Chapter 1
Basic Tools of Probabilistic Modelling

1.1. General background

On a certain level of abstraction, computer systems belong to the same
family as, for example, job-shops, supermarkets, hairdressing salons and
airport terminals; all these are sometimes described as “mass service
systems” and more often as “queueing systems”. Customers (or tasks, or
jobs, or machine parts) arrive according to some random pattern; they
require a variety of services (execution of arithmetic and logical operations,
transfer of information, seat reservations) of random durations. Services are
provided by one or more servers, perhaps at different speeds. The order of
service is determined by a set of rules which constitutes the “scheduling
strategy”, or “service discipline”.

The mathematical analysis of such systems is the subject of queueing
theory. Since A. K. Erlang’s studies of telephone switching systems,
in 1917-1918, that theory has progressed considerably; today it boasts
an impressive collection of results, methods and techniques. Interest in
queueing theory has always been stimulated by problems with practical
applications. In particular, most of the theoretical advances of the last
decade are directly attributable to developments in the area of computer
systems performance evaluation.

Because customer interarrival times and the demands placed on the
various servers are random, the state S(¢) of a queueing system at time ¢
of its operation is a random variable. The set of these random variables
{S(t),t > 0} is a stochastic process. A particular realisation of the random
variables — that is, a particular realisation of all arrival events, service
demands, etc. — is a “sample path” of the stochastic process. For example,
in a single-server queueing system where all customers are of the same type,
one might be interested in the stochastic process {N(t),t > 0}, where N ()
is the number of customers waiting and/or being served at time ¢. A portion
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Fig. 1.1.

of a possible sample path for this process is shown in Fig. 1.1: customers
arrive at moments aq, as, ... and depart at moments dy,ds, . ..

An examination of the sample paths of a queueing process can disclose
some general relations between different quantities associated with a given
path. For instance, in the single-server system, if N(¢;) = N(t2) for
some t; < ty, and there are k arrivals in the interval (¢1,t2), then
there are k departures in that interval. Since a sample path represents
a system in operation, relations of the above type are sometimes called
“operational laws” or “operational identities” (Buzen [1]). We shall derive
some operational identities in section 1.7. Because they apply to individual
sample paths, these identities are independent of any probabilistic assump-
tions governing the underlying stochastic process. Thus, the operational
approach to performance evaluation is free from the necessity to make such
assumptions. It is, however, tied to specific sample paths and hence to
specific runs of an existing system where measurements can be taken.

The probabilistic approach involves studying the stochastic process
which represents the system. The results of such a study necessarily depend
on the probabilistic assumptions governing the process. These results are
themselves probabilistic in nature and concern the population of all possible
sample paths. They are not associated with a particular run of an existing
system, or with any existing system at all. It is often desirable to evaluate
not only the expected performance of a system, but also the likely deviations
from that expected performance. Dealing with probability distributions
makes this possible, at least in principle.

We shall be concerned mainly with steady-state system behaviour —
that is, with the characteristics of a process which has been running for
a long time and has settled down into a “statistical equilibrium regime”.
Long-run performance measures are important because they are stable;
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Basic Tools of Probabilistic Modelling 3

being independent of the early history of the process, and independent
of time, they are also much easier to deal with. We shall, of course, be
interested in the conditions which ensure the existence of steady-state.

This chapter introduces the reader to the rudiments of stochastic
processes and queueing theory. Results used later in the book will be derived
here, with the emphasis on explaining important methods and ideas rather
than on rigorous proofs. In discussing queueing systems, we shall use the
classic descriptive notation devised by D. G. Kendall:

l T

(arrival pattern) (service pattern) (number of servers)

e.g. D/M/2 describes a queueing system with Deterministic (constant)
interarrival times, Markov (exponential) service times and 2 servers.

1.2. Markov processes. The exponential distribution

Let S(t) be a random variable depending on a continuous parameter
t (t > 0) and taking values in the set of non-negative integers {0,1,2,...}.
We think of ¢ as time and of S(t) as the system state at time ¢. The
requirement that the states should be represented as positive integers is
not important; it is essential that they should be denumberable. Later, we
shall have occasions to use vectors of integers as state descriptors.

The collection of random variables {S(t),t > 0} is a stochastic
process. That collection is said to be a “Markov process” if the probability
distribution of the state at time ¢ + y depends only on the state at time ¢
and not on the process history prior to t:

P(S(t+y) = jIS(u)iu < 1)
= P(S(t+y) = JIS(H), ty=0,j=0,1,.... (L1)

The right-hand side of (1.1) may depend on t,y, j and the value of S(t). If,
in addition, it is independent of ¢, i.e. if

P(S(t+y)=74|S({t)=1) =p;;(y) forallt, (1.2)

then the Markov process is said to be “time-homogeneous” (for an excellent
treatment of stochastic processes see Cinlar [3]). From now on, whenever
we talk of a Markov process, we shall assume that it is time-homogeneous.

Thus, for a Markov process, the probability p; ;(y) of moving from state
1 to state j in time y is independent of the time at which the process was in
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4 Analysis and Synthesis of Computer Systems

state ¢ and of anything that happened before that time. This very important
property will be referred to as the “memoryless property”.

The probability p; ;(y), regarded as a function of y, is called the
“transition probability function”. The memoryless property immediately
implies the following set of functional equations:

pij(r+y) = me ks (y), x,y>0, i,7=0,1,.... (1.3)

These equations express simply the fact that, in order to move from state
1 to state j in time x + y, the process has to be in some state k after time
x and then move to state j in time y (and the second transition does not
depend on i and z). They are the Chapman—Kolmogorov equations of the
Markov process. Introducing the infinite matrix P(y) of transition functions
pi;(y), we can rewrite (1.3) as

P(z+y)=P@@)P(y), zy=0. (1.4)
We shall assume that the functions p; ;(y) are continuous at y = 0:

1 ifi=j

1.
0 otherwise. (1.5)

yQMJ@)={
That assumption, together with (1.3), ensures that p; ;(y) is continuous,
and has a continuous derivative, for all y > 0; 4,7 = 0,1, ... (we state this
without proof).
A special role is played by the derivatives a; ; of the transition functions
at t = 0. By definition,

a= i PO L gy
v Y (1.6)
Aij = lmpl,j(y)7 #]:Oaly
—0 y
Hence, if h is small,
pij(h) = aijh+o(h), i#j=0,1,..., (1.7)

where o(z) is a function such that il_%[o(x)/x] =0.

