit of a put option written
on the stock (with maturity date T and exercise price X) is not the same
as the cash flows resulting from a buy-and-hold trading strategy (II) with
an initial portfolio consisting of X units of a discount bond of maturity 7'
and one unit of a European call option written on the stock with exercise
price X and with the same maturity. Comparing the difference between
the two sources of cash flows gives the dividend stream d. We have

So+ Py (X,T) = Wy (d) + Wp (ST (X — ST)+)

= Uy (d) + Vo (X + (57 - X))

=Ty (d)+XBor+Co (X,T). 0

In this derivation, it is noted that the dividend stream {dt}thl belongs
to the market span. So, Uy (d) is well-defined. In fact, the dividend stream
{dt}?zl can be generated by holding long one unit of a stock and one unit
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of a European put option on the stock, and by writing a covered European
call of the same maturity and the same exercise price (as the put), and by
selling short X units of a discount bond of maturity 7. From the put-call
parity, we see that if the dividends are positive, the initial cost associated
with trading strategy (I) described in the proof must be greater than the
cost resulting from trading strategy (II). The first trading strategy will
generate higher cash flows than the second. So, we obtain

So + P (X, T) > XBor+ Cy (X, T) (29)
whenever d > () and d # ().

As another observation, from the put-call parity we may assess the
market value of the dividend stream with

Uy (d) =50+ P (X, T)—Co(X,T) — XBo . (2.10)
The assessment is invariant at the exercise price X. Consequently, if op-
tions with different exercise prices lead to different assessments with respect
to the market price of the dividend stream (before the maturity date), the
market must admit arbitrage opportunities. As a result of the put-call par-
ity, we obtain the following parity relation for options of different exercise
prices.
Corollary 2.1. Given the prescribed Sy and By r, if the market admits no
arbitrage, it must hold true that
Py (X1,T) —Co (X1,T) = Py (X2,T) — Cy (X2,T) + (X1 — X2) Bo,r
for all T and X, and Xs; or, in differential form,
0Py (X, T) 0Cy(X,T)
0X N 0X

+ BO,T
for all T and X.

The put-call parity, in general, does not hold for American options.
This is because investors may exercise their options at any time before the
maturity date. Moreover, the exercising of the call and put options might
not take place at the same point in time. A detailed study of American
options will be carried out later on in Section 2.3.7.

2.2.4 Forward and Futures Prices
We start with a simple example of a futures contract on a stock index.

Example 2.2. Suppose the spot price of the index is $30, which is expected
to pay no dividend over a period of at least one year. Suppose also the bond
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price has an annual risk-free interest rate of 5%. Now imagine that the one-
year futures contract on the index is quoted at $33 on the futures exchange.
That is, investors who hold the futures contract can buy or sell the stock
index at a unit price of $33 with delivery in a one-year period. Does this
quoted price constitute a ‘fair’ price for the contract? By ‘fair’ we mean
that all parties, no matter whether they were in the long or short sides of
the market, would agree upon the settled price at the future time.

Given the quoted futures price of $33, we consider the following trading
strategy:

e borrow $3000 dollars at an annual interest rate of 5% for one year;

e buy 100 units of the stock index at the spot price $30;

e enter into a one-year futures contract to sell 100 units of the stock index
at the quoted futures price of $33.

This trading strategy results in a zero cash flow in the current spot
market, with the future cash flow at the delivery date to be given by
$33 x 100 — $3000 x 1.05 = $150. This constitutes an arbitrage. It is easy
to see that at any futures price quoted above $31.50, there are arbitrage
opportunities. Similarly, any futures price quoted below $31.50 will also
violate the no-arbitrage condition. For example, an investor can short the
$3000 index at the current market price, invest $3000 in the one-year dis-
count bond, and enter into a futures contract to buy 100 units of the stock
index at the quoted price. This will result in a risk-free positive cash flow
at the delivery date with zero cash injection into the current marketplace.
Therefore, the only price for the futures contract that is sustainable in a
no-arbitrage marketplace is $31.50 = $30 x 1.05.

In a general sense we consider an asset St with the current market price
So. Let {Bo’t}tT>1 be the discount bond prices of all maturities before T'.

Proposition 2.2. For a zero-cash payout asset S, the fair price Fyr
for the futures contract with delivery date T is given by For = SOBO_Q{.

Moreover, if the asset is associated with non-zero cash flows d = {dt}?:l at
and before T, the fair price of the futures contract is given by

For = (So — Yo (d)) By 1. (2.11)

Proof. The cash flow to an investor who enters into the futures contract
in the long side is Sp — Fy,r at the maturity date T and with zero cash
flows for ¢t # T. Since investors access the contract at a zero initial cost,
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the fair futures price Fp 7, by the fundamental theorem, must be such
that the cash flow Sr — Fy 1 has zero initial market value. We see that
Uy (St — Fo,r) = 0; or, by the additivity principle, ¥q (S7) — ¥o (Fo,1)
= 0. Notice further that the futures price Fpy r is deterministic, its initial
market price Wo (Fy ) is given by a discount bond of face value Fy 1 at
maturity date T'; that is, Uo (Fo.r) = Fo,rBo 7. Therefore, we have

For = %o (S1) By g

Furthermore, if the asset has zero cash flows d = () before the maturity date
T, we have Sy = ¥y (S7). Otherwise, if the asset has non-zero cash flows
d= {dt}thl, we have, by the additivity principle, Sy = ¥q (d) + ¥ (S7).
We may write this equivalently as Wo (S7) = So — Yo (d) . In either case,
we have Fyr = (So — ¥ (d)) Boi} as desired. O

When d; > 0, the cash flow can be regarded as dividend payments for
stocks and stock indexes, and coupons for bonds. Similarly, when d; < 0,
the cash flow can be interpreted as the carrying costs, storage costs of the
asset until the delivery dates. Such costs apply to many commodity futures.

From the derived formula for the futures price, we see that to deter-
mine the futures price we need to estimate the market value of the underly-
ing cash flows which will, in general, require knowledge of the risk-neutral
probability measure. Nevertheless, for the simple case of deterministic cash
flows, we have the simple expression ¥ (d) = Zthl dyBo ;. In particular,
if the cash flows are proportional to the initial price of the asset so that
dy = kySo,t =1,--- ,T. The futures price is given by

T
For =50 (1 - Z ktBo,t> Bo_,%' (2.12)
t=1

It is also possible to obtain an analytic expression for the futures price
when the dividend rates are stochastic. The following two examples show
that when the stochastic dividend rates have either a constant dividend
yield (i.e. diy1 = kSt for all ¢ > 0) or a constant dividend-price ratio (i.e.
diy1 = KkSiqq for all t > 0), we can express the corresponding futures price
in terms of the current price of the underlying asset.

Example 2.3. We consider a futures contract written on an asset with a
constant dividend yield written as dy11 = kS; for all ¢ > 0. We assume

the interest rates are constant. With S; = ﬁSt + U, (S¢+1) we obtain

t
Wo (Sipn) = (1 - ﬁ) Wy (S;) with the solution Wy (S;) = (1 - ﬁ) So.
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Moreover, with Wo (S7) = =7 For we obtain the futures price Fo r =

(1+7r—r)" S,

(1+'r)

Example 2.4. As in the previous example, except with the dividend rates
having a constant dividend-price ratio, we write dy11 = kS for all ¢ >
0. We now have Sy = (14 &) Uy (Sty1) and ¥o (Sy) = (14 &) Ug (Stp1)-
The solution to the first-order difference equation is given by W (S;) =

——Sp. This, together with ¥, (St) = Fy,r, results in the futures

(1+
pI‘iCG FO,T = (ii;) So.

(1+r)T

2.2.5 Put-Call-Futures Parity

With this expression for futures price, we may re-express the put-call parity
in terms of the futures price by substituting So— ¢ (d) with F rBo 7. This
yields the following put-call-futures parity.

