
SCIENTIFIC APPLICATIONS OF LANGUAGE METHODS 
© Imperial College Press
http://www.worldscibooks.com/compsci/p707.html

September 1, 2010 17:30 World Scientific Book - 9in x 6in 00Chapter

Chapter 1
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The purpose of the paper is to give an introductory survey of the main

aspects and results regarding the relative succinctness of different repre-

sentations of languages, such as finite automata, regular expressions, push-

down automata and variants thereof, context-free grammars, and descrip-

tional systems from a more abstract perspective. Basic properties of these

descriptional systems and their size measures are addressed. The trade-

offs between different representations are either bounded by some recursive

function, or reveal the phenomenon that the gain in economy of description

can be arbitrary. In the latter case there is no recursive function serving

as upper bound. We discuss developments relevant to the descriptional

complexity of formal systems. The results presented are not proved but

we merely draw attention to the big picture and some of the main ideas

involved.

1.1 Introduction

In the field of theoretical computer science the term descriptional complex-

ity has a well known meaning as it stands. Since the beginning of computer

science descriptional complexity aspects of systems (automata, grammars,

rewriting systems, etc.) have been a subject of intensive research [111]—

since more than a decade the Workshop on “Descriptional Complexity of

Formal Systems” (DCFS), formerly known as the Workshop on “Descrip-
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tional Complexity of Automata, Grammar, and Related Structures,” has

contributed substantially to the development of this field of research. The

broad field of descriptional complexity of formal systems includes, but is

not limited to, various measures of complexity of automata, grammars, lan-

guages and of related descriptional systems, succinctness of descriptional

systems, trade-offs between complexity and mode of operation, etc., to

mention a few.

The time has come to give an introductory survey of the main aspects

and results regarding the relative succinctness of different representations

of languages by finite automata, pushdown automata and variants thereof,

context-free grammars, and descriptional systems from a more abstract per-

spective. Our tour mostly focuses on results that were found at the advent

of descriptional complexity, for example, [52, 53, 59, 60, 98, 109, 112]. To

this end, we have to unify the treatment of different research directions from

the past. See also [38] for a recent survey of some of these results. Our

write up obviously lacks completeness and it reflects our personal view of

what constitute the most interesting relations of the aforementioned devices

from a descriptional complexity point of view. In truth there is much more

to the subject in question, than one can summarize here. For instance,

the following current active research directions were not addressed in this

summary: we skipped almost all results from the descriptional complex-

ity of the operation problem which was revitalized in [137] after the dawn

in the late 1970’s. Moreover we will discuss anything on the subject of

magic numbers a research field initiated in [73], and on the related inves-

tigations of determinization of nondeterministic finite automata accepting

subregular languages done in [14] and others, and finally we left out the

interesting field of research on the transition complexity of nondetermin-

istic finite automata which has received a lot of attention during the last

years [26, 46, 69, 70, 97].

In the next section, basic notions are given, and the basic properties

of descriptional systems and their complexity measures are discussed and

presented in a unified manner. A natural and important measure of de-

scriptional complexity is the size of a representation of a language, that

is, the length of its description. Section 1.3 is devoted to several aspects

and results with respect to complexity measures that are recursively re-

lated to the sizes. A comprehensive overview of results is given concerning

the question: how succinctly can a regular or a context-free language be

represented by a descriptor of one descriptional system compared with the

representation by an equivalent descriptor of the other descriptional sys-
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tem? Section 1.4 generalizes this point of view. Roughly speaking some,

say, structural resource is fixed and its descriptional power is studied by

measuring other resources. So, the complexity measures are not necessar-

ily recursively related to the sizes of the descriptors. Here we stick with

context-free grammars and subclasses as descriptional systems. Finally,

Section 1.5 deals with the phenomenon of non-recursive trade-offs, that is,

the trade-offs between representations of languages in different descriptional

systems are not bounded by any recursive function. With other words, the

gain in economy of description can be arbitrary. It turned out that most

of the proofs appearing in the literature are basically relying on one of two

fundamental schemes. These proof schemes are presented in a unified man-

ner. Some important results are collected in a compilation of non-recursive

trade-offs.

1.2 Descriptional Systems and Complexity Measures

We denote the set of nonnegative integers by N, and the powerset of a

set S by 2S . In connection with formal languages, strings are called words.

Let Σ∗ denote the set of all words over a finite alphabet Σ. The empty

word is denoted by λ, and we set Σ+ = Σ∗
− {λ}. For the reversal of a

word w we write wR and for its length we write |w|. A formal language L

is a subset of Σ∗. In order to avoid technical overloading in writing, two

languages L and L′ are considered to be equal, if they differ at most by

the empty word, that is, L − {λ} = L′
− {λ}. Throughout the article two

automata or grammars are said to be equivalent if and only if they accept

or generate the same language. We use ⊆ for inclusions and ⊂ for strict

inclusions.

We first establish some notation for descriptional complexity. In or-

der to be general, we formalize the intuitive notion of a representation or

description of a family of languages. A descriptional system is a collec-

tion of encodings of items where each item represents or describes a formal

language. In the following, we call the items descriptors, and identify the

encodings of some language representation with the representation itself.

A formal definition is:

Definition 1.1. A descriptional system S is a set of finite descriptors,

such that each descriptor D ∈ S describes a formal language L(D), and

the underlying alphabet alph(D) over which D represents a language can

be read off from D. The family of languages represented (or described)
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by S is L (S) = {L(D) | D ∈ S }. For every language L, the set

S(L) = {D ∈ S | L(D) = L } is the set of its descriptors in S.

Example 1.2. Pushdown automata (PDA) can be encoded over some fixed

alphabet such that their input alphabets can be extracted from the encod-

ings. The set of these encodings is a descriptional system S, and L (S) is

the family of context-free languages (CFL). �

Now we turn to measure the descriptors. Basically, we are interested

in defining a complexity measure as general as possible to cover a wide

range of approaches, and in defining it as precise as necessary to allow a

unified framework for proofs. So, we consider a complexity measure for

a descriptional system S to be a total, recursive mapping c : S → N. The

properties total and recursive are straightforward.

Example 1.3. The family of context-free grammars is a descriptional sys-

tem. Examples for complexity measures are the number productions ap-

pearing in a grammar, or the number of nonterminals, or the total number

of symbols, that is, the length of the encoding. �

Common notions as the relative succinctness of descriptional systems

and our intuitive understanding of descriptional complexity suggest to con-

sider the size of descriptors. From the viewpoint that a descriptional sys-

tem is a collection of encoding strings, the length of the strings is a natural

measure for the size. We denote it by length. In fact, we will use it to

obtain a rough classification of different complexity measures. We distin-

guish between measures that (with respect to the underlying alphabets) are

recursively related with length and measures that are not.

Definition 1.4. Let S be a descriptional system with complexity mea-

sure c. If there is a total, recursive function g : N × N → N such that

length(D) ≤ g(c(D), |alph(D)|), for all D ∈ S, then c is said to be an

s-measure.

Example 1.5. Let us consider a widely accepted measure of complexity

for finite automata, that is, their number of states, which is denoted by

state. The formal definition of a finite automaton is given in the next

section. Is state an s-measure? What makes a difference between the

number of states (say, for deterministic finite automata (DFA)) and the

lengths of encoding strings? The answer is obvious, encoding strings are

over some fixed alphabet whereas the input alphabet of DFAs is not fixed
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a priori. The number of transitions depends on the input alphabet while

the number of states does not. But states and transitions both determine

the lengths of encoding strings. Nevertheless, when finite automata are

addressed then, actually, a fixed given input alphabet is assumed tacitly.

Since we regarded this aspect in the definition of s-measures, the answer

to the first question is yes, the number of states of finite automata is an

s-measure. To this end, given a deterministic finite automaton A, we may

choose g(state(A), alph(A)) = k ·state(A) ·alph(A), where state(A) ·alph(A)

is the number of transition rules, and k is a mapping that gives the length

of a rule dependent on the actual encoding alphabet, the number of states

and the number of input symbols.

Similarly, we can argue for other types of finite automata as nondeter-

ministic or alternating ones either with one-way or two-way head motion,

etc. If the number of transition rules depends on the number of states and

the number of input symbols (and, of course, on the type of the automaton

in question), and the length of the rules is bounded dependent on the type

of the automaton, then state is an s-measure. �

Whenever we consider the relative succinctness of two descriptional sys-

tems S1 and S2, we assume the intersection L (S1)∩L (S2) to be non-empty.

Definition 1.6. Let S1 be a descriptional system with complexity mea-

sure c1, and S2 be a descriptional system with complexity measure c2. A

total function f : N → N, is said to be an upper bound for the increase

in complexity when changing from a descriptor in S1 to an equivalent

descriptor in S2, if for all D1 ∈ S1 with L(D1) ∈ L (S2) there exists a

D2 ∈ S2(L(D1)) such that c2(D2) ≤ f(c1(D1)).

If there is no recursive function serving as upper bound, the trade-off

is said to be non-recursive. That is, whenever the trade-off from one de-

scriptional system to another is non-recursive, one can choose an arbitrarily

large recursive function f but the gain in economy of description eventually

exceeds f when changing from the former system to the latter.

Definition 1.7. Let S1 be a descriptional system with complexity mea-

sure c1, and S2 be a descriptional system with complexity measure c2. A

total function f : N → N, is said to be a lower bound for the increase in

complexity when changing from a descriptor in S1 to an equivalent descrip-

tor in S2, if for infinitely many D1 ∈ S1 with L(D1) ∈ L (S2) there exists

a minimal D2 ∈ S2(L(D1)) such that c2(D2) ≥ f(c1(D1)).
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1.3 Measuring Sizes

This section is devoted to several aspects of measuring descriptors with

s-measures. A main field of investigation deals with the question: how

succinctly can a language be represented by a descriptor of one descriptional

system compared with the representation by an equivalent descriptor of

the other descriptional system? An upper bound for the trade-off gives

the maximal gain in economy of description, and conversely, the maximal

blow-up (in terms of descriptional complexity) for simulations between the

descriptional systems. A maximal lower bound for the trade-off terms the

costs which are necessary in the worst cases.

1.3.1 Descriptional Systems for Regular Languages

Regular languages are represented by a large number of descriptional sys-

tems. So, it is natural to investigate the succinctness of their representations

with respect to s-measures in order to optimize the space requirements. In

this connection, many results have been obtained. On the other hand, the

descriptional complexity of regular languages still offers challenging open

problems. In the remainder of this subsection we collect and discuss some

of these results and open problems.

1.3.1.1 Finite Automata

Here we measure the costs of representations by several types of finite au-

tomata in terms of the number of states, which is an s-measure by Exam-

ple 1.5. Probably the most famous result of this nature is the simulation

of nondeterministic finite automata by DFAs. Since several results come

up with tight bounds in the exact number of states, it is advantageous to

recall briefly the definitions of finite automata on which the results rely.

Definition 1.8. A nondeterministic finite automaton (NFA) is a quintuple

A = (Q,Σ, δ, q0, F ), where Q is the finite set of states, Σ is the finite set

of input symbols, q0 ∈ Q is the initial state, F ⊆ Q is the set of accepting

states, and δ : Q× Σ → 2Q is the transition function.

A finite automaton is deterministic (DFA) if and only if |δ(q, a)| = 1, for

all states q ∈ Q and letters a ∈ Σ. In this case we simply write δ(q, a) = p

instead of δ(q, a) = {p} assuming that the transition function is a mapping

δ : Q× Σ → Q.
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The language accepted by the finite automaton A = (Q,Σ, δ, q0, F ) is

defined as L(A) = {w ∈ Σ∗
| δ(q0, w) ∩ F 6= ∅ }, where the transition

function δ is naturally extended to δ : Q× Σ∗
→ 2Q.

So, any DFA is complete, that is, the transition function is total, whereas

it may be a partial function for NFAs in the sense that the transition

function of nondeterministic machines may map to the empty set. Note

that, therefore, a rejecting sink state is counted for DFAs, whereas it is not

counted for NFAs. For further details we refer to [67].

It is well known that for any NFA one can always construct an equivalent

DFA [119]. This so-called powerset construction, where each state of the

DFA is associated with a subset of NFA states, turned out to be optimal,

in general. That is, the bound on the number of states necessary for the

construction is tight in the sense that for an arbitrary n there is always

some n-state NFA which cannot be simulated by any DFA with strictly less

than 2n states [98, 109, 112]. So, NFAs can offer exponential savings in

the number of states compared with DFAs.

Theorem 1.9 (NFA to DFA conversion). Let n ≥ 1 be an integer

and A be an n-state NFA. Then 2n states are sufficient and necessary

in the worst case for a DFA to accept L(A).

For the particular cases of finite or unary regular languages the situation

is significantly different. The conversion for finite languages over a binary

alphabet was solved in [103] with a tight bound in the exact number of

states. The general case of finite languages over a k-letter alphabet was

shown in [124] with an asymptotically tight bound.

Theorem 1.10 (Finite NFA to DFA conversion). Let n ≥ 1 be an in-

teger and A be an n-state NFA accepting a finite language over a binary

alphabet. Then 2 · 2
n
2 − 1 if n is even, and 3 · 2

n−1
2 − 1 if n is odd, states

are sufficient and necessary in the worst case for a DFA to accept L(A).

If A accepts a finite language over a k-letter alphabet, for k ≥ 3, then

Θ(k
n

1+log2 k ) states are sufficient and necessary in the worst case.