In other words, if the Markov process is in state ¢ at some moment ¢,
then the probability that at time ¢+ h it is in state j is nearly proportional
to h, with coefficient of proportionality a;;. That is why a;; is called
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Basic Tools of Probabilistic Modelling 5

the “instantaneous transition rate from state i to state j”, i # j. The
probability that the process leaves state ¢ by ¢+ h is approximately equal to

1- pz,l(h) = _ai,ih + O(h)7 i= 07 17 sy (18)

so —a;; is the instantaneous rate of transition out of state ¢. Of course, we
must have

o0
—Qj5 = Zam-. (19)
Jj=0
i
In fact, since P(y) is a stochastic matrix (its rows sum up to 1), the rows
of P’/(y) must sum up to 0 for all y > 0.

Let A = [a;;], %,j = 0,1,... be the matrix of instantaneous transition
rates. Differentiating (1.4) with respect to z and then letting z — 0
yields a system of equations known as the Chapman—Kolmogorov backward
differential equations:

P'(y) = AP(y). (1.10)

Similarly, differentiating (1.4) with respect to y and letting y — 0 yields
the Chapman—Kolmogorov forward differential equations

P'(z) = P(z)A. (1.11)

Either (1.10) or (1.11) can be solved for the transition probability functions,
subject to the initial conditions P(0) = I (the identity matrix) and P’(0) =
A. In a purely formal way, treating P(y) as a numerically valued function
and A as a constant, (1.10) and (1.11) are satisfied by

P(y) = 2. (1.12)

This turns out, indeed, to be the solution, provided that (1.12) is
interpreted as

> n
Piy) =Y %A”, y > 0. (1.13)
n=0
Thus, the transition probability functions are completely determined
by their derivatives at y = 0. It should be clear, however, that to find
them in practice is by no means a trivial operation. The matrix P(y), for
finite values of y, is referred to as the “transient solution” of the Markov
process. As far as closed-form expressions are concerned, transient solutions
are unobtainable for all but a few very simple Markov processes.
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6 Analysis and Synthesis of Computer Systems

Let {S(t),t > 0} be a Markov process with instantaneous transition
rate matrix A. Suppose that at time t the process is in state i. What is
the distribution of the interval n; until the first exit from state i (that
interval is called the “holding time”)? And what is the probability ¢; ; that
the next state to be entered will be state j7 According to the memoryless
property, the answers to both these questions are independent of ¢ and of
the process history prior to ¢. In particular, they are independent of how
long the process has already spent in state 7. Consider first the holding time;
denote by H;(z) the complementary distribution function of ; : H;(z) =
P(n; > x). From the memoryless property, if the process stays in state i
for time x, the probability that it will remain there for at least another
interval y is independent of z. Therefore,

Hi(z +vy) = H;(x)H;(y), x,y>0. (1.14)

Any distribution function which satisfies (1.14) must fall into one of
the following three categories:

(i) Hi(x) = 1 for all z > 0. If this is the case, once the process enters
state 7 it remains there forever (properly speaking, the holding time
does not have a distribution function then). States of this type are
called “absorbing”.

(ii) H;(z) = 0 for all 2 > 0. In this case the process bounces out of state
7 as soon as it enters it. Such states are called “instantaneous”.

(iii) H;(z) is monotone decreasing from 1 to 0 on the interval [0, c0) and
is differentiable. States in this category are called “stable”.

From now on, we shall assume that all states are stable. Differentiating
Eq. (1.4) with respect to y and letting y — 0 we obtain H/(z) = —\;H;(z),
where A\; = —H/(0). Hence

Hi(z)=e® 23>0,
and the distribution function H;(z) = P(n; < @) is given by
Hi(z)=1—eM* 2>0. (1.15)

To determine the parameter \; in terms of the matrix A, note that
according to (1.15) the probability of leaving state ¢ in a small interval
h is equal to H;(h) = A\jh + o(h). Comparing this with (1.8) shows that \;
is exactly the instantaneous transition rate out of state i:

)\i = —Qjq, iZO,l,.... (116)
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Basic Tools of Probabilistic Modelling 7

From (1.15), (1.7) and the memoryless property it follows that the
probability that the process remains in state ¢ for time x and then moves
to state j in the infinitesimal interval (x,z + dx) is equal to

e_’\imai7jdx, x>0, j#i.
Integrating this expression over all z > 0 gives us the probability that the
next state to be entered will be state j:

oo
¢ :/ e Mg dp =00 = T 5201, (L17)
0 g ai;

We derived (1.15) and (1.17) under the assumption that the Markov
process was observed at some arbitrary, but fixed, moment ¢. These results
continue to hold if, for example, the process is observed just after it enters
state i. Moreover, a stronger assertion can be made (we state it without
proof): given that the process has just entered state i, the time it spends
there and the state it enters next are mutually independent.

The behaviour of a Markov process can thus be described as follows:
at time ¢t = 0 the process starts in some state, say i; it remains there for an
interval of time distributed exponentially with parameter \; (average length
1/;); the process then enters state j with probability ¢; ;, remains there for
an exponentially distributed interval with mean 1/);, enters state k with
probability g;, etc. The successive states visited by the process form a
“Markov chain” — that is, the next state depends on the one immediately
before it, but not on all the previous ones and not on the number of moves
made so far. This Markov chain is said to be “embedded” in the Markov
process.

We shall conclude this section by examining a little more closely
the exponential distribution defined in (1.15). That distribution plays a
central role in most probabilistic models that are analytically tractable. It
owes its preeminent position to the memoryless property. If the duration
n of a certain activity is distributed exponentially with parameter A,
and if that activity is observed at time x after its beginning, then the
remaining duration of the activity is independent of x and is also distributed
exponentially with parameter A:

Pn>az+y) e Netw) _
Pnp>z+y|n>a)= (P(n>x))= e vl A = P(n > y).

(1.18)
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8 Analysis and Synthesis of Computer Systems

On the other hand, we have seen in the derivation of (1.15) that (excluding
the degenerate cases) the memoryless property implies the exponen-
tial distribution. There are, therefore, no other distributions with that
property.

Let 71 and 7y be two independent random variables with distribution
functions

Fi(z)=1- e M Fy(z)=1- e 2%
and density functions
fi(x) = Me M7 fo(x) = doe N2,

respectively. Think of 7, and 7y as the durations of two activities which
are in progress simultaneously. The two activities are observed at a given
moment; neither of them has completed. It is then of interest to know
the distribution of the interval, 7, until the first completion of an activity
and the probability, ¢;, that the i-th activity will complete first (i = 1,2).
Denote the distribution function and the density function of n by F(z) and
f(x), respectively. Using the conventional notation P(n = z)/dx in place of
AlgiCIEO[P(ac <n < x+ Azx)/Az], and the memoryless property, we can write

f(z)dz = P(n = x) = P(min(n, n2) = )
=P =z)P(ne = ) + P = 2)P(n2 = x)
= f1(z)dz[l — Fy(x)] + fo(z)dz[l — Fi(x)]
= Me MPe M Ay + Age” MTe M dr

= (A + Ag)etr)zqy, (1.19)

The time until the first completion is thus distributed exponentially with
parameter (A1 + A2). The probability that activity 1 will complete first is
given by

q1 = P(771 < 772) = /Ooo fl(x)[l — FQ(Z‘)]dl‘ = )\1/()\1 + /\2) (120)

Similarly, go = P(n2 > m) = Aa/(A1 + A2). Moreover, it is easily seen that
the time until the nearest completion does not depend on which activity
completes first. For instance,

Pin==x|m <n2)=(M+A)e M)y = Py = x). (1.21)
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Basic Tools of Probabilistic Modelling 9

These results, which can be generalised in an obvious way to any (even
infinite) number of activities, give an intuitive meaning to expressions (1.15)
and (1.17) concerning the holding times and transition probabilities of a
Markov process.