Proposition 2.3. Consider European options and futures contracts written
on a primitive security St. No-arbitrage implies the validity of the following
put-call-futures parity:

Po(X,T) = Co (X,T) = (X — For) Bor- (2.13)

Here, we must emphasize that the put-call-futures parity holds true for
all securities with arbitrary future cash flows.

To enhance our understanding of the logic underlying the put-call-
futures parity, we consider an investor entering into a futures contract and
wishing to hedge against his risk exposure (resulting from the contract)
with the help of options trading. We will use European options on the
underlying asset on which the futures contract is written. As it turns out,
a perfect hedge can be obtained no matter whether the investor enters into
the long or the short side of the futures contract.

For instance, suppose the investor is long in the futures contract with
the maturity payoft St — Fy 7. The investor can hedge fully against the
risk by holding long in a put option on the same security with maturity
payoff (X — ST)+, and by writing a call option on the security of the same
exercise price and of the same maturity with maturity payoff — (Sp — X )+.
This trading strategy is associated with zero cash flows after the initial
trading and before the maturity date. The portfolio payoff at the maturity
date is constant and is given by X — Fy -, which is the same as the payoff
of a T-period bond of face value X — F{ r. By the one-price principle of
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no-arbitrage, the initial cost of the trading strategy, which is Py (X,T) —
Co (X, T), must be the same as the market price of the bond of face value
X — Fy,r. The latter is given by (X — Fy 1) Bor. This leads, as desired,
to the validity of put-call-futures parity.

This prescribed trading strategy is known as long hedging because it
aims to hedge against the risk associated with a long position in a futures
contract. A similar trading strategy can be created to hedge against the
risk of entering into the short side of the futures contract. This involves a
long position in the call and a short position in the put, and is known as
short hedging.

2.2.6 Options and Futures

As a separate observation on pricing futures contracts, from the put-call-
futures parity we can deduce the futures price in terms of the price of
European options and bond price (of the same maturity). We have:

Corollary 2.2. In an arbitrage-free marketplace, it must hold true that
For =X + By 1 [Co (X, T) — Py (X,T)]. (2.14)

The futures price is invariant in X ; in particular, for at-the-money options
we obtain the following expression for the futures price as a function of the
spot price of the underlying asset:

For = So+ Byp[Co (S0, T) = Po (S0, T)]. (2.15)

It is interesting to note that the futures price given by Eq. is
obtained without explicitly referring to the market value of future cash
flows {dt}thl associated with the underlying asset. The presence of futures
dividends or cash flows affects the futures price only through the current
price Sy of the underlying asset and through the price of the at-the-money
European options written on the asset, taking as given the bond price.
Moreover, with the validity of Eq. , we see that the futures price can
be obtained from the price of the European options of any arbitrary exercise
price. This is without explicitly referring to the quotation of the price of
the underlying asset and the assessment of the market value of future cash
flows! A violation of Eq. for any given exercise price implies the
existence of arbitrage opportunities.
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2.2.7 Option Pricing: A Single-Period Model

Here, we are concerned with how the price of derivative securities, say op-
tions, are determined, taking as given the price of the underlying primitive
securities. We ask the following question:

Problem 2.1. Suppose we know the price and payoffs for primitive secu-
rities such as stocks and bonds. What can we then say about the value of a
deriwative security written on the primitive securities?

Generally speaking, if the primitive securities failed to span the entire
consumption space, no-arbitrage conditions may not be sufficient to deter-
mine a unique price for a derivative security. This is because the primitive
securities may not be able to reveal uniquely the state price; and different
state prices may induce different prices for the derivative securities. Never-
theless, the no-arbitrage conditions do impose some useful joint restrictions
on the price of the derivative securities and on those of the primitive se-
curities. For example, we can determine a unique price for a ‘redundant’
derivative security according to the one-price principle (a) of no-arbitrage,
since payoffs of a redundant security can be replicated by forming a port-
folio among the primitive securities. We illustrate this with the following
simple example.

Example 2.5. Assume that the current stock price is $100. Suppose that
there is an equal chance that after three months, the stock price will either
go up by 20% to $120 or drop by 10% to $90. Suppose also that the three-
month T-bill rate is 2%, which implies that a face value of $100 invested
in the T-bill will result in a final payoff of $102 after three months. Now
consider a European call option written on the stock with an exercise price
of $100 and with a time-to-maturity of three months. What is the sensible
price for the option?

Notice that under the subjective belief of equal chance, the expected

present value of the option’s maturity payoff equals 0.5x(120-100)+0.5x0 _

9.80. Is this a sensible price? The answer is NO. Suppose C ;()%9.80 is the
market price of the option. Consider the following trading strategy: Borrow
$9700 in T-bills, then buy 113 units of the stock and sell 170 units of the
option. This results in a net cash surplus at ¢ = 0 of 170 x9.8+9700—113 x
100 = $66. Three months later, if the stock price goes up, the cash balance
is —170x20—9700x 1.024+113x 120 = $266; otherwise, if the stock price goes
down, it becomes —170 x 0 — 9700 x 1.02 + 113 x 90 = $276. This is a gain-

gain situation as you receive (not invest) $66 in the current marketplace,
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and will also receive no less than $266 three months later regardless of the
stock price movement. This clearly constitutes an arbitrage opportunity.
Therefore, the hypothetical option price of Cy = $9.80 cannot be a sensible
market price for the option.

We apply the fundamental theorem to determine the sensible price for
the option. The existence of no-arbitrage implies the existence of a risk-
neutral probability measure Q such that the expected returns of all tradable
securities under measure Q are the same, which is the risk-free rate of
return (2%). Let g, > 0 and ¢; = 1 — g5 > 0 be the probabilities assigned
respectively to the ‘high’ and ‘low’ return states under Q. For the stock, the
no-arbitrage condition (g) becomes 1.20q;, + 0.90¢; = 1.02, which implies
gn = 0.4 and q; = 0.6. The option price that satisfies the no-arbitrage
condition must be given by the expected present value of its maturity payoff
under the risk-neutral measure Q, which equals 0.4x (120;})020)*'0'“0 = $7.84.
Therefore, the only sensible market price for the option is Cy = $7.84.

As the option in this economy is a redundant security, hold long % units
of stock and borrow % x 100 dollars of the bond. The resulting payoffs
over a three-month period for the trading strategy can be easily computed:
$20 at the ‘high’ state and $0 at the ‘low’ state. These coincide with the

payoffs of the underlying option at the maturity date. By the one-price

principle (a) of no-arbitrage, the price of the option must be given by the

cost of the portfolio, which again yields % x 100 — % x 100 = $7.84.

The argument used in this example also applies to the general case
for a single-period economy that contains two primitive securities, say a
stock and a bond, and two states of nature Q = {h,(}. Here, h and [ are
interpreted as realizations of a stock’s (gross) return Ry at the high state
and the low state, respectively. For the moment we assume that the stock
has a zero dividend payout. Let R/ = 1+ r be the risk-free interest rate
for the bond. Assume that h > 1+7 >1. Let g, = Q ({h}) and ¢ = Q
({i}) = 1 — gy be the risk-neutral probabilities assigned to the states. By
applying the risk-free return rule (g) of no-arbitrage to the stock return,
one obtains gph + (1 — gp) 1l = 1+ r. This results in this expression for the
risk-neutral probabilities:
qn = 12721 =1-q. (2.16)
With this notion and by the risk-neutral pricing formula (f) of no-arbitrage,
the initial market price of any contingent claim X7 must be given by

Wo (X7) = (14 7) 7" [gaXn + @ X4]. (2.17)
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If we now look at the European call option written on the stock with an
exercise price of X, the initial price is uniquely determined and is given by

Co = (1+7) " [an (hSo = X)" + a1 (15 — X)] (2.18)

where Sy is the current stock price.