Thus, for finite languages over a two-letter alphabet the costs are

only Θ(2
n
2 ). The situation is similar when we turn to the second im-

portant special case, the unary languages. The general problem of eval-

uating the costs of unary automata simulations was raised in [128], and

has led to emphasize some relevant differences with the general case.

For state complexity issues of unary finite automata Landau’s function
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F (n) = max{ lcm(x1, . . . , xk) | x1, . . . , xk ≥ 1 and x1+· · ·+xk = n }, which

gives the maximal order of the cyclic subgroups of the symmetric group on n

elements, plays a crucial role. Here, lcm denotes the least common multi-

ple. Since F depends on the irregular distribution of the prime numbers, we

cannot expect to express F (n) explicitly by n. In [89, 90] the asymptotic

growth rate limn→∞(lnF (n)/
√

n · lnn) = 1 was determined, which for our

purposes implies the (sufficient) rough estimate F (n) ∈ eΘ(
√
n·lnn). The

following asymptotic tight bound on the unary NFA by DFA simulation

was presented in [22, 23]. Its proof is based on a normalform (Chrobak

normalform) for unary NFAs introduced in [22]. Each n-state unary NFA

can be replaced by an equivalent O(n2)-state NFA consisting of an initial

deterministic tail and some disjoint deterministic loops, where the automa-

ton makes only a single nondeterministic decision after passing through the

initial tail, which chooses one of the loops.

Theorem 1.11 (Unary NFA to DFA conversion). Let n ≥ 1 be

an integer and A be an n-state NFA accepting a unary language.

Then eΘ(
√
n·lnn) states are sufficient and necessary in the worst case for

a DFA to accept L(A).

For languages that are unary and finite in [103] it has been shown that

nondeterminism does not help at all. Finite unary DFAs are up to one

additional state as large as equivalent minimal NFAs. Moreover, it is well

known that nondeterminism cannot help for all languages.

Example 1.12. Any NFA accepting the language

Ln = {w ∈ {a, b}∗ | |w| = i · n, for i ≥ 0 },

for an integer n ≥ 1, has at least n states, and Ln is accepted by an n-state

DFA as well. �

On the one hand, we have seen that for certain languages unlimited non-

determinism cannot help. On the other hand, for unary languages accepted

by NFAs in Chrobak normalform, that is, by NFAs that make at most one

nondeterministic step in every computation, one can achieve a trade-off

which is strictly less than 2n but still exponential. This immediately brings

us to the question in which cases nondeterminism can help to represent a

regular language succinctly. A model with very weak nondeterminism are

deterministic finite automata with multiple entry states (NDFA) [33, 134].

Here the sole guess appears at the beginning of the computation, that is,

by choosing one out of k initial states. So, the nondeterminism is not only
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limited in its amount but also in the situation at which it may appear.

Converting an NDFA with k initial states into a DFA by the powerset con-

struction shows immediately that any reachable state contains at most k

states of the NDFA. This gives an upper bound for the conversion. In [66]

it has been shown that this upper bound is tight.

Theorem 1.13 (NDFA to DFA conversion). Let n, k ≥ 1 be inte-

gers satisfying k ≤ n, and A be an n-state NDFA with k entry states.

Then
∑k

i=1

(

n
i

)

states are sufficient and necessary in the worst case for a

DFA to accept L(A).

So, for k = 1 we obtain DFAs while for k = n we are concerned with

the special case that needs 2n − 1 states. Interestingly, NFAs can be expo-

nentially concise over NDFAs. The following lower bound has been derived

in [79].

Theorem 1.14 (NFA to NDFA conversion). Let n ≥ 1 be an integer

and A be an n-state NFA. Then Ω(2n) states are necessary in the worst

case for a NDFA to accept L(A).

The concept of limited nondeterminism in finite automata is more gen-

erally studied in [82]. There, a bound on the number of nondeterministic

steps allowed during a computation as well as on the maximal number of

choices for every nondeterministic step is imposed. While the maximal

number of choices is three, the bound on the number of steps is given by

a function that depends on the number of states. This implies that in

any computation the NFAs can make a finite number of nondeterministic

steps only. But the situations at which nondeterminism appears are not

restricted a priori. The order of magnitude of the functions considered is

strictly less than the logarithm, that is, for a bounding function f we have

f ∈ o(log). The upper bound for the costs of the conversion into a DFA

follows from the powerset construction. Due to the restrictions any reach-

able state contains at most 3f(n) states of the NFA. The next theorem

summarizes this observation and the lower bound shown in [82].

Theorem 1.15 (Limited NFA to DFA conversion). Let n ≥ 1 be an

integer, A be an n-state NFA, and f : N → N be function of order o(log).

Then
∑3f(n)

i=0

(

n
i

)

states are sufficient and
∑2f(

√

n)

i=0

(

O(
√
n)

i

)

is a lower bound

for the worst case state complexity for a deterministic finite automaton to

accept L(A).
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Note that the upper bound
∑3f(n)

i=0

(

n
i

)

is of order o(2n), if f(n) ∈

o(log n). The precise bound for the conversion is an open problem.

Next, we turn to finite automata whose descriptional capacity is stronger

than NFAs due to their additional resources. We start with alternating

finite automata which have been developed in [21], and recall their definition

from that paper. To this end, we identify the logical values false and

true with 0 and 1 and write {0, 1}Q for the set of finite functions from Q

into {0, 1}, and {0, 1}{0,1}
Q

for the set of Boolean formulas (functions)

mapping {0, 1}Q into {0, 1}.

Definition 1.16. An alternating finite automaton (AFA) is a quintu-

ple A = (Q,Σ, δ, q0, F ), where Q, Σ, q0, and F are as for NFAs, and

δ : Q× Σ → {0, 1}{0,1}
Q

is the transition function. The transition function

maps pairs of states and input symbols to Boolean formulas.

Before we define the language accepted by the AFA A we have to explain

how a word is accepted. As the input is read (from left to right), the

automaton “builds” a propositional formula, starting with the formula q0,

and on reading an input a, replaces every q ∈ Q in the current formula

by δ(q, a). The input is accepted if and only if the constructed formula on

reading the whole input evaluates to 1 on substituting 1 for q, if q ∈ F , and 0

otherwise. This substitution defines a mapping from Q into {0, 1} which

is called the characteristic vector fA of A. Then the language accepted by

the AFA A is defined as L(A) = {w ∈ Σ∗
| w is accepted by A }.

Example 1.17. [136] Let A = ({q0, q1, q2}, {a, b}, δ, q0, {q2}) be an AFA

with transition function defined through

δ(q0, a) = q1 ∧ q2,

δ(q1, a) = q2,

δ(q2, a) = q1 ∧ q2,

δ(q0, b) = 0,

δ(q1, b) = q1 ∧ q2,

δ(q2, b) = q1 ∨ q2.

On input aba the propositional formula evolves as follows. Starting

with q0 after reading the first input symbol a the formula is q1 ∧ q2. After

reading b we obtain (q1∧ q2)∧ (q1∨ q2), and after reading the last symbol a

the formula (q2 ∧ (q1 ∧ q2)) ∧ (q2 ∨ (q1 ∧ q2)).

After substituting the characteristic vector, that is, 0 for q0, q1, and 1

for q2 we have (1 ∧ (0 ∧ 1)) ∧ (1 ∨ (0 ∧ 1)) which evaluates to 1. Therefore,

the input aba is accepted. �
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It is worth mentioning that sometimes in the literature an equivalent

definition of AFAs appears, where the state set is partitioned into existential

and universal states.

At the same period as alternating finite automata were developed in [15]

the so-called Boolean automata were introduced. Note, that several authors

use the notation “alternating finite automata” but rely on the definition of

Boolean automata. Though it turned out that both types are almost iden-

tical, there are differences with respect to the initial configurations. While

for AFAs the computation starts with the fixed propositional formula q0, a

Boolean automaton starts with an arbitrary propositional formula. Clearly,

this does not increase their computational capacities. However, it might

make the following difference from a descriptional complexity point of view.

Lemma 1.18 (Boolean automata to AFA conversion). Let n ≥ 1 be

an integer and A be an n-state Boolean automaton. Then n+ 1 states are

sufficient for an AFA to accept L(A).

In the first step of the simulation, the additional state of the AFA is used

to derive the successors of the initial propositional formula of the Boolean

automaton from the fixed initial propositional formula q0 of the AFA. The

additional state is unreachable afterwards. It is an open problem whether

or not the additional state is really necessary, that is, whether the bound

of n + 1 is tight. See [30] for more details on alternating finite automata

having an initial state that is unreachable after the first step.

Next we consider the descriptional capacity of AFAs compared with

NFAs and DFAs. The tight bound of 22
n

states for the conversion of n-state

AFAs into DFAs has already been shown in the fundamental papers [21]

for AFAs and [15, 92] for Boolean automata.

Theorem 1.19 (AFA/Boolean automata to DFA conversion). Let

n ≥ 1 be an integer and A be an n-state AFA or Boolean automaton.

Then 22
n

states are sufficient and necessary in the worst case for a DFA

to accept L(A).

The original proofs of the upper bound rely on the fact that an AFA

or a Boolean automaton can enter only finitely many internal situations,

which are given by Boolean functions depending on n Boolean variables

associated with the n states. The number of 22
n

such functions determines

the upper bound.
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The proofs provide little insight in the descriptional capacity of AFAs

compared with NFAs. In [30] constructions are presented that show how

to convert an AFA into an equivalent nondeterministic finite automaton

with multiple entry states (NNFA). Let A = (Q,Σ, δ, q0, F ) be an n-state

AFA with Q = {q0, q1, . . . , qn−1} and characteristic vector fA. Then we

consider the NNFA A′ = ({0, 1}Q,Σ, δ′, Q0, {fA}), where the set of initial

states is Q0 = { u ∈ {0, 1}Q | u(q0) = 1 }, and the transition function is

defined by δ′(u, a) = { u′
| δ(u′, a) = u }, for all u, u′

∈ {0, 1}Q and a ∈ Σ.

So, the NNFA simulates the AFA by guessing the sequence of functions

of the form {0, 1}Q that appear during the evaluation of the propositional

formula computed by the AFA in reverse order. Since there are 2n such

functions we obtain the upper bound stated in Theorem 1.20. Moreover,

since the powerset construction works also fine for the determinization of

NNFAs, the presented construction also reveals the upper bound for the

AFA to DFA conversion already stated in Theorem 1.19. The construc-

tion for Boolean automata is derived from above by considering the initial

Boolean formula f0 of the Boolean automaton and to change the set of ini-

tial states of the NNFA accordingly. To this end, it suffices to define Q0 to

be { u ∈ {0, 1}Q | f0(u(q0), u(q1), . . . , u(qn−1)) = 1 }. From the construc-

tion we derive the upper bound of the next theorem.

Theorem 1.20 (AFA to NNFA conversion). Let n ≥ 1 be an inte-

ger and A be an n-state AFA or Boolean automaton. Then 2n states

are sufficient and necessary in the worst case for an NNFA to accept

L(A).

The matching lower bound of Theorem 1.19 is shown in [21] for AFAs

by witness languages in a long proof. Before we come back to this point for

Boolean automata, we turn to an interesting aspect of AFAs and Boolean

automata. One can observe that the construction of the simulating NNFA

is backward deterministic [21]. So, the reversal of a language accepted by

an n-state AFA or Boolean automaton is accepted by a not necessarily

complete 2n-state DFA which in turn can be simulated by a (2n + 1)-state

complete DFA. This result has significantly be strengthened in [92], where

it is shown that the reversal of every n-state DFA language is accepted

by a Boolean automaton with dlog2 ne states. With other words, with re-

striction to reversals of regular languages a Boolean automaton can always

save exponentially many states compared to a DFA. The next theorem

summarizes these results.
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Theorem 1.21 (Reversed AFA to DFA conversion). Let n ≥ 1 be

an integer and A be an n-state AFA or Boolean automaton. Then 2n + 1

states are sufficient and necessary in the worst case for a DFA to accept

the reversal of L(A). If the minimal DFA accepting the reversal of L(A)

does not have a rejecting sink state, then 2n states are sufficient. Moreover,

the reversal of every language accepted by an n-state DFA is accepted by a

Boolean automaton with dlog2 ne states.

The theorem leaves open whether the reversal of every n-state DFA

language is also accepted by some AFA with dlog2 ne states. However, we

know that dlog2 ne+ 1 states are sufficient for this purpose.

Now we are prepared to argue for the matching lower bound of Theo-

rem 1.19 for Boolean automata in a simple way. It is well known that for

any m ≥ 1 there is an m-state DFA A such that any DFA accepting the

reversal of L(A) has 2m states [92]. Setting m = 2n we obtain a 2n-state

DFA language L(A) whose reversal is accepted by a Boolean automaton

with n states by Theorem 1.21. On the other hand, the reversal of L(A)

takes at least 22
n

states to be accepted deterministically.

Next we argue that the upper bound of Theorem 1.20 cannot be im-

proved in general. To this end, let A be an n-state AFA or Boolean automa-

ton such that any equivalent DFA has 22
n

states. Let m be the minimal

number of states for an equivalent NNFA. Since the NNFA can be simu-

lated by a DFA with at most 2m states, we conclude 2m ≥ 22
n

, that is, the

NNFA has at least m ≥ 2n states.