When the process enters state i, we can imagine exponentially
distributed activities, representing the transitions from state i to state
j (7 = 0,1,...), being started all at once. The parameter of the j-th
distribution is a; ;. The holding time in state ¢ is then the time until the first
completion of an activity; the next state entered is the index of that first
activity.

1.3. Poisson arrival streams. Important properties

The telephone calls received at a switchboard, the impacts by molecules
to which a small particle immersed in liquid is subjected, the breakdown
of machines in a large factory — all these, and many other physical
phenomena, give rise to Poisson processes. In general, a Poisson process
is used to model a sequence of events — we shall refer to them as
“arrivals” — whose moments of occurrence satisfy certain probabilistic
conditions. In textbooks on stochastic processes, the definition and treat-
ment of the Poisson process usually precede those of general Markov
processes. Here, however, we wish to be as economical as possible; having
developed some Markov process theory, we shall apply it to this very
special case.

The Poisson process, {N(t),t > 0}, is a Markov process which satisfies
the following restrictions:

(i) N(0) = 0 with probability 1,

(ii) from state ¢ (i = 0,1,...) the process moves to state i + 1 with
probability 1; the instantaneous transition rate a; ;41 does not depend
on i (amqu = )\,i = 0, ]., . )

We have thus defined a counting process: the value of N (t) is equal to
the number of moves, or the number of arrivals, in the interval (0,¢]. The
distribution of that number, py(t) = P(N(t) =k | N(0) =0), k=0,1,...,
constitutes the first row of the transition probability matrix P(¢) defined in
the last section. We are now in the happy position of being able to use the
general result (1.12) to find the desired distribution; the Poisson process is
just simple enough to permit such an approach.
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10 Analysis and Synthesis of Computer Systems

Restriction (ii), together with (1.9) and (1.17), imply that the instan-
taneous transition matrix of the Poisson process has the form

“A X 00
0 =X XA 0
A=| o 0 ) = A(-1+1). (1.22)

Here, I is the (infinite) identity matrix and U is the matrix which has
ones on the first upper diagonal and zeros everywhere else:

01 00
00 10
00 01

Substituting (1.22) into (1.12) yields
MU-T) AUt ot = (A"
P(t)=e =e Mt =e Z ——U". (1.23)

Now, the matrix U™ has ones on the n-th upper diagonal and zeros

everywhere else. Therefore, the first row of the matrix defined by the series

on the right-hand side of (1.23) is (1, At, (At)?/2!,...). The probability of k
arrivals in the interval (0, ¢] is equal to
“At(yp\k

pk(t):%, k=0,1,.... (1.24)

Because of the memoryless property, the probability of k arrivals in any
interval of length ¢ is also given by (1.24). In a small interval of length h,
there is one arrival with probability p; (h) = Ah+o(h). The probability that
there are two or more arrivals in an interval of length h is P~1(h) = o(h).
These last properties (plus the memoryless one) are sometimes given as
defining axioms for the Poisson process.

Since the Poisson process is a Markov process, the holding times, i.e.
the intervals between consecutive arrivals, are independent and distributed
exponentially with parameter A. This property too, can be taken as a
definition of the Poisson process; it implies the Markov property and
everything else. The expected length of the interarrival intervals is 1/\.
Therefore, the average number of arrivals per unit time is A. For that reason,
the parameter \ is called the

I3

‘rate” of the Poisson process. The average
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Basic Tools of Probabilistic Modelling 11

number of arrivals in an interval of length ¢ is
E[N(t)] = M, (1.25)

as can also be seen directly from (1.24).

Often in practice, arrival streams from two or more different sources
merge before reaching a single destination. We shall see this happening,
for example, in queueing networks (Chapter 3). Now, if the component
processes are Poisson, then the result of this merging, or superposition
operation is also Poisson. Indeed, let {Ni(t),t > 0} and {Na(t),t > 0}
be two independent Poisson processes with rates A1 and A, respectively,
and let {N(¢) = N1(t) + Na(t), ¢t > 0} be their superposition. Consider the
interval n between an arbitrary moment ¢y and the next arrival instant of
{N(t)}. Clearly, n = min(ni,n2), where 7, is the interval between t; and
the next arrival instant of {N;(¢)},i = 1,2. Since the component processes
are Poisson, 11 and 7y are exponentially distributed with parameters Ay
and \g, respectively; also they are mutually independent. By (1.19), 7 is
exponentially distributed with parameter A = A\; +Ao. This, in turn, implies
that {N(t),t > 0} is Poisson with rate A.

The above argument generalises easily. The superposition of an arbi-
trary number of independent Poisson processes is Poisson, with rate equal
to the sum of the component rates. Moreover, the superposition is approxi-
mately Poisson even if the individual components are not, as long as they are
independent and there is a large number of them. This explains why Poisson
arrival processes are frequently observed in practice. For example, if each
user of a computing facility submits jobs independently of the others, and
there are many users, the total stream of jobs will be approximately Poisson.

Consider now the splitting, or “decomposition”, of a Poisson process
{N(t),t > 0} into two components {Ny(t),t > 0} and {Na(t),t > 0}.
The decomposition is performed by a sequence of independent Bernoulli
trials: every arrival of the process { N} is assigned to the process { N;} with
probability «; (i = 1,2;a1 + az = 1). The joint distribution of N7 (t) and
Ns(t) can be obtained as follows:

P(Nl(t) = nl,NQ(t) = TLQ) = P(Nl(t) = nl,Ng(t)
=n2|N(t):n1 +n2)P(N(t):n1+n2)

. (77/1 + ng)!anlan2 e*At()\t)ner
— T o 11 2

n1!ng! (n1 + ’/ZQ)'
—a A\t )\t ny ,—ao At )\t no
_ @A™ e (ap X" (1.26)
TL1! TLQ!
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> > 2
A / @ a

Superposition Decomposition

Fig. 1.2.

where we have used (1.24). We see that the processes resulting from the
decomposition are both Poisson (with rates aq A and as ), respectively). Not
only that, these processes are independent of each other. This result, too,
generalises to arbitrary number of components.