Similar exercises can be carried out for dividend-paying stocks. As
it turns out, the option pricing formula and pricing rule for
general contingent claims remain valid for dividend-paying stocks. The cor-
responding risk-neutral probabilities, however, must be modified by taking
into account the additional source of cash flows when defining the total re-
turns of the stock. We must keep in mind that the total returns of the stock
equals ‘dividend yield plus growth rate’. Different risk-neutral probabilities
are obtained depending on the specifications of the dividend payouts dr.
Now we consider two special cases:

(a) Stocks with a constant dividend yield dr = kSp and h + Kk > 1+ 71 >
I 4+ k. The risk-free return rule for the stock yields the following linear
equation for the risk-neutral probability:

gn(h+r)+q(l+r)=1+r

Withqh:%zl—ql.

(b) Stocks with a constant dividend-price ratio dr = kSt and h > ﬂ'; > [

In this case the risk-free return rule results in

(I1+k)(gph+ql)=1+r

. 147)/(14k)—1

with g = (tr)/Ar)=l T)’/L(—l M=l q-

With these expressions for the risk-neutral probabilities, one can readily
carry out several static analysis exercises for the option price. We can
now establish the following relationships, verifications of which are left as
exercises.

(1) The option price increases in the risk-free interest rate r.

(2) The option price decreases in the dividend yield.

(3) The option price decreases in the dividend price ratio.
If welet h = u+o0 and l = p—o with o > 0, we will have two additional
relationships.

(4) The option price increases in o.

(5) The sign %—C};‘) is, in general, indefinite.
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Property 1 is a result of the trade-off between the negative effect of the
discount factor and the positive effect of the upward risk-neutral probability
with respect to a raise in the risk-free interest rate. Properties 2 and 3 are
self-evident because a raise in dividend payout reduces the upward risk-
neutral probability, and thus reduces the price of the option (keeping other
things unchanged). When the stock return has equal probability of either
going upward or downward, the parameter u gives the expected capital
growth rate for the stock, while o measures stock price volatility. Property
4 suggests that the option price increases in stock volatility. Property 5
suggests that a change in the expected growth rate has an ambiguous impact
on the price of the option. This does not come as a surprise because an
increase in p reduces the upward risk-neutral probability but increases the
payoffs of the option across states. These two effects offset each other with
an uncertain net impact on the option price.

2.3 CRR Binomial Model

The [Cox, Ross and Rubinstein (1979)| model, known as the CRR, model of
option pricing, is a successful application of the no-arbitrage condition to
asset pricing in a dynamic framework.

2.3.1 Setup of the Model

The economy considered by Cox, Ross and Rubinstein (1979) consists of
two types of primitive securities: zero-coupon bonds of all maturities and
a zero-dividend paying stock. The randomness of the economy is assumed
to be driven by a Bernoulli random process {&,};=, on Q. Here, &, takes
two possible values of {0,1}. The state space §2 can be viewed as consisting
of all possible sample paths in the realization of {¢,},=,. For each w € Q,
Fi (w) contains all paths that are consistent with the historic observations
up to time ¢ along path w. {&,};2, is referred to as a state process, and &,
is the time t state variable.

We impose the following conditions on the bond price and stock returns:

e A flat term structure of interest rates written as R =1+ r.
e Binomial stock returns. As illustrated in Fig. 2.1, the stock returns
{R:},~, are adapted to the state process {£,},, so that

Ri=1l+Mh-1)&forallt=1,2,---. (2.19)
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Here, h and [ correspond to the upward and the downward returns for
the stock. It is assumed that

h>1+7r>1.

These conditions ensure the no-arbitrage conditions are fulfilled in this
context.

Shhh

l S

Fig. 2.1 CRR binomial tree

e The stock has a zero-dividend payment up to time 7'. Its time O price
is So.

The assumption on the constant interest rate along with the zero-
dividend assumption on the stock are for simplicity. These assumptions
will be relaxed later on. The objective is to determine the price of a con-
tingent claim written on Sy with maturity payoff X = X (Sr).

2.3.2 CRR Binomial Option Pricing Formula

By the risk-free return rule (g), there exists a risk-neutral probability
measure Q such that Eq[Riy1 | F] = 1 + r, which is equivalent to
Eq [€p41 | i) = 571 Let

qn (t,w) :Q(€t+1 =1[F (w)) =1-q/(tw)

ADVANCED ASSET PRICING THEORY
© Imperial College Press
http://www.worldscibooks.com/economics/p745.html




No-Arbitrage Asset Pricing 69

be respectively the upward and downward risk-neutral probability at (¢,w).

We obtain a unique constant risk-neutral probability given by

1+7r—1
=—=1—¢q. 2.2
qn 1 @ (2.20)

With these we can derive the following pricing formula for any contin-
gent claim X (St) written on the stock.

Proposition 2.4. The current market price for contingent claim X (St)
at maturity time T s given by

T
1 T
Uy (X)= — mol=mx (pmT—mg, 2.21
) (X) (HT)T;)(m)qhql ( ) (22
where (771;) = #lm), with (g) =1.

Proof. TFollowing the risk-neutral pricing rule (f), we have

Wo (X) = (1+7)"" Eg[X (Sr)].
For any given w € (2, the stock price at w is determined by the number
of h’s and I’s along the path w. For example, if w contains m highs and
T — m lows, the stock price at w is given by St (w) = h™IT~™Sy, which is
invariant with the order of highs and lows along the path. Let Qr ., be the
probability of a path of length T" that contains m highs. We may write

T
Ty (X)=1+7)"" Y QramX (h™7™S).
m=0

It remains to show Q7 = (TTn)q}quT_m for all 0 < m < T. The proof
follows by applying the induction argument. First, the statement holds
true for 7'=1 with m = 0 and 1. Suppose it holds true for 7' > 1 with all
m < T. Now, consider a path of length 7"+ 1. The statement holds with
m = 0 because Q41,0 = qlTJrl is the probability of 7'+ 1 consecutive lows.
Similarly, it holds for m =T 4+ 1. For 0 < m < T, we may write

Qr+im = Qrm-1qn + QTmq
where the first term is the probability that there is a high return in the
final period following m — 1 high returns in the past T periods, and the
second term is the probability that it has a low return in the final period
following m high returns in the past T periods. These exhaust all the
possibilities of m high returns along the path of length 7'+ 1. With the
assumed expressions for Q7 ,—1 and Qr,,, we see that

T+1 _
QT+1,m = ( m )q;?qlTH "

following from the fact that ( 7;1) 4 (T) = (T+1). 0

m m m
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2.3.3 The Laplace Inverse Representation of Option Price

If we refer to Appendix B, we see that the characteristic function of a
random variable X is defined as the bilateral Laplace transform of the
p.d.f. fx (-) that is induced by X. Let m : Z — Z be the characteristic
function for the logarithmic stock return In R; that is calculated under the
risk-neutral probability measure Q. The m-function is also known as the
risk-neutral moment generating function, or simply the risk-neutral m.g.f.,
for the stock return R;.
Under this binomial specification on stock returns, we obtain

m(s) =qgnh™" +ql™% s €L (2.22)

Let z =1n S% The variable z is referred to as the moneyness ratio of the
option. The option is said to be in-the-money, at-the-money or out-of-the-
money, depending on the sign {—,0, +} of the moneyness ratio z.

With these notions, the price of the option can be expressed in terms
of the risk-neutral m.g.f. and the moneyness ratio.

Proposition 2.5. The time 0 price of a European call option with exercise
price X and time-to-maturity T is given by

Co = @ji)Tc—l {;S:i)} (m :;‘(;) (2.23)

with Re (s) < —1.