So far, we have only considered nondeterministic finite automata with

multiple entry states. It is known that any such NNFA can be simulated

by an NFA having one more state. The additional state is used as new

sole initial state which is appropriately connected to the successors of the

old initial states. On the other hand, in general this state is needed. For

example, consider the language { an | n ≥ 0 } ∪ { bn | n ≥ 0 } which is

accepted by a 2-state NNFA but takes at least three states to be accepted

by an NFA. Nevertheless, it is an open problem whether there are languages

accepted by n-state AFAs or Boolean automata such that any equivalent

NFA has at least 2n + 1 states. In [30] it is conjectured that this bound

presented in the following theorem is tight.

Lemma 1.22 (AFA to NFA conversion). Let n ≥ 1 be an integer

and A be an n-state AFA or Boolean automaton. Then 2n + 1 states are

sufficient and 2n is a lower bound for the worst case state complexity for

an NFA to accept L(A).
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We now direct our attention to the question whether alternation can

always help to represent a regular language succinctly. We have seen already

that nondeterminism cannot help for all languages. So, how about the

worst case of the language representation by alternating finite automata?

The situation seems to be more sophisticated. Theorem 1.21 says that for

reversals of n-state DFA languages we can always achieve an exponential

saving of states. Interestingly, this potential gets lost when we consider the

n-state DFA languages itself (instead of their reversals). The next theorem

and its corollary are from [93].

Theorem 1.23. For every integer n ≥ 1 there exists a minimal DFA A

with n states such that any AFA or Boolean automaton accepting L(A) has

at least n states.

The DFAs An = ({q0, q1, . . . , qn−1}, {a, b}, δ, q1, F ) witness the theorem

for all integers n ≥ 2, where F = { qi | 0 ≤ i ≤ n− 1 and i even } and the

transition function given by

δ(qi, a) = q(i+1) mod n and δ(qi, b) =

{

qi for 0 ≤ i ≤ n− 3

qn−1 for i ∈ {n− 2, n− 1}.

Each DFA An has the property that any DFA A′
n accepting the reversal

of L(A) has at least 2n states. Moreover, An and A′
n both are minimal,

complete and do not have a rejecting sink state [92]. Assume that L(A) is

accepted by some AFA or Boolean automaton with m < n states. Then

the reversal of L(A) would be accepted by some DFA having at most 2m

states by Theorem 1.21. This is a contradiction since 2m < 2n.

Corollary 1.24. Let n ≥ 1 be an integer and A be an n-state DFA such

that any DFA accepting the reversal of L(A) has at least 2n states and no

rejecting sink state. Then any AFA or Boolean automaton accepting L(A)

has at least n states.

We have already seen that unary NFAs can be much more concise than

DFAs, but yet not as much as for the general case. So, we next continue to

draw that part of the picture with respect to alternating finite automata.

In general, the simulation of AFAs by DFAs may cost a double exponential

number of states. The unary case is cheaper. Since every unary language

coincides trivially with its reversal, the upper bound of the following the-

orem is immediately derived from Theorem 1.21. The lower bound can be

seen by considering the single word language Ln = {a2
n−1

}. For all n ≥ 1,
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the language Ln is accepted by some minimal (2n + 1)-state DFA and an

n-state AFA. So, we derive the next theorem.

Theorem 1.25 (Unary AFA to DFA conversion). Let n ≥ 1 be an

integer and A be an n-state AFA accepting a unary language. Then 2n +1

states are sufficient and necessary in the worst case for a DFA to ac-

cept L(A). If the minimal DFA does not have a rejecting sink state, then 2n

states are sufficient.

Interestingly, to some extend for unary languages it does not matter in

general, whether we simulate an AFA deterministically or nondeterminis-

tically. The tight bounds differ at most by one state. The upper bound

of this claim follows since any DFA is also an NFA and NFAs are not nec-

essarily complete. The lower bound is again witnessed by the single word

languages Ln, which require 2n states for any NFA accepting it.

Corollary 1.26 (Unary AFA to NFA simulation). Let n ≥ 1 be an

integer and A be an n-state AFA accepting a unary language. Then 2n

states are sufficient and necessary in the worst case for an NFA to ac-

cept L(A).

Theorem 1.23 revealed that alternation cannot help to reduce the num-

ber of states of DFAs or NFAs in all cases. The same is true for nondeter-

ministic simulations of DFAs in general and in the unary case. The latter

can be seen by the unary languages {an}∗, for n ≥ 1. However, for unary

languages alternation does help. By Theorem 1.25 we know already that

any AFA simulating an n-state DFA accepting a unary language has not

less than dlog2 ne−1 states. Once more the unary single word languages Ln

are witnesses that this saving can be achieved. This gives rise to the next

theorem.

Theorem 1.27 (Unary DFA to AFA conversion). Let n ≥ 1 be

an integer and A be an n-state DFA accepting a unary language.

Then dlog2 ne−1 states are necessary for an AFA to accept L(A). Moreover,

there exists a minimal DFA A with n states accepting a unary language such

that any minimal AFA accepting L(A) has exactly dlog2 ne − 1 states.

Finally, we derive the always possible savings for unary NFA by

AFA simulations as follows. Given some n-state NFA accepting a unary

language, by Theorem 1.11 we obtain an equivalent DFA that has at
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most eΘ(
√
n·lnn) = 2Θ(

√
n·lnn) states. Now Theorem 1.21 in combina-

tion with Lemma 1.18 says essentially that there is an equivalent AFA

with Θ(
√

n · lnn) states. In order to see that these savings are optimal in

general, consider a unary n-state NFA such that any equivalent DFA must

have eΘ(
√
n·lnn) states. Since the bound of Theorem 1.11 is tight such au-

tomata exist. Clearly, any equivalent AFA has at least Θ(
√

n · lnn) states.

Otherwise there would be an equivalent DFA with less than eΘ(
√
n·lnn)

states by Theorem 1.25.

Theorem 1.28 (Unary NFA to AFA conversion). Let n ≥ 1 be

an integer and A be an n-state NFA accepting a unary language.

Then Θ(
√

n · lnn) states are sufficient and necessary in the worst case for

an AFA to accept L(A).

The justification of the second part of the theorem gives rise to the

following corollary.

Corollary 1.29. Let n ≥ 1 be an integer and A be a unary n-state NFA

such that any equivalent DFA has at least eΘ(
√
n·lnn) states. Then any AFA

accepting L(A) has at least Θ(
√

n · lnn) states.

The final resource we investigate here with respect to its descriptional

capacity is two-way head motion. We denote deterministic and nondeter-

ministic finite automata that may move their head to the right as well as

to the left by 2DFA and 2NFA. We first sketch the development of results

for general regular languages. Then we turn to unary languages again.

Concerning the simulation of 2DFA by DFA an Θ(nn) asymptotically

tight bound was shown in [127]. Moreover, the proof implied that any n-

state 2NFA can be simulated by an NFA with at most n2n
2

states. The

well-known proof of the equivalence of two-way and one-way finite automata

via crossing sequences reveals a bound of O(22n logn) states [67]. Recently

in [77] it was noted that a straightforward elaboration on [127] shows that

the cost can be brought down to even n(n+1)n. However, this bound still

wastes exponentially many states, as [10] shows that 8n + 2 states suffice

by an argument based on length-preserving homomorphisms. Recently, the

problem was finally solved in [77] by establishing the tight bound of the

following theorem.

Theorem 1.30 (2NFA/2DFA to NFA conversion). Let n ≥ 1 be an

integer and A be an n-state 2NFA or an n-state 2DFA. Then
(

2n
n+1

)

states
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are sufficient and necessary in the worst case for an NFA to accept L(A).

Furthermore, the following tight bounds in the exact number of states

for the 2DFA and 2NFA conversion to not necessarily complete DFAs have

been shown in [78].

Theorem 1.31 (2NFA/2DFA to DFA conversion). Let n ≥ 1 be an

integer and A be an n-state 2DFA. Then n(nn
− (n− 1)n) states are suffi-

cient and necessary in the worst case for a DFA to accept L(A). Moreover,

if A is an n-state 2NFA, then
∑n−1

i=0

∑n−1
j=0

(

n
i

)(

n
j

)

(2i − 1)j states are suffi-

cient and necessary in the worst case.

The bounds reveal that two-way head motion is a very powerful resource

with respect to descriptional complexity. Interestingly, when simulating

two-way devices by NFAs, it does not matter whether the two-way device

is nondeterministic or not. From this point of view, two-way head motion

can compensate for nondeterminism.

Nevertheless, challenging problems are still open. The question of the

costs for trading two-way head motion for nondeterminism, that is, the

costs for simulating (two-way) NFA by 2DFAs is unanswered for decades.

It was raised by Sakoda and Sipser in [122]. They conjectured that

the upper bound is exponential. The best lower bound currently known

is Ω(n2/ logn). It was proved in [4], where also an interesting connec-

tion with the open problem whether L equals NL is given. In particular,

if L = NL, then for some polynomial p, all integers m, and all n-state

2NFAs A, there exists a p(mk)-state 2DFA accepting a subset of L(A) in-

cluding all words whose lengths do not exceed m. However, not only are

the exact bounds of that problem unknown, but we cannot even confirm

the conjecture that they are exponential.

The picture was complemented by the sophisticated studies on unary

languages. The problem of Sakoda and Sipser has partially been solved for

the unary case in [22] as follows.

Theorem 1.32 (Unary NFA to 2DFA conversion). Let n ≥ 1 be an

integer and A be an n-state 2DFA accepting a unary language. Then Θ(n2)

states are sufficient and necessary in the worst case for a 2DFA to ac-

cept L(A).

The result has been shown with the surprisingly simple witness lan-

guages Ln = { ak | k = n · i+(n− 1) · j, for i, j ≥ 1 }, for all integers n ≥ 1.
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An upper bound for the remaining case has been shown in [31].

Theorem 1.33 (Unary 2NFA to 2DFA conversion). Let n ≥ 1 be

an integer and A be an n-state 2NFA accepting a unary language.

Then O(ndlog2(n+1)+3e) states are sufficient for a 2DFA to accept L(A).

In [22, 23] the same costs as for simulating unary NFAs by DFAs are

derived for removing two-way head motion from deterministic automata.

Theorem 1.34 (Unary 2DFA to NFA/DFA conversion). Let n ≥ 1

be an integer and A be an n-state 2DFA accepting a unary language.

Then eΘ(
√
n·lnn) states are sufficient and necessary in the worst case for

an NFA or a DFA to accept L(A).

It turned out that, again, the same costs appear for removing two-way

head motion from nondeterministic automata [108].

Theorem 1.35 (Unary 2NFA to NFA/DFA conversion). Let n ≥ 1

be an integer and A be an n-state 2NFA accepting a unary language.

Then eΘ(
√
n·lnn) states are sufficient and necessary in the worst case for

an NFA or a DFA to accept L(A).

The result was shown for the conversion to DFAs. This gives an upper

bound also for the conversion to NFAs. The lower bound for the second

case follows from the tight bounds of Theorem 1.34.

So, nondeterministic as well as two-way automata are hard to simulate

for DFAs even if they accept unary languages. Since the bounds are the

same, it seems that two-way motion is equally powerful as nondeterminism,

but both together cannot increase the descriptional capacity. This observa-

tion is confirmed by the bounds for simulations by NFAs, where similarly

as in the general case it does not matter whether the two-way device is

nondeterministic or not. Nevertheless, from this point of view, two-way

head motion can compensate for nondeterminism. Since unary 2DFAs can

simulate NFAs increasing the number of states only polynomially, which is

not possible the other way around, two-way motion turned out to be more

powerful than nondeterminism.

Finally, we present the results concerning the relations (needless to say,

with respect to descriptional complexity) between AFAs and 2NFAs as well

as 2DFAs. These problems have been suggested to be investigated in [22].

The results are all derived in [108]. Starting with the 2NFA simulation

by AFAs we conclude that any unary n-state 2NFA can be converted in a
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DFA having at most eΘ(
√
n·lnn) states by Theorem 1.35. Next, the DFA is

converted into an AFA with at most Θ(
√

n · lnn) states by Theorem 1.27.

For the lower bound, we argue as follows. Given a unary NFA that causes

the maximal blow-up when converted to a DFA, we obtain an AFA from

the DFA having at least Θ(
√

n · lnn) states by Theorem 1.27. Moreover, for

the 2NFA simulation by AFAs we can apply the same upper bound. Since

in [22, 23] it has been shown that the witness languages for the fact that

there is a unary NFA that causes the maximal blow-up when converted to

a DFA are also accepted by n-state 2DFAs, the lower bound also applies

for the 2DFA conversion.

Theorem 1.36 (Unary 2FA to AFA conversion). Let n ≥ 1 be an in-

teger and A be an n-state 2NFA or an n-state 2DFA accepting a unary lan-

guage. Then Θ(
√

n · lnn) states are sufficient and necessary in the worst

case for an AFA to accept L(A).

For the converse simulations a result from [11] is used. It says that any

2NFA accepting a single word language Ln = {a2
n−1

} must have Ω(2n)

states, while it is accepted by some n-state AFA. On the other hand, in

the order of magnitude we can derive the matching upper bound from the

unary AFA to DFA conversion.

Theorem 1.37 (Unary AFA to 2FA conversion). Let n ≥ 1 be an in-

teger and A be an n-state AFA accepting a unary language. Then Θ(2n)

states are sufficient and necessary in the worst case for a 2NFA or 2DFA

to accept L(A).