The superposition and decomposition of Poisson processes are
illustrated in Fig. 1.2.

In analysing system performance, we frequently employ the technique
of “tagging” an incoming customer and following his progress through the
system. It is therefore important to know something about the system state
distribution that customers see when they arrive. In this respect, Poisson
arrivals have a very useful, and apparently unique property: they behave
like random observers. More precisely, let {S(¢),t > 0} be a stochastic
process representing the state of a queueing system. That system is fed with
customers by one or more arrival streams. Consider an arbitrary moment
to; let S(ty ) be the system state just prior to ¢g. Then, if the arrival streams
are Poisson, the random variable S(t; ) is independent of whether there is
an arrival at to or not (Strauch [8]). This is because S(t;) is influenced
only by the past history of the arrival processes, and that is independent of
whether there is an arrival at ¢y (looking backwards in time, the interarrival
intervals are still exponentially distributed and hence memoryless).

Thus, an arrival from a Poisson stream sees the same system state
distribution as someone who just happens to look at the system, having
otherwise nothing to do with it (a random observer).

To appreciate this remarkable property better, let us take a contrasting
example where the arrival stream is decidedly not Poisson. Imagine a
conveyor belt bringing machine parts to an operator at intervals ranging
between 20 and 30 minutes; the operation performed on each part lasts
between 10 and 18 minutes. Two hours after starting the belt, a random
observer (the shop floor supervisor?) may well see the operator diligently
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Basic Tools of Probabilistic Modelling 13

at work. But if a machine part arrives at that time, it is guaranteed to find
him idle!

Before leaving the topic of Poisson processes, let us derive the distribu-
tion of the time T;, until the n-th arrival instant. That random variable —
the sum of n independent exponentially distributed intervals with the same
mean — plays an important role in modelling. Denote its distribution
function by G, (z). From the definition of T},, and from (1.24), we have

Gn(z) = P(T, <z)=P(N(z) >n) = ie*’\m()\x)k/k!
k=n

n—1

=1-Y e ()" /KL

k=0

That function is called “the n-stage Erlang distribution function”. Its
derivative

gn(x) = G (x) = X (A2)" " /(n — 1)L,

is “the n-stage Erlang density function”. The mean and variance of T;, are,
respectively, n/\ and n/\2.

1.4. Steady-state. Balance diagrams. The “Birth
and Death” process

So far, we have been concerned with time-dependent properties of stochastic
processes. The chief objects of interest in a Markov process were the
transition probability functions p; ;(y) relating the state of the process at a
given moment to its state at time y later. Now, although the process state
at time ¢ depends on the initial state (at time 0), we feel intuitively that
in a “well-behaved” system that dependence should weaken as t increases.
In the long run, the probability of finding the process in a given state
should be independent of where the process started and should cease to
vary with time.

Let us give these intuitive ideas a more precise meaning. Consider a
Markov process {S(t),t > 0} with state space {0, 1,...} and instantaneous

transition rate matrix A = [a;;], ¢, = 0,1,.... The time-dependent
behaviour of the process is described by the matrix of transition prob-
ability functions P(t) = [p; ;(¢)],i,j = 0,1,.... We say that steady-

state (or equilibrium, or long-run) regime exists for that process if (i),
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14 Analysis and Synthesis of Computer Systems

the limits
T = 75lim pi,j(t) = 75lim P(S(t)=37150)=14), j=0,1,..., (1.27)

exist and are independent of the initial state, and (ii), these limits constitute
a probability distribution:

> =1 (1.28)
j=0

To justify the term “steady-state”, suppose that the distribution @ =
(0,71, ...) exists and let x — oo in the Chapman-Kolmogorov equations
(1.4). Since every row of P(x) tends to 7, and every row of P(x + y) tends
to 7r, this yields

wP(y)=m, y>0. (1.29)

In other words, if at any moment the process state has the steady-state
distribution, then it has the steady-state distribution at time y later, no
matter how large or small y is. The state distribution becomes invariant
with respect to time.

There are two important questions which arise in this connection.
First, under what conditions does a steady-state regime exist for a Markov
process? Second, how does one determine the steady-state distribution of
the process? We shall leave the question of existence until the end of this
section and concentrate now on the determination of the vector 7, assuming
that it exists.

Differentiating (1.29) at y = 0, and remembering that P’(0) = A, we
obtain a system of linear equations for 7r:

7A =0. (1.30)

This is known as the system of “balance equations”, for reasons which will
become apparent shortly. Being homogeneous, that system determines the
vector 7 up to a multiplicative constant; the normalising equation (1.28)
then completes the determination.

The balance equations have a strong intuitive appeal. To see this, let
us write the i-th equation in the form

o0
—Q; T = Zaj,iﬂ'j- (1.31)
=0

J#i
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Now, we can think of 7; as the proportion of time (in the steady-state)
that the process spends in state j. While the process is in state j, it moves
to state ¢ at rate a;,; (since a;; is the instantaneous transition rate from
state j to state i; see (1.7)). Therefore, the product m;a;, is equal to the
average number of transitions from state j to state ¢ per unit time. The
right-hand side of (1.31) thus represents the average number of times that
the process enters state ¢ per unit time. Similarly, the left-hand side of (1.31)
represents the average number of times that the process leaves state i per
unit time (since —a; ; is the instantaneous transition rate out of state ; see
(1.8)). If the process is in equilibrium, these two averages must be equal.
More generally, if I = (i1,i2,...) is any group of states, finite or infinite,
then the average number of times that the process enters group I per unit
time is equal, in the steady-state, to the average number of times that the
process leaves group I per unit time. The balance equations obtained by
considering groups of states are not, of course, independent of the system
(1.30); however, they are sometimes simpler and easier to deal with.

It is very convenient to describe a Markov process in equilibrium by
means of a marked directed graph. This representation, called a “balance
diagram”, makes it easier to visualise the process structure and often helps
to select the set of balance equations best suited for determining the steady-
state distribution. The nodes of the balance diagram correspond to the
process states. With node i is associated the steady-state probability m; (i =
0,1,...). There is an arc from node ¢ to node j (i # j) if the instantaneous
transition rate a;; is non-zero; that arc is labelled a; ;. To obtain a balance
equation from the diagram, cut off a group of nodes from the rest of the
diagram by an imaginary closed curve. If an arc from node i to node j
crosses the curve we say that there is a flow m;a; ; across the cut. The total
flow out of the cut (from nodes inside to nodes outside) is then equal to the
total flow into the cut (from nodes outside to nodes inside). For instance,
making a cut around node 7 alone, we obtain the balance equation (1.31).
Note that the term “flow” used here is simply an abbreviation for “average
number of transitions per unit time”.