Proof. We need to verify that the expression on the right-hand side of
2.23|) coincides with the option price given by the CRR binomial model
2.21) with maturity payoff X (Sp) = (Sp — X)*. First, we have

m” (s) = (guh ™ +al™*)"

T
T> _\m _a\T—m
= anh™?)" (@l™
3 (o) @) (@)
T
_ <T>q;tnqlT—me(mlthr(Tm)lnl)s.
—o \'1

m

Substituting this expression into the right-hand side of Eq. (2.23)), we obtain
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1 X
m, T—m p—1 a0 . .
( >qh q "L {5(8+1)}<ln50 mlnh — (T m)lnl>
(T m T—m (_In 32 4minh+(T—m)Inli 1 +
= X —_
E <m>Qh q, (e )

qznqlT—m (hmlemSO _ X)+ /X

in which the first equality follows from the definition of the Laplace
inverse transform and the second equality follows from the fact that

L1 {ﬁ} (z) = (e —1)" for Re (s) < —1. This ends the proof.  [J

The Laplace inverse transform representation of the CRR binomial op-
tion pricing model can be regarded as a special case of a class of option
pricing models with the underlying asset to follow arbitrary distributions,
both in discrete- and continuous-time settings. The option pricing prob-
lem will be thoroughly studied later on in Chapters 10, 13, 14 and 19. As
an application of the CRR binomial option pricing model, in the following
section, we derive the Black—Scholes option pricing model as a limit of the
CRR binomial model.

2.3.4 Continuous-Time Limit: Black—Scholes Formula

Here, we compute the limit of the CRR option pricing model. The limit
is given by the Black—Scholes option pricing model, which was originally
derived by Black and Scholes in continuous time.

Let T' > 0 be the maturity date for a European call option. Divide the
time interval [0, 7] into n equal sub-intervals of length % Assume that

e the risk-free interest rate of each sub-interval is deterministic and is
given by Rflzl—&—%—&—o(%);

n
e the stock returns {R,(C”)}k of each sub-interval is an independent
=1
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binomial process with upward and downward returns given by

h, = ' tov/Eo(%)

T /T 1
=14 (p+05a°) = +a +0<>; (2.24)
n n n
ln = 6%70‘\/ %+O(%)

=1+ (u+0.50°) % - a\/ZJr 0 (i) (2.25)

where 1 and a are positive constants. Notice that if there is an equal
chance of receiving a high return or a low return, then a measures the
volatility of the return. Keeping a unchanged, we see that the higher
the u, the higher the expected return.

Now, for n sufficiently large, we have h,, > RS > I, so that the no-
arbitrage condition is satisfied for the corresponding binomial economies.
The resulting risk-neutral probabilities are well-defined and are given by

n hp — L, 2 2a n

NG

with ql(n) =1- qgn). Moreover, the corresponding m.g.f. for In R,gn) under
the risk-neutral measure Q,, is given by

n f—7, 1 — 0.5¢%2 |T 1
) _ Ry _ p—r+05a +0< ) (2.26)

my (s) = ¢ h* +¢™i0 s € 7 (2.27)
Accordingly, m” (+) is the m.g.f. for ) ;_,In R,in), the sum of n identical
independent random variables under measure Q,,.

To compute the limit of the resulting option price {C(g")} asn — 00, one
may follow a two-step procedure. First, compute the limit of the probability
distribution function under Q,,, for the maturity stock price S,, at time T
(=nx %), by applying the central limit theorem. Second, verify that the
limiting distribution function for the stock price is log-normal under the
corresponding risk-neutral probability, and is the same as that assumed in
the original continuous-time Black—Scholes model.

Here, we provide a different approach. Consider the sequence of m.g.f.s
{m2}>° ) for the log-total returns up to maturity date 7. First, we show
that it has a limit mjq, where mpg corresponds to an m.g.f. for a Gaussian
normal random variable (as is assumed by [Black and Scholes (1973 )| for the
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log-stock returns). Then, we can substitute the limit m.g.f. into the right-
hand side of (2.23), with the limit discount factor given by e~"7, to obtain
the Laplace inverse transform expression of the Black—Scholes formula.

Theorem 2.2. The option price {Cé")} corresponding to the CRR bi-

n=1
nomial option price model has a limit which is given by the Black—
Scholes option price

CBS = SyN (dy [2]) — Xe "IN (d [2]) (2.28)
in which N (x) = \/%7 [ e~ dz is the standard Gaussian normal c.d.f.,
[T:I:O.5a2]T—z

and di 2 [2] = -
option price admits this alternative expression

and z = In s%, Furthermore, the Black-Scholes

CBS = Xe Tt {m} (2) (2.29)

with mpg (s) = e~ (r=050%)s+050% 1 Re (s) < —1.

Proof. We start with some order assessments respectively for h,® and

I,

h’I’_LS — e—us%—as %—&—o(%)

T /T 1
=1- (,us — O.5a232) — —asy\/—+o ()
n n n

=5 _ gmnsTrasy/Tro(1)
n

T /T 1
:1—(u3—0.5a282)—+as +0().
n n n

These, together with qén) given above, enable us to obtain the risk-neutral
m.g.f. for the stock return on each sub-interval as described by

(n

qh )h;s + ql(n)l,fs

=1— (us —0.5as%) % +as (1 - 2q,(ln)) \/z—i— 0 (111)

=1— (us —0.5as?) r + s (p—r+0.50%) r +o <1)
n n n

1

=1- [(r — O.5a2) s — 0.5a252] % +o0 (n> .

ADVANCED ASSET PRICING THEORY
© Imperial College Press
http://www.worldscibooks.com/economics/p745.html




74 Advanced Asset Pricing Theory

Therefore the risk-neutral m.g.f. at the maturity date is given by
m () = om0
_ enln(lf[(r70‘5a2)570.5a252]%+o(%))

. . —(r—0.5a2)Ts+0.5Ta?s>
We set n — oo to obtain lim, ,.oml(s) = e ( )

mig (s)-

Now, consider the CRR binomial option pricing model with
m” (s) replaced by m” (s). Again, setting n — oo we produce expression
(2.29) as the limit of the CRR binomial option prices. The expression (2.28]
for the Black-Scholes option price is then obtained from expression (2.29

by computing the Laplace inverse transform of ?éi(f)) with Re (s) < —1.0

Remark 2.1. For a dividend-paying stock with a constant dividend yield x,
by repeating the same procedure as for the zero-dividend paying stock, we
see the validity of the option pricing formula with a revised mpg (+)-
function

mps (s) = o(r=r+0.50%)s40.5a%s%
The corresponding Black—Scholes option price with a constant dividend
yield x is thus given by
CBS = Spe™ TN (dy [2]) — Xe "N (dy [2])
[rfn:I:O‘BaQ]sz

with d172 [Z} = VT

—In X
andz—lnso.

2.3.5 Option Pricing and State Prices

From the fundamental theorem, if we know the state prices we can price
all contingent claims, particularly those European options written on the
underlying stock. This section considers the inversion problem.

Problem 2.2. Suppose we know how options are priced with the knowledge
of the risk-free interest rate and the initial stock price, what can we say about
the state prices and the corresponding risk-neutral probability measure? Or
can we find out the state prices and the risk-neutral probability measure
from the option pricing rule?

The CRR option pricing formula (2.23)) in the binomial framework con-
stitutes an option pricing rule which is summarized by the Laplace inverse

T
transform of an analytic function ;‘ZS 4(_5’1)) Let

g () :E_l{sg(j)l)}(x),xeR.
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Knowing the g-function, we can reveal uniquely the complex function
m(s)=s(s+1)L{g(x)}(s),s €Z.

Therefore, the option pricing rule is fully summarized by the g-function:
one can price European call options of all maturities T" and of all exercise
prices X with knowledge of the risk-free interest rate r and the initial stock
price Sp. The g-function reveals the m-function, which in turn determines
the risk-neutral probabilities. Therefore, with the knowledge of the option
pricing rule summarized by g, one can price all contingent claims and all
derivative securities written on the stock.

Moreover, we have the following alternative expression for the price

U (X) of any contingent claim X (St) written on the stock with maturity
date T

Proposition 2.6. The current market price for contingent claim X (St)
at maturity time T s given by

o (X)=(1+7)" /R L7 {m" (s)} (z — InSp) X (*) da. (2.30)

Proof. Its price ¥y (X) is given by Eq. (2.21). This price admits an
alternative expression in terms of the risk-neutral p.d.f.