In conclusion of this part of the section some approaches not dis-

cussed are worth mentioning. In [88] the state complexity of weak restart-

ing automata is considered. The determinization of several finite au-

tomata for subregular language families is investigated in [14]. Sev-

eral papers dealt with descriptional complexity questions of unambiguous

descriptors [39, 71, 94, 120, 125, 130]. In order to attack and to solve the

problem of Sakoda and Sipser for subclasses, sweeping automata are inves-

tigated in [3, 95, 110, 128]. Moreover, K-visit 2NFAs are studied in [84],

and [9, 75] considered the problem for positional simulations.
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1.3.1.2 Regular Expressions

One of the most basic theorems in formal language theory is that every

regular expression can be effectively converted into an equivalent finite au-

tomaton, and vice versa [85]. Regular expressions are defined as follows.

Definition 1.38. Let Σ be an alphabet. Then ∅, λ, and every letter a ∈ Σ

are regular expressions. If r and s are regular expressions, then (r + s),

(r · s), and (r∗) are also regular expressions. The language L(r) defined

by a regular expression r is defined as follows: L(∅) = ∅, L(λ) = {λ},

L(a) = {a}, L(r+s) = L(r)∪L(s), L(r ·s) = L(r)·L(s), and L(r∗) = L(r)∗.

For convenience, parentheses in regular expressions are sometimes omit-

ted and the concatenation is simply written as juxtaposition. The priority

of operators is specified in the usual fashion: Concatenation is performed

before union, and star before both product and union.

In the literature one finds a lot of different complexity measures for

regular expressions. The measure size is defined to be the total number of

symbols (including ∅, λ, alphabetic symbols from Σ, all operation symbols,

and parentheses) of a completely bracketed regular expression (for example,

used in [1], where it is called length). Another measure related to the reverse

polish notation of a regular expression is rpn, which gives the number of

nodes in the syntax tree of the expressions (parentheses are not counted).

This measure is equal to the length of a (parenthesis-free) expression in

postfix notation [1]. The alphabetic width a-width is the total number of

alphabetic symbols from Σ (counted with multiplicity) [105, 28].

In order to clarify our definitions we give a small example [29].

Example 1.39. Let r = ((0 + ((1 · 0)∗)) · (1 + λ)) be a regular expression.

Then size(r) = 20, rpn(r) = 10, because the expression in postfix notation

reads 010 ·∗ +1λ+ ·, and a-width(r) = 4. �

Further not so well known measures are the ordinary length o-length [29],

the width width [28], the length (dual to width) length [28], and the sum

sum [50]. To our knowledge all these measures, except for the first one,

never have been studied again since their introduction. See Table 1.1 for the

inductive definition of the measures. We have also included the definition

of the non s-measure star height height, which comes into play at the end

of this subsection.

Next we restrict ourself to the first three mentioned measures size, rpn,

and a-width. As usual, the size of a regular language L, that is size(L), is
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Table 1.1 Inductive definitions of the measures size, rpn, a-width, o-length, width,

length, sum, and height for regular expressions. ◦ refers to the measure to be defined.

Measure ∅ λ a ∈ Σ (r · s) (r)∗ (r + s)

size 1 1 1 ◦(r) + ◦(s) + 3 ◦(r) + 3 ◦(r) + ◦(s) + 3

rpn 1 1 1 ◦(r) + ◦(s) + 1 ◦(r) + 1 ◦(r) + ◦(s) + 1

a-width 0 0 1 ◦(r) + ◦(s) ◦(r) ◦(r) + ◦(s)
o-length 1 1 1 ◦(r) + ◦(s) + 2 ◦(r) + 3 ◦(r) + ◦(s) + 3

width 0 0 1 max{◦(r), ◦(s)} ◦(r) ◦(r) + ◦(s)
length 0 0 1 ◦(r) + ◦(s) ◦(r) max{◦(r), ◦(s)}

sum 1 1 1 ◦(r) + ◦(s) ◦(r)

{

1, if L(r) ⊆ Σ and L(s) ⊆ Σ

◦(r) + ◦(s), otherwise

height 0 0 0 max{◦(r) + ◦(s)} ◦(r) + 1 max{◦(r), ◦(s)}

defined to be the minimum size among all regular expressions denoting L.

The notions rpn(L), a-width(L), and height(L) are analogously defined. One

can easily show that the measures rpn and a-width are linearly related to

size, thus these are all s-measures. Relations between these measures have,

for example, been studied in [28, 29, 45, 50, 56, 72].

Theorem 1.40 (Relation on basic regular expression measures).

Let L be a regular language. Then

(1) size(L) ≤ 3 · rpn(L) and size(L) ≤ 8 · a-width(L)− 3,

(2) a-width(L) ≤ 1
2 · (size(L) + 1) and a-width(L) ≤ 1

2 · (rpn(L) + 1),

(3) rpn(L) ≤ 1
2 · (size(L) + 1) and rpn(L) ≤ 4 · a-width(L)− 1.

Because there are so many results on these measures, we further have

to narrow our focus on some important aspects. We discuss some (recent)

results on the conversion from regular expressions to finite automata and

vice versa in more detail. Moreover, for our presentation we concentrate

on the measure a-width for regular expressions.

Converting regular expressions to finite automata is well understood.

The following theorem is due to [37] and [91, 92]. The upper bounds are

obtained by effective constructions. For the regular expression to NFA

conversion the so called Glushkov or position automaton is constructed [37],

which has the property that the initial state has no incoming transitions.

Theorem 1.41 (Regular expression to FA conversion). Let n ≥ 1

be an integer and r be a regular expression with a-width(r) = n. Then

n + 1 states are sufficient and necessary in the worst case for an NFA to

accept L(r). In case of a DFA 2n + 1 states are sufficient.
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The tightness of the bound for NFAs can be seen by the unary witness

languages Ln = {an}, for integers n ≥ 1, for which any NFA needs at least

n + 1 states. In general, techniques to prove lower bounds on the number

of states for NFAs are presented in [8, 36, 47, 68]. More on the conversion

from regular expressions to finite automata can be found in [121, 136].

The papers [20, 45, 56, 72] also may serve as good references for recent

developments.

What concerns the other conversion direction? Probably the most pop-

ular algorithm for converting a finite automaton into an equivalent regular

expression is the state elimination technique, which is a variant of the al-

gorithm of McNaughton and Yamada [105]. All known algorithms covering

the general case of infinite languages are based on the classical ones, which

are compared in the survey [121]. The drawback is that all of these (struc-

turally similar) algorithms return expressions of size 2O(n) in the worst

case [29, 48], assuming an alphabet size at most polynomial in the num-

ber of states. Recently a family of languages over a binary alphabet was

exhibited for which this exponential blow up is inevitable [48].

Theorem 1.42 (FA to regular expression conversion). Let n ≥ 1 be

an integer and A be an n-state finite automaton with input alphabet size

at most polynomial in n. Then alphabetic width 2Θ(n) is sufficient and

necessary in the worst case for a regular expression to describe L(A).

Note that the conversion problem for finite automata accepting unary

languages becomes linear for DFAs and polynomial for NFAs [29]; in the

latter case the proof is based on the Chrobak normalform for NFAs accept-

ing unary languages. When changing the representation of a finite language

from a DFA or NFA to an equivalent regular expression, a tight bound of

order nΘ(logn) was shown in [50]. Unary finite languages accepted by finite

automata can easily be converted to regular expressions of linear alphabetic

width.

Before we close this section we want to comment on lower bound tech-

niques for regular expressions. In the literature one can find at least three

techniques. The first one is due to Ehrenfeucht and Zeiger, which however

requires, in its original version, a largely growing alphabet. Recently, a

variation of this method was used in [32] to get similar but weaker lower

bounds. A technique based on communication complexity that applies only

for finite languages is proposed in [50]. The most general technique, up to

now, was developed in [48], where the s-measure a-width is related to the
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non s-measure star height height of regular languages—for a definition of

star height we refer to Table 1.1.

Theorem 1.43 (Star height versus alphabetic width). Let L be a

regular language. Then height(L) ≤ 3 · log(a-width(L) + 1) + 1.

As mentioned above, the measure height is not an s-measure. This is

easily seen because every finite language has star height 0, but can be of

arbitrary size. Thus, the difference in the above theorem can be arbitrarily

large. Nevertheless, language families are known, where this bound is tight

up to a constant factor: define the languages Ln inductively by L1 = λ

and Ln = (0Ln−11)
∗, for all integers n ≥ 1. Then a-width(Ln) is clearly at

most 2n, but it is known from [104] that height(L2n) = n, for all integers

n ≥ 1. Thus, the previous theorem can be used for proving lower bounds

on a-width(L) by determining the star height of the language L.

The star height of regular languages has been intensively studied in

the literature for more than 40 years, see [63, 83] for a recent treatment.

Determining the star height can be in some cases reduced to the easier

task of determining the cycle rank of a certain digraph, a digraph connec-

tivity measure defined in [27] in the 1960s. Observe, that measuring the

connectivity of digraphs is a very active research area [6, 7, 74].

1.3.2 Pushdown Automata and Context-Free Grammars

In the previous section the relative succinctness of descriptional systems

representing the regular languages has been discussed. A more general

treatment deals with descriptional systems having a non-empty intersec-

tion. For example, one can consider languages that are deterministic and

linear context free in order to study the relative succinctness of determin-

istic pushdown automata and linear context-free grammars. A more par-

ticular approach is to represent regular languages by pushdown automata

or context-free grammars.

1.3.2.1 Pushdown Automata

Measuring the size of a pushdown automaton (PDA) by its number of

states, as is done for finite automata, is clearly ineligible. It is well known

that every pushdown automaton can effectively be converted into an equiv-

alent one having just one sole state [67]. But, in general, one has to pay

with an increase in the number of stack symbols, and determinism is not
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preserved. For deterministic pushdown automata accepting by empty push-

down, the expressive power is known to increase strictly with the number of

states [57]. A language is accepted by a one-state deterministic pushdown

automaton if and only if it is a simple language, that is, it is generated by a

context-free grammar of a very restricted form. So, measuring the size of a

(deterministic) pushdown automaton by its number of stack symbols is also

too crude. In fact, it is also possible to reduce the number of stack symbols

if one pays with an increase in the number of states. The precise relations

between states and stack symbols have been shown in [40] and [42].

Theorem 1.44. For every (real-time) PDA with n states and t stack sym-

bols and for every integer m in the range 1 ≤ m < n, there is an equivalent

(real-time) PDA with m states and tdn/me
2 + 1 stack symbols.

The conversion preserves real-time behavior but not determinism. How-

ever, the construction is more or less the best possible, in the sense that an

expansion in the stack alphabet to size tdn/me
2 is sometimes unavoidable

even if real-time behavior need not to be preserved, and also in the sense

that no general state-reduction procedure can preserve determinism.

Theorem 1.45. For every pair of positive integers n and t, there is a

deterministic real-time PDA with n states and t stack symbols such that

(1) every equivalent PDA with m states has at least tdn/me
2 stack symbols,

and

(2) every equivalent PDA having fewer than n states is not deterministic.

These results immediately raise the question of the converse transforma-

tions, that is, for transformations that reduce the number of stack symbols.

The question has been answered in [42]. In particular, determinism can be

preserved, but if it is allowed to introduce nondeterminism, states can be

saved.

Theorem 1.46.

(1) For every (deterministic) PDA with n states and t stack symbols and

for every integer r in the range 2 ≤ r < t, there is an equivalent

(deterministic) PDA with r stack symbols and O(n · t/r) states.

(2) For every PDA with n states and t stack symbols and for every integer r

in the range 2 ≤ r < t, there is an equivalent PDA with r stack symbols

and O(n
√

t/r) states.
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Both transformations do not preserve real-time behavior. However,

again, these transformations are essentially the best possible ones. There

are no transformations preserving determinism which always increase the

number of states by less than O(n · t/r), there are no transformations which

always increase the number of states by less than O(n
√

t/r), and there are

no constructions which always preserve real-time behavior at all.

Theorem 1.47. For every pair of positive integers n and t,

(1) there is a deterministic PDA with n states and t stack symbols such

that every equivalent deterministic PDA with r stack symbols has at

least n · t/r states,

(2) there is a PDA with n states and t stack symbols such that every equiv-

alent PDA with r stack symbols has at least n
√

t/r states, and

(3) there is a deterministic real-time PDA with n states and t stack symbols

such that every equivalent real-time PDA has at least t stack symbols.

So, besides the input alphabet, the number of states as well as the

number of stack symbols have to be considered to measure the size of a

pushdown automaton. But even their product is insufficient. For example,

for all integers n ≥ 1 the language Ln = (an)∗ can be accepted by a PDA

with two states and two stack symbols that, in one move, is able to push n

symbols on the stack. So, in addition, we have to take into account the

lengths of the right-hand sides of the transition rules which can get long

when a PDA pushes lots of symbols during single transitions.

Given a pushdown automaton A = (Q,Σ,Γ, δ, q0, Z0, F ) with state

set Q, input alphabet Σ, stack alphabet Γ and transition δ mapping

Q × (Σ ∪ {λ}) × Γ to finite subsets of Q × Γ∗, we consider size to be the

measure of complexity defined by |Q| · |Σ| · |Γ| · h, where h is the length

of the longest word pushed in a single transition. In order to see that size

is an s-measure for pushdown automata we observe that there are at most

|Q|·(|Σ|+1)·|Γ| different left-hand sides and at most |Q|·|Γ|h different right-

hand sides of transition rules. So, there are at most size(A)h+2 transition

rules, and we may choose g(size(A), alph(A)) = k · size(A)h+2, where k is a

mapping that gives the length of a rule dependent on the actual encoding

alphabet, the number of states, input symbols, and stack symbols.