Consider, as an example, the celebrated “Birth and Death” Markov
process. As well as illustrating the methods of analysis, this example is of
interest in its own right since a number of queueing system models turn
out to be special cases of it. We think of the Birth and Death process
{N(t),t > 0} as representing the size of a certain population at time ¢.
The only possible transitions out of state ¢ are to states i + 1 and ¢ — 1,
with instantaneous transition rates \;, and u;, respectively (these are the
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Fig. 1.3.

rates of “Birth” and “Death” when the population size is i), i = 1,2,....
From state 0 the process moves to state 1, with instantaneous rate A\g. The
balance diagram for the Birth and Death process is shown in Fig. 1.3.

Making a cut around each node in succession we obtain the system of
balance equations (1.30);

Ao = {171
(A1 + p1)m = Aomo + pama
............ (1.32)

(there are two arcs going out and two arcs coming into each cut, except
for node 0). Alternatively, cutting off the group of states (0,1,...,1), for
1=0,1,..., we obtain an equivalent system of balance equations:

)\071'0 = U171
AT = 1272
............ (1.33)

(one arc going out and one arc coming into each cut). The general solution
of (1.33) is easily obtained by successive elimination:

oM - A .
= L Al =12, (1.34)
M2 - oo

This leaves one unknown constant, mg, which is determined from the
normalising condition (1.28):

Ao AoA -t
7r0:<1+—°+ °1+-~-) . (1.35)
H1o H1p2
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Basic Tools of Probabilistic Modelling 17

Note that we have here a necessary condition for equilibrium of the
Birth and Death process in order for the solution given by (1.34) and (1.35)
to be a probability distribution, the infinite series on the right-hand side of
(1.35) must converge. We shall see that the inverse implication also holds:
if the series converges, the Birth and Death process has a steady-state.
However, in order to state the general result, some preliminaries are needed.

The state j of a Markov process is said to be “reachable” from state ¢
if there is a non-zero probability of finding the process in state j at time
t, given that it started in state ¢ : p; ;(¢) > 0 for all £ > 0. Since transition
probability functions are zero either everywhere or nowhere on the open
half-line, the state j is not reachable from 7 if p; ;j(t) = 0 for all ¢ > 0.
A subset o of process states is said to be “closed” if no state outside o is
reachable from a state in o. Thus, if the process once enters a closed subset
of states, it remains in that subset for ever afterwards. A set of states is
said to be “irreducible” if no proper and non-empty subset of it is closed.
As far as the long-run behaviour of the process is concerned, an irreducible
set of states can be treated in isolation, so we can assume that the set of
all states, i.e. the Markov process, is irreducible.

Every state of an irreducible Markov process is reachable from every
other state. Indeed, suppose that this is not so, and let 7 and j be two states
such that j is not reachable from i. Consider the set o of all states reachable
from ¢. That set is closed, since any state k reachable from a state in o is
also reachable from ¢ (this follows from (1.3)) and hence k € 0. But o does
not contain j, which contradicts the irreducibility of the process.

The states of a Markov process {S(¢),t > 0} can be classified according
to the time the process spends in them. Let R; ;(t) be the average amount
of time spent in state j during the interval [0,¢), given that S(0) = i.
Introducing the indicator function of a Boolean B

[ 1 if B is true
B~ Y0 if Bis false

we can write

t
Ri;(t) = E [/0 Iis(uy=jdu | S(0) = z]
t
= /0 Ell(s)=j | 5(0) = i]du

- / P(S(u) = 7 | S(0) = i)du — / pis(u)du.  (1.36)
0 0
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Further, let R; ; be the total average amount of time spent in state j, given
that S(0) =

Ri’j = tliglc Ri,j (t) = A pi,j (u)du (137)

A state j is said to be “transient” if R;; is finite; otherwise j is
“recurrent”. Since the average time the process remains in state j on every
visit is finite (it is equal to —1/a; ;), the average number of visits to state
j is finite if j is transient and it is infinite if j is recurrent. Denote by f; ;
the probability that, starting in state i, the process will ever be in state j.
From the remarks above it follows that if state j is recurrent, then f; ; = 1
and if state j is transient, then f;; < 1. The inverse implications also hold.

If the Markov process is irreducible, and if R; ; = oo for some pair of
states ¢ and j, then R, = oo for any pair of states r, k. Indeed, taking two
arbitrary positive constants v and w, we can write

Rr,kz/ pnk(u)duz/ Prse(V +u+ w)du
0 0

> / Poi(0)pis (Wpse(w)du = prs (v)pyp(w) Ry = oo.
0

(The first inequality is obvious; the second follows from the Chapman—
Kolmogorov equations (1.3); the irreducibility of the process ensures that
pri(v) > 0 and pji(w) > 0.) Hence, either all states are transient, or all
states are recurrent.

The case of all transient states can be disposed of quickly: if R;; is
finite for all 4, j then, according to (1.37),

Jim pij(t) =0, i,j=01,....

In that case, steady-state does not exist.

Suppose now that the Markov process is recurrent, as well as irre-
ducible. Every state is guaranteed to be visited, no matter what the initial
state is (if the probability of eventually moving from state i to state j were
not 1, there would be a non-zero probability of moving from j to i and not
returning to j; state j would not be recurrent). Having once visited a state,
the process keeps returning to it ad infinitum. Let m; be the average length
of the intervals between consecutive returns to state j,7 = 0,1,.... That
average length may be finite, in which case state j is said to be “recurrent
non-null”, or it may be infinite, and then j is “recurrent null”.
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The moments t1, ¢, ... of successive visits to state j are “regeneration
points” for the Markov process: the process behaviour in the interval
[tn,tnt1) is a probabilistic replica of that in the interval [t,_1,%,). The
average time spent in state j during each of these intervals is —1/a; ;.
Therefore, in the long run, the fraction of time that the process spends in
state j is independent of the initial state and is given by

i Fs®) _ —(V/ag5)

t—o00 t m;

. i,j=0,1,.... (1.38)

On the other hand, that fraction of time is equal to the long-run probability
of finding the process in state j:
Jlim (1) = % i,j=0,1,.... (1.39)

Equations (1.38) and (1.39) seem intuitively clear, yet to prove them
rigorously is not easy. Some fundamental results from renewal theory are
involved (see, for example, Cinlar [3]).

It follows from (1.39) that the limiting probability of state j is zero if
m; = 00, i.e. if j is recurrent null, and vice versa. Moreover, if one state,
7J, is recurrent null, then all other states are also recurrent null. Choose an
arbitrary state k (k # j) and two positive constants v and w. The following
inequality follows from the Chapman-Kolmogorov equations (1.3):

pji(v+t+w) > pjk(v)pkk(t)pk,; ().