X (so HR>

=1+ T)fT/RX (e 5ot ) f (z) da

Ty (X)=(1+7) " Eq

:(1+ﬂ—féf@p4nagxwﬂdx

where f is the p.d.f. for Zthl In R; under the risk-neutral measure Q. Since
In R; has its risk-neutral m.g.f. given by m (s), the resulting risk-neutral
m.g.f. for Zle In R; is given by m” (s). Therefore the risk-neutral p.d.f.
f can be expressed as f(z) = L7 {m” (s)} (). This gives the desired
expression for the price of the contingent claim. O

Remark 2.2. We have established the relationship
gems e Yo(),

taking the interest rate r as given. This equivalence between the state
prices and the option pricing rule is for the CRR binomial model. Later,
we shall show that such equivalence holds true for a fairly general class of
models.
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2.3.6 Backward Procedure

The CRR binomial model can be analyzed alternatively by following a
backward recursive procedure or, simply, backward procedure. To illustrate
the backward procedure, let ¢, (w) = Y2L_, €, (w), which corresponds to the
number of upward moves up to ¢ along path w. We have ¢, € {0,1,--- ,t}.
The time ¢ price of the contingent claim, denoted by ¥;, depends on the
number of upward moves realized at and before ¢, and is thus adapted to
{¢,}. We may write U, = U (¢,(,).

With these, together with the prescribed risk-neutral probabilities, the
risk-neutral pricing rule

1
U, = ——[Eq ¥
e Q [Wirr | Fi

1
= T B [T+ 1,6+ &) €]
yields the following recursive equation for the price process {U;} of the
contingent claim:

U(t¢) =1+ @ (E+1L¢+1) +a¥ (t+1,¢,)] (2.31)

forallt=0,1,---,T.
Consequently, the option price given by Eq. (2.21) can be regarded as
a solution to the following set of recursive equations:

e At maturity date T, setting U (m) = X (hmlT_mSO) forall0 <m <
T

e For 0 < t < T, setting ¥;(m) = (1 +7) Hgp¥yr1(m + 1) + ¢
Ui y1(m)] for all 0 < m < t; and

e The initial price ¥y (X) of the contingent claim is given by ¥y (0).

The procedure used to determine the initial price of the contingent claim
by solving the recursive system is referred to as ‘backward procedure’. It is
so named because the system can be solved by working backwards starting
from the calculations of the payoffs of the contingent claim at the maturity
date to determine the spot price of the claim in the previous period, so on
and so forth, and ending up with a unique time 0 price for the contingent
claim.

The usefulness of the backward procedure lies in the fact that it applies
to a general binomial framework with stochastic interest rates along with
dividend-paying stocks with stochastic dividend rates. As will be illustrated
below, the backward procedure provides a framework to compute the price
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of a contingent claim in the face of stochastic interest rates and stochastic
dividend payments when an analytic expression for the price of a contingent
claim is not readily available. We shall also illustrate in Section 2.3.7. how
the backward procedure is useful for pricing American options for which
investors may choose to exercise their options at any time before a pre-
specified maturity date. It is well-known in the literature that analytic
expressions for American options are generally not available.

2.3.6.1 Backward Procedure with Stochastic Interest Rates

We analyze contingent claims written on zero-dividend paying stocks with
constant upward and downward returns {h,!}. We consider the case when
the time t interest rate r; is adapted to the number of historic upward
moves so that we may write r, = 7 (¢,{,). Assume that

h>14r(t,m)>1 (2.32)

for all t and for all m € {0, 1,--- ,t}. Under this assumption, the time ¢ spot
market satisfies the no-arbitrage condition with risk-neutral probabilities
well-defined and adapted to the number of historic upward moves ¢,. We
have

1+7r(¢, —1
at,C) = DLy, (2.33)
According to the risk-neutral pricing rule (f) of no-arbitrage, the price
process {¥;} for a contingent claim must be adapted to the number of
historic upward moves {(,} with ¥, = U (¢,(,) to satisfy
_ 4n (t7Ct)\I/(t+ 1>Ct + 1) +q (tagt)‘l’(t_‘_ 17Ct)

W(t,¢)= ) . (2.34)

With the derived risk-neutral probabilities, the backward procedure for
computing the price of a contingent claim X (Sr) can be revised accord-

ingly. In this case, the backward procedure can be stated precisely as
follows:

e At maturity date T, for m = 0,1,---,T, setting ¥ (T,m) =
X (hmlT_mSo);
e For0<t<T and m=0,1,---,t, setting
qn (t,m) W (t+1,m+1) +q (t,m) V¥ (t+1,m) (2.35)
1+7r(t,m) 7 '

U (t,m) =

e Setting ¥y (X) = ¥ (0,0).
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2.3.6.2 Backward Procedure for Dividend-Paying Stocks

We consider a contingent claim written on a dividend-paying stock. The
setup is the same as that described in the original CRR model with constant
upward and downward returns {h,l} except (i) we allow for the possibility
of stochastic interest rates and (ii) the stock has non-zero and stochastic
dividend yields, or has non-zero stochastic dividend-price ratios. We assume
that both the interest rate {r;} and the dividend yields or dividend price
ratios {k;} are adapted to the number of historic upward moves {(,} so
that we may write r; = 7 (¢,(,) and k; = & (¢, ().
For the case of stochastic dividend yields, we need to assume

h>14+r(t,m)—k(t,m)>I

for all t and m € {0,1,---,¢} so that the market admits no-arbitrage
opportunities. The resulting time ¢ risk-neutral upward probabilities are

given by
14+7(t,¢) —r(t¢) —1
o,y = DR ZE ) (@
Similarly, for the case of a stochastic dividend-price ratio, we assume
1
+r(t,m) o1
1+ k(t,m)
for all t and m € {0,1,--- ,t}. In this case, the no-arbitrage condition is
satisfied with the risk-neutral probability to be given by
14+r(t,¢y) _
T+r(t.C,
an (8.6,) = TR — = 1= qr (1.6,). (2:37)

For either case, the corresponding price process {¥;} for the contingent
claim must satisfy the recursive Eq. (2.34)) with its current price determined
by following the backward procedure:

e At maturity date T, for m =0,1,--- , T, setting
(T, m) =X (h™1""™S);
e For0<t<Tand m=0,1,--- ¢t setting
_ tm)¥E+1,m+1)+q(m)¥(t+1,m)

v tm) 1+7(t,m)

; and

e Setting o (X) = ¥ (0,0).

Notice that, for European call options written on a dividend-paying
stock, the presence of positive dividend payout reduces the upward risk-
neutral probability, and hence reduces the option price.
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2.3.7 American Options

As before, we take as given the stock price process S and constant risk-free
interest rate Rf = 1 + 7. The payoffs associated with an American option
are summarized by {Xt}z;o such that, for all (¢,w), X; (w) is the payoff if
the option is exercised at (¢,w). For an American call option written on a
stock S with exercise price X, the payoff at (t,w) is X; (w) = St (w) — X
if t < T, and X7 (w) = (S7 (w) — X)" at the maturity date T. Similarly,
for an American put option, the payoff becomes X — S; (w) if ¢ < T', and
(X = Sp (W)t at T.

American options are different from the corresponding European options
since investors who have a long position in an American option can exercise
the option at any time before the maturity date 7. This, generally speaking,
makes American options more valuable than the corresponding European
options (given the same exercise price and the same maturity dates). Two
related questions need to be answered to price American options:

e At each point of time ¢ before the maturity date T' and with time ¢
information F; (w) along each path w, what is the sensible price for the
option?

e At which times and at what states will the option holder choose to
exercise the option?