In order to avoid technical encumbrance sometimes PDAs are consid-

ered that are allowed to push at most two symbols during every tran-

sition. In [57] these PDAs are called moderate. It is well known that

every (deterministic) PDA can effectively be converted into a moderate
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one. But how about the changes in size? For the conversion every tran-

sition rule of the form δ(p, a, t) 3 (q, u1u2 · · ·um) with m > 2 is replaced

by the rules δ(p, a, t) 3 (p1, um−1um), δ(p1, λ, um−1) 3 (p2, um−2um−1),

δ(p2, λ, um−2) 3 (p3, um−3um−2), . . . , δ(pm−2, λ, u2) 3 (q, u1u2), where

p1, p2, . . . , pm−2 are new states not appearing in any other rule. Therefore,

roughly m+4 symbols are replaced by 6(m−1) symbols. This implies that

every PDA A can be converted into a moderate one having size Θ(size(A)).

Next we turn to some fundamental results in connection with the rep-

resentation of regular languages by pushdown automata. In [129] the

decidability of regularity for deterministic pushdown automata has been

shown by a deep proof. This effective procedure revealed the following up-

per bound for the trade-off in descriptional complexity when deterministic

pushdown automata accepting regular languages are converted into DFAs.

Given a deterministic pushdown automaton with n > 1 states and t > 1

stack symbols that accepts a regular language. Then the number of states

which is sufficient for an equivalent DFA is bounded by an expression of the

order tn
nn

. Later this triple exponential upper bound has been improved

by one level of exponentiation in [132].

Theorem 1.48. Let A be a deterministic pushdown automaton with n

states, t stack symbols, and h is the length of the longest word pushed in

a single transition. If L(A) is regular then 22
O(n2 log n+log t+log h)

states are

sufficient for a DFA to accept L(A).

In the levels of exponentiation this bound is tight, since the following

double exponential lower bound has been obtained in [109]. It is open

whether the precise lower bound or the precise upper bound can be im-

proved in order to obtain matching bounds.

Theorem 1.49. Let n ≥ 1 be an integer. Then there is a language Ln

accepted by a deterministic pushdown automaton of size O(n3), and each

equivalent DFA has at least 22
n

states.

The theorem is witnessed by languages Ln that are subsets of

{0, 1, a1, a2, . . . , an}
∗
{0, 1}n. The subsets are specified by an accepting de-

terministic pushdown automaton which operates as follows:

(1) Push the input onto the stack until symbol a1 appears. If a1 does not

occur, reject the input.

(2) Set i = 2.
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(3) If the next input is 0, pop the stack until the first occurrence of ai.

Else if the next input is 1, pop the stack until the second occurrence

of ai. Else if any other input appears or the occurrences of ai are not

found, reject the input.

(4) Increment i by one.

(5) If i ≤ n, repeat step (3).

(6) If the digit on top of the stack is 1 and there are no more input symbols,

accept the input. Otherwise reject the input.

The natural next step is to consider the trade-offs when nondeterminis-

tic or finite-turn pushdown automata accepting regular languages are con-

verted into DFAs. But in [109] it has been shown that for any given recur-

sive function f and arbitrarily large integers n, there exists a nondetermin-

istic pushdown automaton of size n representing a regular language, such

that any equivalent DFA has at least f(n) states. This implies that there

does not exist a recursive function serving as upper bound for the trade-off.

We deal with this phenomenon in Section 1.5 in more detail. However, the

situation is different when unary languages are considered. It is well known

that every unary context-free language is regular [35]. From the viewpoint

of descriptional complexity, unary nondeterministic pushdown automata

have been investigated in [116] where PDAs having a strong normalform

are considered. In particular, the normalform PDAs are such that (1) at

the start of the computation the stack contains only the bottom-of-stack

symbol which is never pushed or popped, (2) the input is accepted if and

only if the automaton reaches an accepting state, the stack contains only

the bottom-of stack symbol, and all the input has been scanned, (3) if the

PDA moves the input head, then no operations are performed on the stack,

and (4) every push adds exactly one symbol on the stack. The complexity

measure used in [116] is the product of the number of states and the num-

ber of stack symbols. While this measure is reasonable for the normalform

PDAs, it distorts the results with respect to PDAs that are measured, for

example, by size. However, similarly as for moderate PDAs it is not hard to

convert a given PDA into a normalform PDA, whereby the number of stack

symbols is increased by at most one, and the number of states is increased

linearly in size of the given automaton. This implies that every PDA A can

be converted into a normalform one having size Θ(size(A)).

Theorem 1.50. For every normalform PDA with n states and t stack sym-

bols accepting a unary language there is an equivalent NFA with 22n
2t+1+1

states, and an equivalent DFA with 2n
4t2+2n2t+1 states. Therefore, for every
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arbitrary PDA of size s accepting a unary language there is an equivalent

NFA with 2O(s2) states, and an equivalent DFA with 2O(s4) states.

Similar investigations for deterministic pushdown automata have been

done in [115]. It is proved that each unary deterministic pushdown au-

tomaton of size s can be converted into a DFA with a number of states

exponential in s. Moreover, this bound is tight in the order of magnitude.

Theorem 1.51. For every normalform deterministic pushdown automaton

with n states and t stack symbols accepting a unary language there is an

equivalent DFA with 2n·t states. Therefore, for every arbitrary determinis-

tic PDA of size s accepting a unary language there is an equivalent DFA

with 2O(s) states.

Theorem 1.35 says that any unary n-state 2NFA can be simulated by

a DFA with eΘ(
√
n·lnn) states. This suggests the possibility of a smaller

gap between the descriptional complexities of unary deterministic push-

down automata and 2NFAs. However, even in this case the gap can be

exponential.

Theorem 1.52. Let s ≥ 1 be an integer. Then there is a unary language Ls

accepted by a deterministic pushdown automaton of size 8s + 4, and each

equivalent DFA has at least 2s states. Moreover, each equivalent 2NFA has

also at least 2s states.

The theorem is witnessed by the languages Ls = {a2
s

}
∗ containing

multiples of 2s in unary notation. By a result in [107] it can be shown

that every 2NFA accepting Ls must have at least 2s states. The studies

in [115] are complemented by answering the question whether or not for

each unary regular language there exists an exponential gap between the

sizes of deterministic pushdown automata and finite automata negatively.

Theorem 1.53. Let n ≥ 1 be an integer. Then there is a language Ln

accepted by a DFA as well as by a 2NFA with 2n states, and each equivalent

deterministic pushdown automaton is at least of size O(2n/n2).

Finite-turn pushdown automata accepting (letter-)bounded languages

are studied in [102], where a language is said to be bounded if it is a

subset of a∗1a
∗
2 · · · a

∗
m, for some alphabet Σ = {a1, a2, . . . , am}. It is known

that arbitrary finite-turn pushdown automata accept exactly the ultralinear

languages. While it will turn out in Theorem 1.92 that the increase in

size when converting arbitrary PDAs accepting ultralinear languages to
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finite-turn PDA cannot be bounded by any recursive function, for bounded

languages an exponential trade-off is obtained.

Theorem 1.54. Let Σ = {a1, a2, . . . , am} be an alphabet. For every PDA

of size s accepting a subset of a∗1a
∗
2 · · · a

∗
m there is an equivalent (m−1)-turn

pushdown automaton of size 2O(s2).

In addition, in [102] a conversion algorithm is presented and the opti-

mality of the construction is shown by proving tight lower bounds. Further-

more, the question of reducing the number of turns of a given finite-turn

PDA is studied. Again, a conversion algorithm is provided which shows

that in this case the trade-off is at most polynomial.

Theorem 1.55. Let n ≥ 1 be an integer. Then there is a bounded language

Ln ⊆ a∗1a
∗
2 · · · a

∗
m which is accepted by an (m−1)-turn pushdown automaton

of size 2O(n), but cannot be accepted by any PDA making strictly less than

m − 1 turns, and for each integer k ≥ m − 1, every k-turn pushdown

automaton accepting Ln is at least of size 2O(n), for sufficiently large n.

Theorem 1.56. For every normalform k-turn pushdown automaton of

size s accepting a bounded language L ⊆ a∗1a
∗
2 · · · a

∗
m there is an equivalent

normalform (m − 1)-turn pushdown automaton of size O(m6s4blog2 kc+8).

Therefore, for every arbitrary k-turn pushdown automaton of size s accept-

ing a bounded language L ⊆ a∗1a
∗
2 · · · a

∗
m there is an equivalent (m− 1)-turn

pushdown automaton of size O(s6 log k).

1.3.2.2 Context-Free Grammars

Next we turn to compare the relative succinctness of pushdown automata

and context-free grammars (CFG). Both descriptional systems are known

to capture the context-free languages and, therefore, it is natural to ask

whether a given context-free language can be more concisely described by

an automaton or a grammar.

Definition 1.57. A context-free grammar (CFG) is a quadruple

G = (N, T, P, S), where N is a finite set of nonterminals, T is a finite set of

terminal symbols, S ∈ N is the axiom, and P is a finite set of productions

of the form A → α, where A ∈ N and α ∈ (N ∪ T )∗.
A context-free grammar G is in Chomsky normalform (CNF grammar)

if every production in P is of the form A → BC or A → a, for A,B,C ∈ N

and a ∈ T .
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The language generated by a CFG G = (N, T, P, S) is defined as

L(G) = {w ∈ T ∗
| S ⇒

∗ w },

where ⇒
∗ denotes the reflexive, transitive closure of the derivation rela-

tion ⇒.

Several measures for CFGs have been proposed in the literature. A

detailed treatment can be found in Section 1.4. Here we are particularly

interested in s-measures that allow a comparison with PDAs. To this end,

for a given context-free grammarG let size(G) be the product of the number

of productions and the length of the longest right-hand side of a produc-

tion in P . Clearly, size is an s-measure for context-free grammars. On the

other hand, the number of nonterminals, that is, |N | is not an s-measure

for CFGs in general. Assume contrarily it is. Then there is a recursive

function g such that length(G) ≤ g(|N |, T ), for every CFG G. But for

the grammar G = ({S}, {a}, {S → ag(1,{a})+1
}, S) the value length(G) ex-

ceeds g(|N |, T ). However, the number of nonterminals is an s-measure for

context-free grammars in Chomsky normalform. In this case there are at

most |N | different left-hand sides of productions, and at most |N |
2 + |T |

right-hand sides. So, there are at most |N |
3+ |N | · |T | productions contain-

ing at most three nonterminal and terminal symbols, and we may choose

g(|N |, T ) = k · (|N |
3 + |N | · |T |), where k is a mapping that gives the

precise length of a production depending on the actual encoding alphabet,

the number of nonterminals and terminal symbols. Note, that in this case

the underlying descriptional system is a strict subfamily of the context-free

grammars, the grammars in Chomsky normalform.

First, we present some results concerning the conversion of finite au-

tomata into CNF grammars. By standard construction every n-state DFA

or NFA can be converted into a regular right-linear grammar with n non-

terminals. This, in turn, can be converted into a CNF grammar with n+ i

nonterminals, where i is the number of input symbols. The following lower

bound has been obtained in [25].

Theorem 1.58. Let n ≥ 1 be an integer. Then there is a language Ln

accepted by a DFA with 2n+n+1 states and by an NFA with 2n+n states,

and every CNF grammar generating Ln has at least Ω(2n/n) nonterminals.

Upper and lower bound can significantly be improved in the unary case.

Moreover, for DFAs they are tight in the order of magnitude [25].

Theorem 1.59. Let n ≥ 1 be an integer and A be an n-state DFA accepting

a unary language. Then Θ(n1/3) nonterminals are sufficient and necessary
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in the worst case for a CNF grammar to generate L(A). In case of an NFA

Θ(n2/3) nonterminals are sufficient for a CNF grammar to generate L(A).

Next, the conversion of pushdown automata into context-free grammars

is considered. The so-called triple construction is the standard method for

converting a PDA which accepts by empty stack into a CFG [67]. Given a

PDA with n states and t stack symbols it constructs a CFG with n2t + 1

nonterminals if n > 1, and n2t nonterminals otherwise. The result has

been complemented in [116], where it is shown by a modified triple con-

struction that the resulting context-free grammar can be converted in a

CNF grammar without introducing new nonterminals when the PDA is in

normalform.

Theorem 1.60. For every normalform PDA with n states and t stack

symbols there is an equivalent CNF grammar with n2t + 1 nonterminals.

Therefore, for every arbitrary PDA of size s there is an equivalent CNF

grammar with O(s2) nonterminals.

In the worst case, this number of nonterminals is necessary even if the

PDA is real time, deterministic, and accepts by empty stack [41].

Theorem 1.61. Let n, t ≥ 1 be integers. Then there is a language Ln,t

accepted by a deterministic real-time pushdown automaton by empty stack

that has n states, t stack symbols, and size O(nt), and each equivalent CFG

has at least n2t+1 nonterminals if n > 1, and n2t nonterminals otherwise.

It follows that there are context-free languages which can be recognized

by pushdown automata of size O(nt), but which cannot be generated by

context-free grammars of size smaller than O(n2t). Moreover, the stan-

dard construction for converting a pushdown automaton to an equivalent

context-free grammar is optimal with respect to the number of nontermi-

nals.

The situation is better for unary languages [115].

Theorem 1.62. For every unary normalform deterministic pushdown au-

tomaton of size s there is an equivalent CNF grammar at most of size O(s).