Since p; ;(t) tends to 0 as t — 0o, so must py 1 (t); hence, state k is recurrent
null.

Let us recapitulate the results obtained so far. In an irreducible Markov
process, either all states are transient, or all states are recurrent null, or all
states are recurrent non-null. In the first two cases, all limiting probabilities
are equal to 0; steady-state does not exist. In the last case, all limiting
probabilities are non-zero; steady-state exists.

We have seen already that if a steady-state distribution vector 7 exists,
it satisfies the system of balance equations (1.30) and the normalising
equation (1.28). Now we shall demonstrate that if equations (1.30) and
(1.28) have a solution, 7r, then steady-state exists.

First, taking the known expression (1.13) for the transition probability
matrix

o0
P(t)=> A"t"/n!

n=0
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and multiplying both sides by 7 on the left, we see that if wA = 0, then
wP(t)==m forall t>0. (1.40)

Let ¢ — oo in this section. If the Markov process were transient or recurrent
null; then every column of P(¢) would tend to 0 and we would have = = 0.
That, however, is impossible since 7 satisfies (1.28). Therefore, the process
must be recurrent non-null and hence steady-state exists. In the latter case,
all elements of the j-th column of P(¢) tend to the same constant, v; (given
by (1.39)). The j-th equation in (1.40) becomes, in the limit,

o0
Wj:zﬁiWJZWJ’ j:071,....
=0

In other words, if a solution of (1.30) and (1.28) exists, then it is unique
and is precisely the steady-state distribution of the process.

So, an irreducible Markov process {S(t),t > 0} has a steady-state
regime if, and only if, the balance equations (1.30) have a solution = =
(mo, 71, ...) whose elements sum up to 1; that solution is then unique and
represents the steady-state distribution of the process:

m; = lim P(S(t)=j), j=0,1,....
t—o0
This important result is the point of departure for most analytic and
numerical studies of systems modelled by Markov processes.

Returning to the Birth and Death process considered earlier, we can
assert now that the necessary and sufficient condition for existence of
steady-state is the convergence of the series appearing on the right-hand
side of (1.35); when it exists, the steady-state distribution is given by (1.34)
and (1.35). That assertion follows from the result above and from the fact
that the Birth and Death process is irreducible; the probability p; ;(t) of
moving from state i to state j in time ¢ is obviously non-zero, for all 7, j
and all t > 0.

1.5. The M/M/1, M /M /c and related queueing systems

We shall examine here several models which fit easily into the framework of
the theory developed in the last section. Although these models are rather
simple, they manage to capture and display some essential features of mass-
service systems. In particular, they illustrate very clearly the way in which
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Customers in the system |

Arrivals Departures
B —— ———

Waiting | In service :
|
i |

Fig. 1.4.

system performance is influenced by the level of user demand and by the
capacity and availability of servers.

Consider a single-server queueing system where all customers are of
the same type and are served in order of arrival (that service discipline
is usually referred to as FIFO, first-in-first-out, or FCFS first-come-first-
served). There is no restriction on the size of the queue that may develop
and no customer leaves the queue before completing service (Fig. 1.4).
Such a system can be used to model a counter at a bank, a car-
washing station, a uniprogrammed computer, etc. Under a suitable set
of assumptions the model becomes a Markov process which lends itself
to analysis. The simplest way to ensure that the memoryless property
holds is to assume that consecutive interarrival times are independent and
distributed exponentially with mean 1/A (i.e. the arrival stream is Poisson
with rate A), and consecutive service times are independent and distributed
exponentially with mean 1/p; also, the arrival and service processes are
mutually independent. We thus obtain the M/M/1 queueing model. Let
N(t) be the number of customers in the system (waiting and in service)
at time ¢. From the memoryless property of the exponential distribution it
follows that

P(N(t+y)=j|N{)=1i) =Py, ,j=01,...

independently of ¢ and of the past history {N(u),u < t}. Therefore,
{N(t),t > 0} is a Markov process. The only possible transitions out of
state i (1 = 1,2,...) are to states ¢ + 1 (if an arrival occurs before a service
completion) and i —1 (if a service completion occurs before an arrival). The
instantaneous transition rates are a;;+1 = A and a;,;—1 = p. From state 0
the process always moves to state 1, with instantaneous rate ag,1 = A.

We recognise here a special case of the Birth and Death process intro-
duced in the last section, with \; = A (1 =0,1,...)and u; = p (i = 1,2,...).
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Denoting (A/u) = p, the general solution (1.34) of the balance equations
becomes

o= p'my, 1=0,1,.... (1.41)

The necessary and sufficient condition for the existence of a solution whose
elements sum up to 1, and hence for the existence of steady-state, is
p < 1. When the system is in equilibrium, the number of customers in it is
distributed geometrically:

P(N=i)=m=p'(1-p), i=0,1,.... (1.42)

The expectation, E[N], and the variance, Var[N], of that number are
given by

BN = imi = p/(1=p), (1.43)
and
Var[N] = E[N?] — E*[N] = ii% — E?[N] = p/(1—p)* (1.44)

In order to give physical meaning to these results, it is helpful to dis-
tinguish the amount of service required by a customer, or the “job length”,
from the speed of the server. Job lengths are measured in “units of work”
(in computer systems the unit of work is usually a machine instruction),
while the speed of the server is measured in “units of work per unit time”.
The time unit can always be chosen so that the server speed is 1; then the
service time of a customer is simply the amount of work that he requires.

The average number of customers arriving into the system per unit time
is A. The average amount of work required by a customer is 1/u. Hence, the
quantity p represents the average amount of work brought into the system
per unit time; for that reason, it is referred to as “traffic intensity”. The
condition for existence of steady-state now reads: the average amount of
work brought into the system per unit time must be less than the speed
of the server (the amount of work that it can do per unit time). This is a
very natural requirement; we shall come across it many times, under much
more general assumptions.

When the traffic intensity is less than 1, the process {N(¢),t > 0} is
recurrent non-null. Every state, and in particular the state N = 0, occurs
infinitely many times, at intervals whose expectations are finite. The system
goes through alternating “busy” and “idle” periods. We shall see at the end
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of this section that the steady-state distribution can, in fact, be determined
directly from these regeneration cycles.

As p — 1, the steady-state average number of customers in the system
tends to infinity. The state N = 0 occurs less and less often. The variance
of N also tends to infinity, which means that a randomly observed queue
size is likely to be very far from the expected one.

When p = 1, the process is recurrent null (we state this without proof).
Every state is still visited infinitely many times but the intervals between
visits are infinitely long on the average. The long-run mean and variance of
N are infinite, and the probability of observing any given N is zero.

When p > 1, the process is transient (again we give no proof). The
number of jobs in the system grows eventually above any finite number,
never to drop below it again. Not only is the fraction of time that the
system spends in any given state zero in the long run, but the total time it
spends in any state is finite.