Given the payoffs {Xt}tT:O , let ¥, (X;w) be the corresponding market
price for the option at (¢,w) if it is not exercised before ¢ along the path w.
We take as given the underlying risk-neutral probability measure Q. We
have:

Theorem 2.3. The American option price {¥; (X)}tT:0 and the optimal
exercise time T are such that

(1) At all (t,w),

U, (X;w) = max {Xt (W), (1+7) " Eg [Ty (X) | F (w)]} ; and
(2.38)
(2) For all (t,w), 7" (w) =t if and only if ¥y (X;w) > X (w) for all s < t,
and ¥y (X;w) = X3 () ; or, equivalently,

T (w)y=inf{t€{0,--- ,T}: ¥ (X;w) = X; (w)}. (2.39)

Proof. Consider the following trading strategy induced by 7: for all w,
let 7(w) € {0,---,T} be the time to exercise the option along the path
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w € Q. Here, 7 is F;-measurable, and is referred to as a random stopping
time, or simply a stopping time. The resulting time ¢ cash flow d € D
induced by the stopping time 7 is such that d; (w) = X; (w) if 7 (w) = ¢ and
that d; (w) = 0 if 7 (w) # t. By the no-arbitrage condition, the initial cost
of the trading strategy corresponding to 7 is Eg [(1+7) " XT} , which is
the present value of d under the measure Q.

First, we claim that the value of the American option is no less than
the initial cost of a trading strategy resulting from any arbitrary stopping
times; that is,

Wy (X) > sup Eg[(1+7) "X,
0<r<T
Otherwise, if investors can acquire the option at a lower price, they can
achieve at least the same payoffs as those resulting from 7 except with a
lower initial cost. This violates the no-arbitrage condition.
Second, the value of the American option ¥y (X) must be no more than

supg< <7 Eg [(1 +r) " XT] . This is because, for finite economies, there
exists an optimal random time 7* to exercise the option. Therefore we
must have
_ —T
Wo(X) = max Eq {(1 +1)T X (2.40)
Similarly, for all (t,w), consider the price ¥; (X;w) of the American
option at (¢, F; (w)), which admits the same mathematical expression by

substituting 7" with T'—¢. The option price expressed in this way obviously
satisfies the following recursiveness principle: if 7* (w) > ¢, then

Uy (Xw) = (1+7) 7 Eg [Tenr (X) | F ()]

and, for all t < T and w € Q, 7* (w) = ¢, if and only if U; (X;w) = X; (w)
and U, (X;w) > X, (w) for all s < t. These are equivalent to statements 1
and 2 of the theorem. O

As an example, we consider an American call option written on a zero-
dividend paying stock with exercise price X and maturity date 7.

Proposition 2.7. For American call options written on zero-dividend pay-
ing stocks, investors will not exercise their options before maturity date T';
that is, T =T. In particular, the price of an American call option must be
the same as that of the European call option.
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Proof. By definition, the payoff of the American call option is given by
Sy (w) — X if the investor chooses to exercise the option at (f,w). Also,
by definition, the value of the option at (¢,w) is no less than that of the
European call option. That is,

Colw) = (1+71)" T Eg [(Sr - X)¥ | Fi (w)]

> (1+7) TV Eg [Sr— X | i ()]
=S (w) - X1 +r) T,

With positive interest rate r > 0, we have ¥; (X;w) > S (w) — X unless
T = t. This implies that the investor will not exercise his option at t < T'. At
maturity date T, the option is exercised only when St (w) > X. Therefore,
by the one-price principle (a), the value of the American call option must
coincide with that of the European call option since they have the same
exercise time, which is the maturity date, and the same payoffs. O

This observation about American call options, in general, does not hold
true for options written on dividend-paying stocks. This is because, by
exercising his option early, an investor not only receives a lump-sum payoff
of S; (w)—X, but also gains the claims towards all future dividend payments
for the stock. But this is at a cost of losing the opportunity to exercise the
option at a possibly much higher payoff Sy (w) — X at a future time ¢'.
Therefore, there is a trade-off between early and late exercising, which
makes the earlier exercising possible.

This observation about American call options would, in general, not hold
true for American put options. Investors may choose to exercise American
put options early even for stocks with zero dividend payments.

In general, to compute American option prices and to determine the
optimal exercising times for American options, we follow the backward
procedure illustrated below.

Let the stock price {St}tho follow a binomial process with returns {h, 1}.
Suppose the risk-free interest rate and dividend yields or dividend-price
ratio are state-dependent so that r, = r(¢,{,) and k; = k(¢,{,;) with
the risk-neutral probability measures Q respectively given by Eq.
and Eq. . Let W (t,m) be the time ¢ price of the American option
{X¢ (S¢)};> written on the stock (with zero or positive constant dividend
yield) following m upward moves before time ¢. For all ¢ and m < ¢, let
X (m) = X; (h™'=™5Sp). Then, we see that the American option price
{\I’t}tho in this CRR binomial model can be computed recursively as fol-
lows:
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e At T, for all m € {0,--- ,T}, setting ¥ (T, m) = X (m);
e For 0 <t < T and m € {0, ,t}, setting

)

\Ij(t’m):maX{Xt(m)’Qh(t,m)\ll(t-l-l,m-l-l)-l—qz (t,m)\I/(t—i—l,m)}

1+7(t,m)

e Setting ¥y = ¥ (0,0).

Moreover, the exercising time 7* for the American option can be de-
termined accordingly with the help of the backward procedure. In fact,
given

(U (t,m),m e {0,1,- )}

as a solution to the backward procedure, then, along each path w € it is
optimal to exercise the option at ¢ (i.e. 7* (w) = ¢) if and only if

(a) ¥ (t,¢; (w) = Xy (¢; (w)); and
(b) W (s,¢, (w)) > X, (Ss (w)) for all s < t.

2.4 Ho-Lee Model of the Term Structure of Interest Rates

Another successful application of the fundamental theorem for pricing se-
curities in a dynamic framework is the [Ho and Lee (1986 )| binomial model
of the term structure of interest rates.

The primitive securities in the Ho—Lee model consist of discount bonds
of all maturities, denoted by {Bth}TT:O, which constitute the entire term
structure of interest rates at time ¢. Here, B; 7 is the time ¢ price of a
discount bond with time-to-maturity T (or with time-at-maturity T + ¢).
Recall that a discount bond is a zero-coupon bond with unit payoff at
maturity date.

Similar to that described in the CRR model, the dynamics of the bond
price is assumed to be driven by a binomial random process {£,},- , where,
for all ¢, &, will take the values {1,0}. Here 1 and 0 stand for ‘bull’ and
‘bear’, or simply ‘high’ and ‘low’, market respectively. Therefore, the uni-
versal state space ) consists of all distinct paths on the realization of
{&,}2,. For each w € Q, F; (w) contains all paths that are consistent
with the historic observations up to time ¢ along path w. {&,},-, is referred
to as a state process and ¢, is the time ¢ state variable.

The theory is built on the following assumptions:
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e Stationarity: There exists a deviation function u : {1,0} x T — Ry,
which is deterministic and time-independent, such that, for all ¢ and
T,

Biyir = B Birjau (§,0,T) . (2.41)

e Path independence: For all t, {B; r},_, is F; (w)-measurable with
B¢y = 1. In particular, B; 7 is assumed to be adapted to the number
of ‘bulls’ at and before t.

It follows from this last assumption of path independence that we may
write By = By 1 (¢,) so that, for all £ and m = 0,--- ,¢, By 7 (m) stands
for the time ¢ bond price following m highs along the historic path at and
before ¢ (see Fig. [2.2).

By ry1(m)
Bit1,7(m)
Bt,T+1(m - 1)

Fig. 2.2 Path independence

Under the stationarity assumption, the time ¢ return Ry 7 = g?i;fl
of a (T + 1)-period bond admits the following expression '

Rij1r = Rtfu (£t+1a T)

with risk-free interest rate R = By 11 corresponding to the return of the
one-period bond at ¢. So, the function u (£, T) measures the deviation of
the long-term bond returns from the short-term risk-free return, and is thus
known as the deviation function.