Theorems 1.58, 1.59, and 1.59 dealt with the simulation of finite au-

tomata by CNF grammars. Since for unary context-free languages there

are always equivalent DFAs and NFAs, the converse simulations are also

worth studying. The following results are proven in [116].
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Theorem 1.63. For every unary CNF grammar with n nonterminals there

is an equivalent NFA with 22n−1 + 1 states.

This upper bound is close to optimal.

Theorem 1.64. Let n ≥ 1 be an integer. Then there is a unary CNF

with n nonterminals such that every equivalent NFA has at least 2n−1 + 1

states.

By Theorem 1.63, given a unary CNF with n nonterminals there is an

equivalent NFA with 2O(n) states. This automaton can be transformed into

a DFA applying the powerset construction or the determinization procedure

for unary automata presented in [22]. In both cases, the number of states

of the resulting DFA is bounded by a function which grows at least double

exponential in n. In [116] it is proved that this cost can drastically be

reduced.

Theorem 1.65. For every unary CNF grammar with n nonterminals there

is an equivalent DFA with 2n
2

states.

Note, in the particular case n = 1 the upper bound given in Theo-

rem 1.65 does not hold. It is not difficult to show that the only non-empty

languages generated by unary CNF grammars with one variable are {a}

and { ak | k ≥ 1 }. The minimal DFAs accepting these languages have

three and two states, respectively. However, the upper bound stated in

Theorem 1.65 is tight.

Theorem 1.66. For infinitely many integers n ≥ 1, there is a unary CNF

with n nonterminals such that every equivalent DFA has at least 2O(n2)

states.

The relations between the subfamily of finite-turn pushdown automata

accepting (letter-)bounded languages and CNF grammars are studied

in [102].

Theorem 1.67. For every CNF grammar with n nonterminals generat-

ing a bounded language L ⊆ a∗1a
∗
2 · · · a

∗
m there is an equivalent normalform

(m− 1)-turn PDA with 2O(n) states and O(1) stack symbols.

For the situation where the given grammar is not necessarily in Chomsky

normalform the following result has been shown.
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Theorem 1.68. For every context-free grammar of size s generating a

bounded language L ⊆ a∗1a
∗
2 · · ·a

∗
m there is an equivalent normalform

(m− 1)-turn PDA with 2O(s) states and O(1) stack symbols.

The lower bound is given by the next theorem.

Theorem 1.69. Let n ≥ 1 be an integer. Then there is a unary lan-

guage Ln generated by a CNF grammar with n+ 1 nonterminals such that

for each integer k ≥ 1, every normalform k-turn pushdown automaton ac-

cepting Ln is at least of size 2O(n), for sufficiently large n.

So far, essentially (deterministic) pushdown automata and context-free

grammars (in Chomsky normalform) have been discussed. A sub-class of

CFGs that characterize the deterministic context-free languages are LR(k)

grammars, where k ≥ 1, can be seen as the length of the lookahead of a cor-

responding LR(k) parser. Already the class of LR(1) grammars character-

izes the deterministic context-free languages. The use of a longer lookahead

k does not increase their generative capacity. But from a descriptional com-

plexity point of view the question whether a longer lookahead can reduce

the size of a grammar has been answered in [96] affirmatively. The practi-

cal relevance of these results is immediate. A sequence of languages Ln is

presented such that there is a progressive trade-off in the size of the LR(k)

grammars as the length of the lookahead varies.

Theorem 1.70. Let n ≥ 2 and k ≥ 0 be integers satisfying k ≤ n− 9 logn.

Then there is a language Ln such that every LR(k) grammar generating Ln

is at least of size 2Θ(n−k).

1.4 Measuring Resources

The investigation of several aspects of measuring descriptors with

s-measures is responding to an interest to optimize the space requirements.

Basically, some resources which are recursively related to the length of the

description are measured, and the relative succinctness of different types of

descriptors is studied. But what makes the difference between two types

of descriptors? Roughly speaking, it is their different equipment with re-

sources. For example, the difference between a DFA and an NFA is made by

the resource nondeterminism, or the difference between an NFA and a PDA

is caused by the resource stack. So, in more general terms, we fix some,

say, structural resources and study their descriptional power by measuring
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other resources. This immediately raises the question which resources are

structural and which can be measured. Here, the only restriction we im-

pose is to have descriptional systems with recursive complexity measures.

Given a descriptor its complexity must be computable. So, even though

they are naturally motivated the s-measures are special cases, only. This

section is devoted to descriptional systems measured by measures which are

not recursively related to their length.

A context-free grammar G = (N, T, P, S) is right-linear or regular if

every production in P is of the form A → uB or A → u, for A,B ∈ N

and u ∈ T ∗. The states of a finite automaton correspond roughly to the

number of nonterminals of a regular grammar and vice versa. This leads

to the idea of considering the number of nonterminals as a measure for

arbitrary context-free grammars. In the forthcoming we stick with context-

free grammars and subclasses as descriptional systems, while the below

given definitions easily generalize to arbitrary phrase structure grammars.

For a context-free grammar G = (N, T, P, S), we define the following three

measures [52]:

var(G) = |N |,

prod(G) = |P |,

and

symb(G) =
∑

(A→α)∈P

(|A|+ |α|+ 1).

In order to clarify the definitions we present an example [52].

Example 1.71. Let n ≥ 1 be an integer. Consider the context-free gram-

mar G = ({S,A}, {a}, P, S) with the three productions S → An, A → a,

and A → aa. Then L(G) = { ai | n ≤ i ≤ 2n } and var(G) ≤ 2, prod(G) ≤ 3,

and symb(G) ≤ n+ 9. In fact, there exist an equivalent context-free gram-

mar G′ with var(G′) = 1 because language L(G) is finite and can be easily

generated by a CFG with one nonterminal only. �

As already mentioned previously, the measure var is not an s-measure.

The same holds true for the measure prod, while symb is obviously recur-

sively related to the size of the CFG. Observe, that it heavily depends on

the underlying descriptional system, if a measure becomes an s-measure.

For instance, the number of variables is not even an s-measure for regular

grammars in general, but it becomes an s-measure if the descriptional sys-

tem is chosen to be that of regular grammars in normalform, that is, every
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production is of the form A → aB or A → a. Further measures based on

other criteria induced by grammatical levels, derivation trees, derivation

steps, etc., are introduced and studied in [51, 52, 54, 55].

Before we summarize some results on the measures var and prod we

find it worth mentioning, that basic algorithmic problems for most of the

measures on context-free grammars and languages are undecidable. For

instance, to determine the complexity of a given language, to construct a

minimal equivalent grammar, to decide minimality of a given grammar,

and so on. For further readings on this topic we refer to [52, 51, 54, 19].

Now we turn to the first result on the number of variables for context-free

grammars [51].

Theorem 1.72 (var for CFL). Let n ≥ 1 be an integer. Then there ex-

ists a regular language Ln over a binary alphabet, such that var(G) ≥ n for

every context-free grammar generating Ln.

Thus, the var-measure for context-free grammars induces a dense and

strict hierarchy of increasing levels of difficulties. This property of inducing

a dense hierarchy is known in the literature as the connectedness property

with respect to an alphabet [52]. If we consider the classification of context-

free grammars in terms of the number of productions, we find a similar

statement as above [52]. For every alphabet T and all integers n ≥ 1 there

is a finite language Ln over T , such that var(G) ≥ n for every context-free

grammar generating Ln. Thus, the prod-measure is also connected, even for

unary alphabets. The witness language to show the result on the number

of productions is the finite language { a2i | 0 ≤ i ≤ n − 1 }. On the other

hand, if the alphabet is unary, the situation for var changes drastically [51].

Theorem 1.73 (var for unary CFL). Let L be a unary context-free

grammar. Then two nonterminals are sufficient and necessary in the worst

case for an equivalent context-free grammar.

Concerning the smallest level of the number of nonterminals, in [53]

it is mentioned that the language generated by G = ({S}, T, P, S), where

P = {S → α | α ∈ F } for some finite F ⊆ ({S} ∪ T )∗, is equal to the

iterated S-substitution of F , that is, L(G) = F ↑S

. Here for a letter a

and two languages L1 and L2, the a-substitution of L2 in L1, denoted by

L1 ↑
a L2, is defined by

L1 ↑
a L2 = { u1v1u2 . . . ukvkuk+1 | u1au2a . . . auk+1 ∈ L1,

a does not occur in u1u2 . . . uk+1, and v1, v2 . . . , vk ∈ L2 },
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and the iterated a-substitution of language L, denoted by L↑a

, is defined by

L↑a

= {w ∈ L ∪ (L ↑
a L) ∪ (L ↑

a L ↑
a L) ∪ · · · | word w

has no occurrence of letter a },

where any further bracketing is omitted since a-substitution is obviously

associative. The definition of iterated substitution expressions gives a nice

and convenient way to specify context-free languages in terms of expres-

sions. For the characterization of context-free languages by means of ex-

pressions we refer also to [106] and [135]. Although these approaches are

very similar there are subtle differences; see the former reference for the re-

lation between McWhirter’s expressions and Gruska’s substitution model.

The relation between auxiliary symbols in substitution expressions and the

number of nonterminals in context-free grammars is discussed in [53] in

more detail (cf. [44]).

Next, let us restrict our attention to regular grammars. Here the the

smallest level with respect to the number of nonterminals is more handy

to describe. One can easily show that if a regular language L is generated

by regular grammar with one nonterminal, then there exist two regular

sets R1 and R2 such that L = R∗
1R2. This result can further be generalized

to higher levels.

We continue with some results on the comparison between context-free

and regular grammars. The natural question arises, whether the former

have advantages compared with the latter according to the measures con-

sidered so far? This question was answered in [52], where the following

result was shown.

Theorem 1.74 (var and prod for CFL versus REG). There is a reg-

ular language L such that any regular grammar generating L has strictly

more nonterminals than a minimal equivalent context-free grammar. The

statement remains valid for the number of productions.

Observe, that the strict increase in complexity already happens for non-

self-embedding context-free grammars. Here a context-free grammar is

self-embedding if there is a nonterminal X such that there is a derivation

X ⇒
∗ αXβ, for both non-empty α and β. It is well known that non-self-

embedding context-free grammars generate regular languages only. A closer

look on the previous theorem reveals even more. In fact, an easy example

given in [52] shows that the difference between the number of nonterminals

in equivalent context-free and regular grammars can be arbitrarily large.
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For all integers n ≥ 1, consider the language Ln = (a∗bab∗)n. Two nonter-

minals are sufficient for a context-free grammar while each regular grammar

needs at least 2n nonterminals in order to generate Ln. Analogously one

can show that four productions are sufficient for a context-free grammar

while each regular grammar needs at least 2n productions. Further exam-

ples showing that the measures can yield essential different classifications,

when the underlying grammar is varied, can be found in [52]. In this way

so called bounded complexity measure results are obtained.

Another field of research that is related to bounded complexity mea-

sures is the study of the descriptional complexity of various types of

grammars that can be used to describe context-free languages. For ex-

ample, context-free grammars and their normalform restrictions such as

λ-free normal form, Chomsky normalform, Greibach normalform, posi-

tion restricted grammars, etc. Transformations of context-free grammars

into normalforms may change their complexity with respect to the mea-

sures under consideration. In a series of papers these questions were

addressed [19, 44, 52, 80, 81, 117, 118]. Some of the most interesting re-

sults are presented next. We start with some results based on restricted

context-free grammars. A context-free grammar is restricted if it is λ-free

and does not contain any unit productions.

Theorem 1.75 (Bounded complexity for restricted CFGs). Let

G be a context-free grammar. Then there is an equivalent restricted context-

free grammar G′ such that

(1) var(G′) ≤ var(G),

(2) prod(G′) ≤ 1
2 · prod2(G),

(3) symb(G′) ≤ 1
2 · symb2(G).

The latter two bounds cannot be improved by more than a constant.

If each two equivalent minimal descriptors from different descriptional

systems have the same complexity with respect to a measure, this measure

is called dense. So, the measure var is dense for context-free and restricted

context-free grammars. In the next theorem we will see that this is not

true in general, because the var is not dense for (restricted) context-free

and context-free grammars in Greibach normalform.

A context-free grammarG = (N, T, P, S) is in Greibach normalform [43]

if every production in P is of the form A → aα, for A ∈ N , a ∈ T , and

α ∈ N∗.
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Theorem 1.76 (Bounded complexity for CFGs in normalforms).

Let G be a restricted context-free grammar. Then

(1) there is an equivalent context-free grammar G′ in Chomsky normalform

such that symb(G′) ≤ 7 · symb(G),

(2) there is an equivalent context-free grammar G′ in Greibach normal-

form such that var(G′) ≤ 2 · var(G) and this bound is the best

possible, prod(G′) ∈ O(prod3(G)) ∩ Ω(prod2(G)), and symb(G′) ∈

O(symb3(G)) ∩ Ω(symb2(G)).

In the remainder, we turn our attention to the relation between context-

free grammars and other grammars from the Chomsky hierarchy such as

monotone grammars, that is, grammars with productions whose right-hand

side is not shorter than the left-hand side, or arbitrary phrase structure

grammars with respect to the measures under consideration. The next

theorem shows that the gap between the number of nonterminals for a

context-free grammar and a monotone grammar representation can be ar-

bitrarily large. Consider the languages Ln =
⋃n−1

i=1 b(aib)+, for all integers

n ≥ 3. By standard arguments one can show that every context-free gram-

mar generating Ln needs at least n nonterminals. On the other hand, the

monotone grammar Gn = ({S,A}, {a, b}, Pn, S) with

Pn = {S → baib, S → Aaib, Aaib → Aaibaib, A → b | 1 ≤ i ≤ n− 1 }

generates the Ln with two nonterminals only. This result can be slightly

strengthened as follows:

Theorem 1.77. Let n ≥ 1 be an integer. Then there exists a regular

language Ln such that every context-free grammar generating Ln has at

least n nonterminals, and there is an equivalent monotone grammar with 2

nonterminals.