We shall sometimes use the terms “non-saturated system” and “satu-
rated system” to describe the cases p < 1 and p > 1, respectively.

A random variable of central importance in a queueing system is
the steady-state response time, w (the time a customer spends in the
system). The average response time is often taken as a measure of system
performance.

We now proceed to find the probability density function f, (z) of the
response time in an M /M /1 system in equilibrium. First, from the random
observer property of the Poisson stream (see section 1.3), it follows that an
arriving customer sees the steady-state distribution (1.42) of the number
of customers in the system. Next, from the memoryless property of the
exponential distribution, if the new arrival finds a customer in service, the
remaining service time of that customer is distributed exponentially with
mean 1/p. The response time of a customer who finds n customers in the
system is therefore the sum of n + 1 independent exponentially distributed
random variables. Such a sum has the n 4 1 stage Erlang density function
gn+1(z) defined in section 1.3:

gnt1 () = p(pe)" e /nl. (1.45)

Combining (1.42) and (1.45), and remembering that p = A\/u, we obtain

ful@) =D ngnir(@) = (1= p)pe™ > " (pux)" /n! = (n — N)e~ =27,
n=0 n=0

(1.46)
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The response time is thus distributed exponentially. No matter how
long a customer has already spent in the system, his remaining time there
still has the same distribution. The average response time W = Efw] is
equal to
1 1

p=A  u(l—p)
Note that this performance measure differs from those in (1.43) and (1.44)
in that it depends on A and p not just through their ratio p. It is possible
for a system to be nearly saturated, with large queue sizes, and yet to have
a very short expected response time.

Let us now generalise the model by allowing ¢ parallel servers (each of
unit speed), keeping the other assumptions as before. This is the M/M/c
queueing system. If at a given moment there are i customers in the system,
the number of customers in service is min(i, ¢). Since each service time is
distributed exponentially with parameter u, the interval until the nearest
service completion is distributed exponentially with parameter g min(i, c).
The process representing the number of customers in the system, { N (¢),¢ >
0}, is therefore a Birth and Death process with constant birth rate, A; = A
(1 =0,1,...), and state-dependent death rate, p1; = g min(i, ¢). The general
solution (1.34) of the balance equations is

w

(1.47)

;= (p'/i)mo, i=0,1,...,c
e { [pi/(dci_c)]ﬂ'o = (p/c)i_cﬂ-c, i>c. (1.48)

Steady-state exists if, and only if, p < ¢. As before, this is a requirement
that the average amount of work brought into the system per unit time
should be less than the amount of work that can be done per unit time.
When p > ¢ the system is saturated (recurrent null if p = ¢ and transient
if p > ¢).

To determine the steady-state distribution we need the probability of
the idle state:

c—1 -1
mo= |36/ + (o fe)e/ (= p)| (1.49)
i=0
Various performance measures can now be obtained, although the expres-
sions tend to be complicated. In general, an M /M /c system is less efficient
than an M/M/1 system with an equivalent service capacity. Let us carry
out the comparison between an M/M/2 system with parameters A and
w, and M/M/1 system with parameters A and 2u. The non-saturation
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condition is, in both cases, A\ < 2u. We shall use the expected number
of customers in the system, E[N], as a measure of performance. In the
M/M/1 system we have, from (1.43),

A

E|N = .
[Nar/ain Y

For the M /M /2 system, we find first
mo= [+ p+ 22— ) = (@2 p)/@2+ ).
The expression for E[N] now becomes

AN
2 —N)2pu+A)

E[Nyny2 = Zim = (
i=1

The non-saturation condition implies that

Ap
204+ A

> 1.

Therefore

E[Nlyny2 > E[N]njnagi-

A similar inequality holds for any number of servers. The reason for the
worse performance of the M /M /c system is that its full service capacity
is not always utilised: when there are less than ¢ customers in the system,
some servers are idle. The M /M /c system is, in its turn, more efficient than
¢ independent servers with separate queues (i.e. ¢ M/M/1 systems), where
each new arrival joins any of the queues with equal probability. We leave
that comparison as an exercise to the reader. The lesson that emerges from
all this is that, other things being equal, a pooling of resources leads to
improved performance.

A limiting case of the M /M /c system is the system with infinitely many
servers, M /M /oo. Clearly, there can be no queue of waiting customers here.
The solution of the balance equations is as in (1.48), top case, for all :

mi = (p' /im0, i=0,1,.... (1.50)
That solution can always be normalised:

o -1
m = [Zw‘/z'!)] =,

i=0
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Hence, steady-state always exists. This, of course, is hardly surprising since
the service capacity is infinite. The expected number of customers in the
system is E[N] = p.

Other members of the Birth and Death family are models with limited
waiting room: there is a maximum number K of customers that can be
allowed into the system at any one time. All new arrivals who find K
customers in the system are turned away and are lost. Steady-state always
exists in these systems because the number of states is finite. When a limit
on the waiting room is imposed, it is included in the Kendall notation as
another descriptor after the number of servers, e.g. M/G/1/K. We shall
mention here two systems of this type. The first is the M/M/1/K system,
where there can be one customer in service and at most K — 1 waiting.

For us the interest of this model lies in the fact that it is equivalent to
the following closed cyclic system: K customers circulate endlessly between
two servers, 1 and 2, whose service times are distributed exponentially
with means 1/p and 1/, respectively. The order of service is FIFO at
both servers (Fig. 1.5). The cyclic model can be applied, for example, to
a computer system consisting of one CPU and one Input/Output device,
with K jobs sharing the main memory.

To see the equivalence between the M /M/1/K and the cyclic system
note that as long as the number of customers at server 1 is less than K,
customers arrive there at intervals distributed exponentially with mean 1/\;
when all K customers are at server 1, the arrivals stop. This is the same as
having a Poisson arrival stream which is turned off in state K.

The steady-state distribution of the M /M /1/K system state is given by

m=png, i=0,1,..., K, (1.51)

where p = A\/p and 7o = (1 — p)/(1 — pE+1): when p =1, m; = 1/(K + 1),
i=0,1,... K.

Fig. 1.5.
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Our other example is the M/M/c/c system, where only customers who
find idle servers are admitted. The classic application for such a model
is a telephone exchange with ¢ lines. The steady-state distribution of the
number of busy servers is

m = (p' /im0, i=0,1,...,¢ (1.52)

where
c
o= (o /i),
i=0
A measure of performance for this system is the fraction of customers that
is lost. Since Poisson arrivals behave like random observers, that fraction is
equal to

7o = (p°/c) / [Zwm] . (1.53)

i=0
Expression (1.53) is known as “Erlang’s loss formula”.