Alternatively, with the futures price for delivering a T-period discount
bond in the following period at time ¢ + 1 given by F; (1,T) = B;llBt,TH,
we may write Byi1,r = Fy (1,T) u (§,,1,T). Hence, the deviation function
u (&, T) also measures the deviation of the actual spot price Byyq 1 of the
T-period bond from its futures price F; (1,7T') settled in the previous period
(at time t).

Let u; (T) = w(4,T),¢ € {0,1}. The assumptions of stationarity and
path independence, together with the no-arbitrage condition for the bond
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market, enable us to obtain the following characterization for the deviation
function that is summarized by {uo (T),u1 (T)}.

Proposition 2.8. Under the assumptions of stationarity and path indepen-
dence, no-arbitrage implies the existence of two positive constants q* and
v € (0,1) such that the deviation function u is expressed as

1 ’yT

=—— — and () = ———.
¢+ (1 =g )T @ ¢+ (1 —qg )"

Proof. For all (t,w), let 1 (t,w) =Q (&, =1] F (w)) and o (t,w) =
1 — ¢1 (t,w) be the risk-neutral probabilities. The risk-free return rule of
no-arbitrage leads to

u1 (T) (2.42)

g1 (t,w)u (T)+ (1 —q1 (t,w))uw(T) =1 (2.43)

which holds true at all (t,w) and for all T. Solving for ¢ (¢,w) we ob-

tain qq (t,w) = 1&%‘% This implies that the risk-neutral probability

q1 (t,w) must be constant in (¢,w), which is thus denoted by ¢*. This results
in the following equation for the deviation function:

¢ ur(T)+ (1 —q¢")uo(T) =1 for all T. (2.44)
By path independence, as illustrated by Fig. we obtain
By} (m) Buzas (m)uo(T) = By} (m — 1) Byt (m — 1) uy(T)
in which both sides are equal to Byyq,7 (m). This gives

Birsi(m)  Bia(m) w(T)
Bt,T+1 (m - 1) Bt,l (m - 1) UO(T) '

This, together with the stationarity assumption, yields

Ul(T —+ ].) _ Ul(].) Ul(T)
Uo(T+ 1) U0(1> ’U,()(T)

(2.45)

Let v = ZSEB < 1. From Eq. 1) we obtain the second restriction on the

deviation functions; that is,
r(T) = v~"uo(T). (2.46)

From Egs. (2.44) and (2.46) we obtain the desired expression for the devi-
ation function that is summarized by {u1(T), uo(T)}. O
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Remark 2.3. When the state variable £ is given by the stock return as in
the CRR framework, ¢* must coincide with that of Eq. . This leads
to a constant interest rate Rf with v = 1 and a flat initial term structure of
interest rates given by By, = (Rf ) - Therefore, in the following we assume
that the state variable £ captures a source of uncertainty that affects the
bond prices only. We may interpret £ as a state variable that captures the
uncertainty associated with monetary policy controlled by the government.
In this case, the CRR model remains valid with stochastic interest rates
along with stochastic risk-neutral probabilities for the stock returns.

2.4.1 A No-Arbitrage Bond Pricing Model

We have seen that the no-arbitrage condition imposes some very specific
restrictions on the dynamics of the term structure of interest rates through
the deviation function u. The resulting Ho—Lee bond pricing model depends
on two unknown parameters (¢*,v). Hence we call the Ho-Lee model a
model of a two-parameter class.

Proposition 2.9. A stationary and path-independent term structure of in-
terest rates {BO,T};O:O satisfies the mo-arbitrage condition if and only if
there exists ¢*,v € (0,1) such that

lnBt,T :W(q*/%t»T)"‘Tln'Y X (t_Ct)v (247)

where ¢ (¢*,v;t,T) = In (B]'goT:rt “liﬂjfz)l)u?(lé;r» is a deterministic func-
tion of (t,T).

Proof.  For the given initial term structure { By r},_,, with the deviation
function u given by ([2.42)), we follow the standard induction arguments and
show that the time ¢ bond price is fully determined by the number of highs
along its historic path and is given by

_Bortun (T+t=1)--ui (T) _myr

By (m) = Bo: (=D -m(0) (2.48)

for all t > 1,7 > 0,m = 0,--- ,t. The necessary part of the proposition
follows from Eq. as the number of highs at and before t is given
by ¢, = Zi:l &,. For sufficiency, suppose the dynamics of {B; r},_, are
governed by Eq. with uy (T) = (¢* + (1 — q*)'yT)_l and ug (T) =
uy (T) 4T, We can easily verify that bond prices satisfy the stationarity and
path independence conditions. Moreover, we may define the risk-neutral
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measure by setting Q{¢, =1} = ¢* = 1 — Q{{, = 0} and verify that the
bond price of all maturities satisfies the risk-free return rule (g) of no-
arbitrage. This concludes the proof. ]

Remark 2.4. The logarithmic bond price In B; 7 is bounded within the
interval

o (q",v:t,T) +tTIny, ¢ (¢",7:t,T)] .

: _ (g3t T) _ el it T)
A(:COlemgly7 the ?urves { n }T>0 and { T .t ln'y}T>0
constitute respectively the lower and the upper bounds for the time-t yield
curve {—% In Bt’T}T>t‘

Remark 2.5. If we know the true probability distribution for the state pro-
cess, we can derive the resulting distribution function for the bond price.
T (g 11-q,0), 0 T is in-

dependent, then the mean and variance of the bond return can be readily

For instance, if the Bernoulli process {ﬁt

determined.

Eo [InByr] = ¢ (q",v:t,T) + (1 — q)tTInvy
Varg[In By 7] =¢q(1 —¢)t(T1n 7)2.

2.4.2 Risk-Free Interest Rate

From expression (2.48) we see that short-term bonds (T" = 1) prices are
given by

B
Byq (m) = =2 Ly (1) 4™, (2.49)

RY (m) = =22 ur (1)t (2.50)

In light of the term structure of interest rates model (2.47)), the risk-free
interest rate process becomes

IR = —¢ (g, 7it, 1) +Iny x (¢, — 1), ¥t > 1 (2.51)

with In R} = —In By ;.
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2.4.3 Yield Curve

The yield-to-maturity (at time t) for a T-period discount bond is defined
by setting E’tTTT £ B; 7. Since, by the risk-neutral pricing rule,

-1
Bir =Eq {(R{ T R%thfl) ] = YtTTTa
the yield-to-maturity Y; r of the bond is thus interpreted as (the certainty
equivalent of) the ‘average’ discount rate for the next T' period, say, from

t to t +T. From expressions (2.51)) and (2.47), we may express the yield
curve {Y;,r} in terms of the risk-free interest rates and write it as

1
InY,r= ffw(Q*,v;t,T) +Iny x (¢, — 1)

=R +¢(q",7it,1) - %eﬂ (¢",%t,T)
with InYy 7+ = —% In By 7. Therefore, the entire yield curve is driven by
and is perfectly correlated with the risk-free interest rate. Also, the slope
of the yield curve, that is defined as InY; 7 —In R{', is deterministic and is
given by

* 1 *
le;f,T—lnR{ :(P(q 7’7;t51)_ T‘p(q 7’7;t7T)-

2.4.4 Forward Rates

Forallt,A >0,T > 1, let F; (A,T) be the time ¢ futures price that delivers
a T-period bond at time t+ A. The forward rate fi (A, T) is thus defined as
the certainty equivalent of the ‘average’ interest rates for the future instant
fromt+ A tot+ A+ T. That is,

(AT EF(AT). (2.52)
By definition, Y; r = f, (0,T) and Rf = f1(0,1). Therefore, the forward
rates contain all the information about the risk-free interest rates and the
yield curve.