A similar situation appears if we consider the measure prod. Note that

the witness language for the next theorem is a finite language. Further read-

ings on the measure prod for finite languages can be found in [16, 18, 17].

Theorem 1.78. Let n ≥ 1 be an integer. Then there exists a finite

language Ln such that every context-free grammar generating Ln has at

least n productions, and there is an equivalent monotone grammar with

5 nonterminals.
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The argument for this statement is not too complicated [114]. We have

already mentioned that every context-free grammar G generating the (fi-

nite) language Ln = { a2i | 0 ≤ i ≤ n− 1 } has at least n productions. Now

we consider the modified language

L′
n = { bn−i−1a2ibi+1

| 0 ≤ i ≤ n− 1 }.

We have Ln = h(L′
n) for the erasing homomorphism h : {a, b}∗ → {a}∗

defined by h(a) = a and h(b) = λ. Moreover, every context-free grammar

generating h(L(G)) clearly needs at most as many productions as G has.

So, since n ≤ prod(G) every context-free grammar G′ generating L′
n has at

least n productions. In order to conclude that n productions are enough we

construct the grammar G = ({S}, {a, b}, P, S) with the set of productions

P = {S → bn−i−1a2ibi+1
| 0 ≤ i ≤ n− 1 }.

Grammar G′ generates L′
n and has n productions. Finally, it is easy to see

that the monotone grammarG′ = ({S, T,A}, {a, b}, P ′, S) with productions

P ′ = {S → T n−1ab, T → A, T → b, Aa → aaA,Ab → bb}

also generates L′
n. Since P contains only five elements the statement fol-

lows.

1.5 Non-Recursive Trade-Offs

In order to motivate the main topic of this section we first deduce a property

of any descriptional system S when it is measured by an s-measure c. Let

D ∈ S be a descriptor. Since c is an s-measure there is a recursive function g

such that length(D) ≤ g(c(D), alph(D)). But this implies that with respect

to alph(D) there are only finitely many descriptors in S having the same

size as D. Otherwise, applying g to infinitely many descriptors would yield

to the same result. But for any coding alphabet there are only finitely

many descriptors whose length does not exceed g(c(D), alph(D)). So, we

know that for any size, S contains only finitely many descriptors over the

same alphabet.

Assume now there are two descriptional systems S1 and S2, and two

s-measures c1 for S1 and c2 for S2. Given a descriptor from S1 a natural

question is for the maximal blow-up in complexity when this descriptor

is converted into an equivalent one from S2. Clearly, if a general upper

bound for the trade-off is known, the blow-up is given by that function.
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Our question is somehow simpler. We are not interested in a general up-

per bound but in an upper bound that may use the given alphabet as

an additional parameter, say h(n,Σ). We can precisely determine h as

follows. For all n and alphabets Σ, let Dn,Σ denote the finite subset of

all descriptors from S1 over alphabet Σ whose complexity is n. For each

D1 ∈ Dn,Σ set m(D1) = min{ c2(D2) | D2 ∈ S2(L(D1)) }. Then h(n,Σ)

is set to max{m(D1) | D1 ∈ Dn,Σ }. So, we have a function at hand that

answers our question. Unfortunately, it may happen that this function is

not effectively computable. What does this mean? This means that the

size blow-up caused by such a conversion cannot be bounded above by

any recursive function. With other words, one can choose an arbitrarily

large recursive function but the gain in economy of description eventually

exceeds it. This qualitatively new phenomenon, nowadays known as non-

recursive trade-off, was first observed by Meyer and Fischer [109] between

context-free grammars and finite automata.

In the sequel we often use the following second property of measures.

Definition 1.79. Let S be a descriptional system with s-measure c. If for

any alphabet Σ, the set of descriptors in S describing languages over Σ is

recursively enumerable in order of increasing size, then c is said to be an

sn-measure.

In fact, the non-recursive trade-offs are independent of particular sn-

measures. Any two sn-measures c1 and c2 for some descriptional system S

are related by a function

h(n,Σ) = max{ c2(D) | D ∈ S with c1(D) = n and alph(D) = Σ }.

By the properties of sn-measures, h is recursive. So, a non-recursive trade-

off exceeds any difference caused by applying two sn-measures.

1.5.1 Proving Non-Recursive Trade-Offs

Before we present examples of non-recursive trade-offs, we turn to the ques-

tion of how to prove them. Roughly speaking, most of the proofs appearing

in the literature are basically relying on one of two different schemes. One

fundamental technique is due to Hartmanis [59]. In [60] a generalization

is developed that relates semi-decidability to trade-offs. Next we present a

slightly generalized and unified form of this technique [87].

Theorem 1.80. Let S1 and S2 be two descriptional systems for recursive

languages such that any descriptor D in S1 and S2 can effectively be con-
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verted into a Turing machine that decides L(D), and let c1 be a measure

for S1 and c2 be an sn-measure for S2. If there exists a descriptional sys-

tem S3 and a property P that is not semi-decidable for descriptors from S3,

such that, given an arbitrary D3 ∈ S3, (i) there exists an effective procedure

to construct a descriptor D1 in S1, and (ii) D1 has an equivalent descrip-

tor in S2 if and only if D3 does not have property P , then the trade-off

between S1 and S2 is non-recursive.

Let us give evidence that the theorem is true. Assume contrarily that the

trade-off is bounded by some recursive function f . Let D1 be a descriptor

in S1. IfD1 has an equivalent descriptorD2 in S2, then c2(D2) ≤ f(c1(D1)).

Since f and c1 are recursive, the value f(c1(D1)) can be computed. Next, we

can recursively enumerate the finite number of descriptors in S2, whose un-

derlying alphabet is alph(D1) and whose size is at most f(c1(D1)). All these

descriptors can effectively be converted into Turing machines that decide for

any input whether it belongs to the described languages. The same holds

for the descriptor D1. By comparing the enumerated descriptors with D1

on successive inputs over the alphabet alph(D1), we can detect whether

none of the descriptors is equivalent to D1. As a result, a Turing machine

is constructed that halts if and only if D1 has no equivalent descriptor

in S2. So, the set R = {D1 ∈ S1 | D1 has no equivalent descriptor in S2 }

is recursively enumerable. Now the theorem follows due to the following

contradiction. Given a descriptor D3 ∈ S3 we construct the descriptor D1

in S1, and semi-decide whether it belongs to the set R. If the answer is in

the affirmative, there is no equivalent descriptor in S2 and, thus, D3 has

property P .

Example 1.81. Let S1 be the family of linear context-free grammars,

and S2 be the set of deterministic finite automata. Clearly, both descrip-

tional systems meet the preconditions of Theorem 1.80. Since the regularity

of linear context-free grammars is not semi-decidable [13], we set S3 to be S1

and property P is to be a descriptor describing a non-regular language. So,

any linear context-free grammar D1 has an equivalent DFA if and only if

language L(D1) is regular, that is, if it does not have property P . We con-

clude that the trade-off between linear context-free grammars and DFAs is

non-recursive. �

Since we may apply Theorem 1.80 for any pairs of descriptional systems

whose first component represents the linear context-free and whose second

component represents the regular languages the following theorem is derived

from Example 1.81.
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Theorem 1.82. The trade-offs between linear context-free grammars and

deterministic finite automata, between one-turn pushdown automata and

nondeterministic finite automata, etc., are non-recursive.

On the one hand, the method presented can serve as a powerful tool.

Several known proofs are simplified. Some more or less new non-recursive

trade-offs follow immediately by known undecidability results. On the other

hand, to apply Theorem 1.80 the crucial hard part is to find suitable descrip-

tional systems S3 having the required properties. The example presented

before considered linear context-free languages for which regularity is not

semi-decidable. Another valuable descriptional system is the set of Turing

machines for which only trivial problems are decidable and a lot of prob-

lems are not semi-decidable. When Theorem 1.80 is applied, one has to be

a little bit careful about the negation of property P . For example, finite-

ness is not semi-decidable for Turing machines. Not finite means infinite,

which is also not semi-decidable for Turing machines. On the other hand,

emptiness is not semi-decidable, but its negation is, that is, whether the

Turing machine accepts at least one input.

In order to utilize non-semi-decidable properties of Turing machines

in [58] complex Turing machine computations have been encoded in small

grammars. These encodings and variants thereof are of tangible advantage

for our purposes. Basically, we consider valid computations of Turing ma-

chines. Roughly speaking, these are histories of accepting Turing machine

computations. It suffices to consider deterministic Turing machines with

one single tape and one single read-write head. Without loss of generality

and for technical reasons, we assume that the Turing machines can halt

only after an odd number of moves, accept by halting, make at least three

moves, and cannot print blanks. A valid computation is a string built from

a sequence of configurations passed through during an accepting computa-

tion.

Let Q be the state set of some Turing machine M , where q0 is the initial

state, T ∩ Q = ∅ is the tape alphabet containing the blank symbol, and

Σ ⊂ T is the input alphabet. Then a configuration of M can be written as

a word of the form T ∗QT ∗ such that t1t2 · · · tiqti+1 · · · tn is used to express

that M is in state q, scanning tape symbol ti+1, and t1, t2 to tn is the

support of the tape inscription. For the purpose of the following, valid

computations are now defined in three different forms:

(1) VALCA(M) is the set of strings of the form

$w1$w
R
2 $w3$w

R
4 $ · · · $w2n−1$w

R
2n$.
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(2) VALCC(M) is the set of strings of the form

$w1$w2$ · · · $w2n$.

(3) VALCR(M) is the set of strings of the form

$w1$w3$ · · ·$w2n−1#w
R
2n$ · · · $w

R
4 $w

R
2 $.

In all three cases, $, # /∈ T ∪ Q, wi ∈ T ∗QT ∗ are configurations of M , w1

is an initial configuration of the form q0Σ
∗, w2n is an halting, that is,

accepting configuration, and wi+1 is the successor configuration of wi.

The set of invalid computations INVALCi(M), for i ∈ {A,C,R}, is the

complement of VALCi(M) with respect to the alphabet {#, $} ∪ T ∪Q.

Later we exploit a result on the following decomposition of VALCA(M):

VALCA1(M) is the set of strings of the form $w1$w
R
2 $ · · · $w2n−1$w

R
2n$,

where w1 is an initial and w2n is an accepting configuration, and w2i+1 is

the successor configuration of w2i, for 1 ≤ i ≤ n − 1. VALCA2(M) is the

set of strings of the form $w1$w
R
2 $ · · · $w2n−1$w

R
2n$, where w1 is an initial

and w2n is an accepting configuration, and w2i is the successor configuration

of w2i−1, for 1 ≤ i ≤ n.

The next lemma summarizes some of the important properties of valid

computations.

Lemma 1.83. Let M be a Turing machine and i ∈ {A,C,R}.

(1) If L(M) is finite, then VALCi(M) is finite.

(2) If L(M) is finite, then INVALCi(M) is regular.

(3) If L(M) is infinite, then VALCi(M) is not context free.

(4) If L(M) is infinite, then INVALCi(M) is not regular.

(5) VALCR(M) can be represented by the intersection of two determinis-

tic linear context-free languages, such that both deterministic pushdown

automata and both linear context-free grammars can effectively be con-

structed from M .

(6) VALCA(M) can be represented by the intersection of two deterministic

context-free languages, such that both deterministic pushdown automata

can effectively be constructed from M .

(7) VALCA1(M) and VALCA2(M) are deterministic context-free lan-

guages, such that their deterministic pushdown automata can effectively

be constructed from M .

(8) INVALCi(M) is a linear context-free language, such that its grammar

can effectively be constructed from M .
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Assertions (1), (2), (4), (6), and (7) are immediate observations. As-

sertion (3) is shown by pumping lemma [58]. The two deterministic lin-

ear context-free languages for (5) are constructed in [2]. For INVALCA,

assertion (8) has been shown in [58]. Similarly, it can be proved for

INVALCR. For INVALCC observe that the complement of the language

{w$w | w ∈ {a, b}∗ } is linear context free [34, 123].

Before we discuss some more applications and results in detail, we turn

to the generalized and unified form of the second technique that emerges

from known proofs.

Theorem 1.84. Let S1 and S2 be two descriptional systems, c1 be a mea-

sure for S1 and c2 be an sn-measure for S2. If there exists a recursive

function ϕ : N → N, such that given an arbitrary Turing machine M ,

(i) there exists an effective procedure to construct a descriptor D1 in S1,

(ii) if M halts on blank tape, then D1 has an equivalent descriptor in S2,

and for all equivalent descriptors D2 in S2 it holds ϕ(c2(D2)) ≥ t, where t

is the number of tape cells used by M , then the trade-off between S1 and S2

is non-recursive.

Again, let us give evidence that the theorem is true. Assume contrarily

that the trade-off is bounded by some recursive function f . Given some Tur-

ing machine M , we first construct a descriptor D1 in S1. Since c1 and f are

recursive, the value f(c1(D1)) can be computed. Next, we can recursively

enumerate the finite number of descriptors D2 in S2, whose underlying al-

phabet is alph(D1) and whose size is at most f(c1(D1)). Since c2 and ϕ are

recursive, their maximum value t′ = ϕ(c2(D2)) can be computed. If Turing

machine M halts on blank tape, then there is at least one descriptor D2

in the list such that ϕ(c2(D2)) ≥ t, where t is the number of tape cells

used by M . Since t′ ≥ ϕ(c2(D2)) ≥ t it suffices to simulate M on blank

tape until it exceeds the tape cell bound t′, or it runs into a loop without

exceeding the tape cell bound, or it halts, in order to decide whether M

halts on blank tape at all. From the contradiction follows that the trade-off

is non-recursive.

The preconditions of the previous theorem are different compared with

Theorem 1.80. In particular, it is not requested that the descriptors can

effectively be converted into Turing machines, and the descriptional systems

need not to be for recursive languages.

The next trade-off exploits the following crucial lemma on the size of

deterministic pushdown automata [133].
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Lemma 1.85. If for some deterministic pushdown automaton A with state

set Q and set of stack symbols T the string w is the shortest string such

that wa and wb are accepted, then there is a positive constant k such that

|Q| · |T | ≥ (log |w|)k.

Example 1.86. The trade-off between unambiguous context-free gram-

mars and deterministic pushdown automata is non-recursive.

Let M be an arbitrary Turing machine with state set Q, tape alpha-

bet T , and initial state q0. From M two deterministic pushdown au-

tomata A1 and A2 for the languages VALCA1(M) and VALCA2(M) can ef-

fectively be constructed. Since the deterministic context-free languages are

effectively closed under intersection with regular sets, the languages L1 =

$q0$(T
∗QT ∗$)∗ ∩ VALCA1(M) and L2 = $q0$(T

∗QT ∗$)∗ ∩ VALCA2(M)

are also effective deterministic context-free languages. Let a and b be new

symbols. Then we can construct an unambiguous context-free grammar D1

for the language L = L1a ∪ L2b.

Now assume that M halts on empty input. Then the intersection L1∩L2

contains exactly one string v, which is the valid computation ofM on empty

input. Moreover, there does not exist a string of length 2|v| which is a prefix

in both languages. So, by inspecting the first 2|v| input symbols a determin-

istic pushdown automaton can decide to which language the input may still

possibly belong. We conclude that there exists a deterministic pushdown

automaton D2 for L. By Lemma 1.85 we obtain that the product of the

number of states and the number of stack symbols of any equivalent deter-

ministic pushdown automaton is greater than (log |v|)k, for some positive k.

Therefore, the recursive function ϕ for the application of Theorem 1.84 can

easily be determined. �

1.5.2 A Compilation of Non-Recursive Trade-Offs

Before we turn to collect some important results in a compilation of

non-recursive trade-offs, we draw the attention to a general question in

connection with descriptional complexity. We have seen that there is a

non-recursive trade-off between linear context-free languages and finite au-

tomata. On the other hand, the trade-off between deterministic context-free

languages and finite automata is recursive [129]. So, what makes the differ-

ence between linear and deterministic context-free languages? Though the

answer might be the power of nondeterminism, a closer look at the prob-

lem might clarify descriptional complexity to be a finer apparatus compared
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with computational complexity. This observation is emphasized by show-

ing that, for example, between two separated Turing machine space classes

there is always a non-recursive trade-off (see also [60]).

Example 1.87. Denote the languages accepted by deterministic Tur-

ing machines obeying a space bound s(n) by DSPACE(s(n)). If

DSPACE(s1(n)) ⊃ DSPACE(s2(n)) for a constructible bound s1, then the

trade-off between s1-space bounded Turing machines and s2-space bounded

Turing machines is non-recursive. �

The example can be shown with the help of Theorem 1.80. It can

be modified to work for several other Turing machine classes which are

separated by bounding some resource. For example, P 6= NP if and only

if the trade-off between NP and P is non-recursive (see [60–62] for further

relations between descriptional and computational complexity).

Now we turn to results that deal mainly with descriptional systems at

the lower end of the Chomsky hierarchy. A cornerstone of descriptional

complexity is the result of Meyer and Fischer [109] who showed for the first

time a non-recursive trade-off. It appears between context-free grammars

and finite automata. Nowadays, we can derive that result immediately

from the non-recursive trade-off between linear context-free grammars and

finite automata, but originally, the proof follows the scheme presented in

Theorem 1.84.

Theorem 1.88. The trade-off between context-free grammars and finite

automata is non-recursive.

Since, for example, the sizes of context-free grammars and pushdown

automata are recursively related, there is a non-recursive trade-off between

pushdown automata and finite automata, too. Similarly, this remark holds

for several results below. Once a non-recursive trade-off has been shown, it

is interesting to consider language families in between. We know already by

Example 1.86 that there is a non-recursive trade-off between unambiguous

context-free grammars and deterministic pushdown automata. Considering

the remaining gap between general and unambiguous context-free gram-

mars we encounter the problem that unambiguity is not semi-decidable

for context-free grammars. Therefore, we cannot enumerate the unam-

biguous context-free grammars. This implies that there does not exist any

sn-measure for them and, thus, neither Theorem 1.80 nor Theorem 1.84 can

be applied directly. However, by a variant of the technique of Theorem 1.84

the gap has been closed in [126]. The proof uses Ogden’s lemma [113] in
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order to solve the crucial part to show that the sizes of unambiguous gram-

mars depend on the lengths of strings in certain witness languages.

Theorem 1.89. The trade-off between context-free grammars and unam-

biguous context-free grammars is non-recursive.

By measuring the amount of ambiguity and nondeterminism in push-

down automata in [12] and [64] infinite hierarchies in between the determin-

istic and nondeterministic context-free languages are obtained. The classes

of pushdown automata with ambiguity and branching bounded by k are

denoted by PDA(α ≤ k) and PDA(β ≤ k), where branching is a measure

of nondeterminism. If both resources are bounded at the same time, we

write PDA(α ≤ k, β ≤ k′). Intuitively, the corresponding language families

are close together. Nevertheless, there are non-recursive trade-offs between

the levels of the hierarchies.

Theorem 1.90. Let k ≥ 1 be an integer. Then the following trade-offs are

non-recursive:

(1) between PDA(α ≤ k + 1, β ≤ k + 1) and PDA(α ≤ k), and

(2) between PDA(α ≤ 1, β ≤ k + 1) and PDA(β ≤ k).

The proofs of both theorems are similar generalizations of the proof of

Theorem 1.89. They follow the scheme of Theorem 1.84.

In [59, 60] simple new proofs of some of the presented theorems have

been given. The technique of these proofs follows the scheme of Theo-

rem 1.80. Furthermore, Hartmanis [59] raised the question whether the

trade-off between two descriptional systems is caused by the fact that in

one system it can be proved what is accepted, but that no such proofs are

possible in the other system. For example, consider descriptional systems

for the deterministic context-free languages. It is easy to verify whether a

given pushdown automaton is deterministic, but there is no uniform way to

verify that a nondeterministic pushdown automaton accepts a determinis-

tic context-free language. Sticking with this example, one may ask whether

the trade-off is affected if so-called verified nondeterministic pushdown au-

tomata are considered which come with an attached proof that they accept

deterministic languages. The following theorem summarizes the results.

Theorem 1.91. The following trade-offs are non-recursive:

(1) between verified and deterministic pushdown automata,

(2) between pushdown automata and verified pushdown automata, and
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(3) between verified ambiguous and unambiguous context-free grammars.

So far, some of the presented results can be shown by using some variant

of the valid computations. In fact, whenever the expressive capacities of two

systems can be separated by valid computations, the proof of non-recursive

trade-offs is more or less immediate by an application of Theorem 1.80.

For example, consider the Boolean closure of context-free languages and

the context-free languages. The two systems are separated by VALCA.

The same is true for context-sensitive and context-free grammars and many

other pairs of systems. The situation changes if the weaker system also con-

tains a descriptor for the valid computations. Consider Example 1.87 which

induces a non-recursive trade-off between space bounded Turing machine

classes and deterministic context-sensitive grammars (DSPACE(n)).

Coming back to the observation that space might be a rough measure of

complexity, it is interesting and natural to investigate infinite hierarchies of

separated language classes where, intuitively, the classes are closer together.

For example, LL(k+1) grammars are known to describe strictly more lan-

guages than LL(k) grammars, that is, the length of the lookahead induces

an infinite hierarchy. Nevertheless, the trade-offs between the levels of the

hierarchy are recursive [5]. On the other hand, we have seen that there

are non-recursive trade-offs between the hierarchy levels of unambiguous

and nondeterministic pushdown automata. In [101] the trade-offs between

(k + 1)-turn and k-turn pushdown automata are investigated. The results

are summarized as follows:

Theorem 1.92. Let k ≥ 1 be an integer. Then the following trade-offs are

non-recursive:

(1) between nondeterministic 1-turn pushdown automata and finite au-

tomata,

(2) between nondeterministic (k+1)-turn pushdown automata and nonde-

terministic k-turn pushdown automata,

(3) between nondeterministic pushdown automata and nondeterministic

finite-turn pushdown automata, and

(4) between nondeterministic k-turn and deterministic k-turn pushdown

automata.

So, there are infinite hierarchies such that between each two levels there

are non-recursive trade-offs. Other results of such flavor have been obtained

in [87] where deterministic and nondeterministic one-way k-head finite au-

tomata (k-DFA, k-NFA) are considered.
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Theorem 1.93. Let k ≥ 2 be an integer. The trade-off between k-DFA

and nondeterministic pushdown automata is non-recursive.

Theorem 1.94. Let k ≥ 1 be an integer. Then the following trade-offs are

non-recursive:

(1) between (k + 1)-DFA and k-DFA,

(2) between (k + 1)-NFA and k-NFA, and

(3) between (k + 1)-DFA and k-NFA.

Theorem 1.95. Let k ≥ 2 be an integer. Then the following trade-offs are

non-recursive:

(1) between 2-NFA and k-DFA, and

(2) between k-DFA and nondeterministic pushdown automata.

In [76] the problem whether there are non-recursive trade-offs between

the levels of the hierarchies defined by two-way k-head finite automata

(cf. also [86]) has been answered in the affirmative.

Theorem 1.96. Let k ≥ 1 be an integer. The trade-off between

(non)deterministic (unary) two-way (k + 1)-head finite automata and

(non)deterministic (unary) two-way k-head finite automata is non-

recursive.

Now we briefly consider non-classical descriptional systems. In [65] de-

terministic restarting automata, an automaton model inspired from lin-

guistics are investigated. Variants of deterministic and monotone restart-

ing automata build a strict hierarchy whose top is characterized by the

Church-Rosser languages and whose bottom is characterized by the deter-

ministic context-free languages. It is shown that between PDAs and any

level of the hierarchy there are non-recursive trade-offs. Interestingly, the

converse is also true for the Church-Rosser languages. Moreover, there are

non-recursive trade-offs between the family of Church-Rosser languages and

any other level of the hierarchy.

Theorem 1.97. The following trade-offs are non-recursive:

(1) between nondeterministic (one-turn) pushdown automata and Church-

Rosser languages (deterministic R(R)WW-automata),

(2) between Church-Rosser languages and nondeterministic pushdown au-

tomata,
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(3) between Church-Rosser languages and deterministic pushdown au-

tomata,

(4) between deterministic RWW-automata (Church-Rosser languages) and

deterministic monotone RRWW-automata,

(5) between deterministic RWW- and deterministic RRW-automata,

(6) between deterministic RWW- and deterministic RW-automata,

(7) between deterministic RWW- and deterministic RR-automata, and

(8) between deterministic RWW- and deterministic R-automata.

Metalinear CD grammar systems [24] are context-free CD grammar sys-

tems where each component consists of metalinear productions. The max-

imal number of nonterminals in an initial production defines the width of

the CD grammar system. In [131] it is proved that there are non-recursive

trade-offs between CD grammar systems of width m + 1 and m. Fur-

thermore, non-recursive trade-offs appear between CD grammar systems of

width m and (2m− 1)-linear context-free grammars.

Further results are known for (one-way) cellular automata ((O)CA) and

iterative arrays (IA) [99, 100].

Theorem 1.98. The following trade-offs are non-recursive:

(1) between real-time OCA and finite automata,

(2) between real-time OCA and pushdown automata,

(3) between real-time CA and real-time OCA, and

(4) between linear-time OCA and real-time OCA.

(5) Between real-time IA and finite automata,

(6) between real-time IA and pushdown automata,

(7) between linear-time IA and real-time IA,

(8) between real-time IA and real-time OCA, and

(9) between real-time OCA and real-time IA.

The proofs all follow the scheme of Theorem 1.80. It is worth mentioning

that results (1) and (2) of Theorem 1.97 as well as results (8) and (9)

of Theorem 1.98 say that there are non-recursive trade-offs between one

system and another system and vice versa.

Finally, the phenomenon of non-recursive trade-offs between descrip-

tional systems is investigated in an abstract and more axiomatic fashion

in [49]. The aim is to categorize non-recursive trade-offs by bounds on

their growth rate, and to show how to deduce such bounds in general. Also

criteria are identified which, in the spirit of abstract language theory, allow
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to deduce non-recursive tradeoffs from effective closure properties of lan-

guage families on the one hand, and differences in the decidability status

of basic decision problems on the other. A qualitative classification of non-

recursive trade-offs is developed in order to obtain a better understanding

of this very fundamental behavior of descriptional systems.
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114. Păun, G. (1984). Probleme actuale ı̂n teoria limbajelor formale (Editura
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