As with the yield curve and the risk-free interest rates, the forward rates
can be deduced from the term structure of interest rates {B;r}. In fact,
with

Biatr = BiaF, (A T) = Biafi T (A, T)
we obtain In f; (A, T) = M. So, with bond prices given by
Eq. we can readily express the forward rates in terms of the risk-free
interest rates as

I f, (A, T) = £@0068) =0 (¢ it, T+ 4)

T

+o(q vt 1)+ InRY.
(2.53)
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2.4.5 Interest-Rate Contingent Claims

Given the path-independent feature of the Ho—Lee model of the term struc-
ture of interest rates, we consider contingent claims of the American type
with payoffs exercised at and before the maturity date T" to be summa-
rized by {X; (m),m € {0,--- ,t}}thl. That is to say that an investor may
wish to claim X; (m) at (¢,m) or to continue to hold the option until a fu-
ture time before the maturity date T'. Here the contingent claims could be
written on bonds, bond futures, the risk-free interest rates, yields and the
forward rates. Following the same argument of pricing American options
on stocks, under the no-arbitrage condition, the price of an interest-rate
contingent claim can be expressed as

X,
Uy (X)=maxEgp | —F+—
0( ) Q R(J;“-Rf_l

nay (2.54)

with RY | = 1.

From Proposition[2.9] we see that the no-arbitrage condition on the bond
market, in general, fails to generate a unique price for the contingent claim.
This is because the risk-neutral probability measure Q and the dynamics
of the risk-free interest rate process {R{ } are expressed in terms of two

unknown parameters ¢* and -y, both taking values in (0, 1). For all arbitrary
q*,v € (0,1), the corresponding price for the contingent claim, given by
Eq. , will necessarily be consistent with the no-arbitrage condition.
Hence, there is a continuum price range for the contingent claim consistent
with the condition of no-arbitrage.

Given ¢*,v € (0, 1), similar to pricing American options on stocks in the
CRR framework, the no-arbitrage condition for the bond market implies the
following backward recursive procedure to compute the price of interest-rate
contingent claims:

e At T, for m € {0,--- ,T}, setting Ur (m) = X1 (m);
e For 0 <t < T and m € {0,--- ,t}, setting

U, (m) = max {Xt (m), Vi1 (m+1)+ (1 —¢") U1 (m) } ;

R] (m)

e Setting ¥y (X) = ¥y (0) to obtain the current market price of the claim.
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We illustrate this procedure with the following numerical example.

Example 2.6. Consider a one-year European put option on a three-month
T-bill. The face value of the T-bill is $1000. The exercise price of the option
is $980. Assume ¢* = 0.5 and v = 0.997. Let the initial term structure of
interest rates be

[Bo,1, Bo,2, Bo,3, Bo,4, Bo,5] = [0.9826,0.9650, 0.9474,0.9296, 0.9119]

where By is the price of a (3 x t)-month discount bond. We apply the
backward procedure to compute the initial price of the option.
First, note that $1000 x By 1 (m) is the price of a three-month T-bill at
t = 4 following m highs along the path. At T" = 4, the maturity payoffs of
the option are
Uy (m) = X4 (m) = (980 — 1000 x By (m))",
where By (m) = 52%uy ()74, m = 0,--- 4. With ¢* = 0.5, the back-
ward recursive procedure becomes
v )+ v B
U, (m) = e (m + ; + e (m) ;’H_lul(thtim
0,

for t =0,1,2,3 and m = 0,--- ,¢. In light of (2.42), we obtain
[u1(4),u1(3),u1(2),u1(1)] = [1.006,1.0045,1.003,1.0015] .
These give us a data set for the option prices:
(P4 (0),Wa(1),Vs(2),¥s(3),Pq(4)

[4.84,2.00,0,0,0]
3.39,0.98, 0, 0]
[

] =
(U3 (0),¥s(1),V¥5(2),Vs3(3)] =
[Ty (0), Ty (1), Uy (2)] = [2.14,0.48, 0]
[Ty (0), %, (1)] = [1.28,0.24]
¥, (0) = 0.75.

Therefore, the current market price of the option is $0.75.

2.4.6 Estimating Unknown Parameters

To implement the Ho—Lee model of the term structure of interest rates,
one requires an estimation of the unknown parameters ¢*,~ and ¢ € (0, 1),
where ¢ = P (&, = h) is the probability that the state variable £, takes
a high value. These unknown parameters can be estimated by applying

[Hansen (1982)| generalized methods of moment (GMM) with respect to the
random variable

= lnR'tf + (g, v;t, 1) +tin~y.
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The corresponding incremental process {Ax; = x411 — &4 },~, is identical
and is independent.
Let © = (0,1) x (0,1) x (0, 1). The moments of the random variable Az,

can be all expressed as functions of 6 2 (¢*,7,9) € ©. Let m; (0)=E, i =
1,2,--- 1, be the ith moment of the incremental process. Here, I > 3.

For any given sample of observations {Ax;, }kK:p we denote the sample
moments by M; = % Zszl (Axtk)i, i=1,2,---,1. The GMM estimator
for 6 is obtained by choosing # € © to minimize the total square deviation
of the moments from the corresponding sample moments; or,

I
o : iy g2
0 = arg rgrélél; (m; (0) — M;)”. (2.55)

Readers are referred to Campbell, Lo and MacKinlay (1997} Appendix
A.2) for detailed coverage of the GMM along with the asymptotic properties
of the GMM estimator 6.

2.5 Remarks

In this chapter we explored the usefulness of the no-arbitrage approach
to pricing financial securities. Put-call parity, put-call-futures parity and
several other parity relationships among options, futures, bonds and under-
lying security price were some of the useful applications of this no-arbitrage
approach to pricing.

The |Cox, Ross and Rubinstein (1979)| binomial option pricing model
and the [Ho and Lee (1986) | model of the term structure of interest rates
are two typical examples of the asset pricing models developed purely based
on the no-arbitrage principle. We showed that the CRR binomial option
pricing model has a continuous-time limit that is given by the
Scholes option pricing model. The|Heath, Jarrow and Morton (HJM,|
@ approach to the term structure of interest rates, which is regarded as
another successful application of the no-arbitrage approach to asset pricing
after Black—Scholes option pricing model, traces its merits back to the Ho—
Lee binomial model covered in this chapter. The Black—Scholes and HJM
models will be covered in detail in Part III of this book.

[Musiela and Rutkowski (1997)| is a good source for extensive cover-
age of applications of the no-arbitrage approach to pricing interest-rate
contingent claims. [Sercu and Uppal (1997) fis an excellent source for ap-

ADVANCED ASSET PRICING THEORY
© Imperial College Press
http://www.worldscibooks.com/economics/p745.html



No-Arbitrage Asset Pricing 91

plications in international finance. Other well-known applications of the
no-arbitrage approach to pricing not covered in this book include the proof
of the [Modigliani and Miller (1958 )| proposition on capital structure irrele-
vance, and the arbitrage pricing theory (APT) of

To implement the no-arbitrage approach to asset pricing, we require
an estimation with respect to the risk-neutral probability measure Q and
the underlying risk-free interest rate dynamics {r;}. From the
model we see that even with observations of the entire initial term
structure of interest rates which contains the prices of an infinite number of
securities in a highly simplified binomial world, the no-arbitrage condition
might fail to generate a unique risk-neutral probability and a unique risk-
free interest rate process. In fact we have seen that, for all arbitrary fixed
parameters ¢* and v in (0, 1), the resulting motion of the term structure of
interest rates is fully consistent with the no-arbitrage condition and fully

conforms to the observed initial term structure of interest rates. For a
general information structure, the no-arbitrage condition does not always
result in a model that involves just a few identifiable unknown parameters
as in [Ho and Lee (1986)l Interested readers are referred to
for detailed coverage of this.

Hence, modelers face an unavoidable task as they must estimate the

risk-neutral probability measure in order to implement those asset pric-
ing models based on no-arbitrage. The degree of technicality required for
carrying out non-parametric estimation of this sort is well-recognized in
the literature of empirical finance. We refer interested readers to
[bell, Lo and MacKinlay (1997)| for the illustration of the non-parametric
estimation of the risk-neutral probability measure or the pricing kernel.
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