Let us now return to the M/M/1 queueing system and analyse it
in the steady-state by applying a renewal theory argument. We have
mentioned that when p < 1, every state is entered infinitely many times
at intervals whose expectation is finite. Let ¢1,t2,... be the consecutive
moments when the queueing process {N(t),¢ > 0} enters state 0. These
moments are regeneration points for the process: the behaviour of N(t) on
the interval [t;,t;41) is an independent probabilistic replica of its behaviour
on the interval [t;_1,t;),j = 2,3,.... In particular, the interval lengths
(tj+1—t;),j =1,2,..., are independent and identically distributed. Denote
their expectation by T':

T = Eltjp1 — ).

Let T; be the total expected amount of time that the process spends in
state ¢ during a regeneration period (i = 0, 1,...). By the same argument
that led to equations (1.38) and (1.39) it can be shown that the long-run
fraction of time that the process spends in state ¢, and hence the steady-
state probability of state i, is given by

m=T/T, i=0,1,.... (1.54)

Now we proceed to find the expectations T;. Denote by M; the average
number of visits to state ¢ during a regeneration period. Then, since the
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average time the process remains in state 0 on each visit is 1/A, and the
average time it remains in state ¢ (¢ > 0) on each visit is 1/(A+ p), we have

Ty = Mo/

_ (1.55)
TIZMl/(A—FM), 221,2,....

But a visit to state i is either a result of a transition from state ¢ — 1, with
probability A\/(A+p), or a result of a transition from state i+ 1, with proba-
bility p/(p+ M), 2 =1,2,.... State 0 can be entered only from state 1, with
probability u/(+ A) (for the transition probabilities, see (1.17)). Hence,

0= M,
A+
(1.56)
M= MM, =12
i A"‘ﬂ i—1 )\"'ﬂ i+1, g Ly e
Substituting (1.55) into (1.56) we obtain
Mo = uT (1.57)

()\'f’,u)Ti:)\Tifl +puTipr, 1=1,2,....

These last equations, together with 7o = 1/ (there is only one visit to state
0 during a regeneration interval) can be solved by successive elimination:

Ti=p'/\, i=0,1,.... (1.58)

The average length of a regeneration interval is, of course, equal to

T=> T =1/[A\1-p). (1.59)
i=0
Substituting (1.58) and (1.59) into (1.54) we finally obtain the desired
distribution
mi=p(1—p), i=01,....

Note that the above approach can be applied to the general Birth and
Death process as well, with obvious minor modifications.

1.6. Little’s result. Applications. The M/G/1 system

We shall derive here a simple relation between the average response time
and the average number of customers in a queueing system in equilibrium.
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The first rigorous proof of that relation was given by Little [6]; hence, it
is known as “Little’s result”, or “Little’s theorem”. However, the validity
of the result had been realised earlier and there were also proofs for some
special cases.

Consider an arbitrary queueing system in equilibrium, and let N, W
and A be the average number of customers in the system, the average time
customers spend in the system and the average number of arrivals per unit
time, respectively. Little’s theorem states that

N = \W, (1.60)

regardless of the interarrival and service time distributions, the service
discipline and any dependencies within the system. Note that we have
not even specified what constitutes “the system”, nor what customers do
there. It is just a place where customers arrive, remain for some time and
then depart. The only requirement is that the processes involved should be
stationary (independent of time).

Let us first give an intuitive justification for (1.60). Suppose that the
system receives a reward (or penalty) of 1 for every unit of time that a
customer spends in it. Then the total expected reward per unit time is
equal to the average number of customers in the system, N. On the other
hand, the average number of customers coming into the system per unit
time is A; the expected reward contributed by each customer is equal to his
average residence time, W. Since it does not matter whether the reward is
collected on arrival or continuously, we must have N = AW. (This, and the
following argument and proof, are due to Foster [5].)

A different interpretation of relation (1.60) is obtained by rewriting it
in the form A = (N/W). Since a customer in the system remains there
for an average time of W, his average rate of departure is 1/W. The total
average departure rate is, therefore, N/TW. Thus, the relation holds if the
average arrival rate is equal to the average departure rate. But the latter
is clearly the case since the system is in equilibrium.

The above arguments should suffice to convince us that Little’s result
holds in its full generality. To prove it formally (admittedly in a slightly
less general case: arrivals in batches will be excluded), denote by F,(z) the
probability distribution function of the response time. The average response
time is given by

o0
W= / (1= Fy(z))dz.
0
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Fix an arbitrary moment ¢ in the steady-state. The customers who are in the
system at that moment are those who arrived before ¢ and will depart after
t. Since the arrival process is stationary with rate A and customers arrive
one at a time, the probability that there was an arrival at time ¢t —u is A du.
Such an arrival is still in the system at time ¢ with probability 1 — Fy,(u).
Therefore, point ¢t — u contributes an average of A\(1 — F,,(u))du customers
to the ones present at time ¢. Integrating over all values of u yields

N = /0 A1 = Fyy(u))du = AW,

thus establishing the result.

Little’s original proof of the relation contained another, more basic
assertion: if the space averages N, A and W are replaced by time averages —
that is, averages over an individual realisation of the queueing process —
then in every such realisation (1.60) holds with probability 1. This is an
instance of an operational identity.

Let us now turn to some applications. Consider first a queueing system
where customers are served by a number (finite or infinite) of identical
servers of unit speed. Denote, as before, the arrival rate by A and the
average service time by 1/u. The relevant distributions can be general, as
can be the scheduling discipline. Assume further that customers do not
leave before receiving service. Define the set of servers, o, as “the system”,
for the purpose of Little’s theorem. Since every incoming customer enters
a server eventually, the rate of arrivals into o is also A. The average time a
customer spends in o is equal to 1/u. According to the theorem, the average
number of customers in o is A/p.

Thus, in any G/G/c or G/G/oco system in equilibrium, the average
number of busy servers is equal to the traffic intensity, p. One consequence
of this is that the condition p < ¢ is necessary for the existence of
equilibrium in the general case (we have already seen that it is necessary
and sufficient in the case M/M/c). When ¢ = 1, the average number of
busy servers is equal to the probability that the server is busy. Therefore,
in any single-server system in the steady-state we have

P (there are customers in the system) = p, (1.61)

P (idle system) = 1 — p.

Suppose that the customer population is split into classes, numbered
1,2,..., with different characteristics. Let the arrival rate and the average
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service time of class ¢ customers be \; and 1/pu;, respectively (i = 1,2,...).
Then, applying Little’s theorem to the class i customers only, we find (in
exactly the same way as above) that the average number of class ¢ customers
in service is p; = (A\i/pi), and it is necessary that ). p; < c.

In single-server systems we have

P (a customer of class i is in service) = p;,
(1.62)

P (idle system) = 1 — Z i

3

As our next example, we shall find the steady-state average number of
customers, N, and the average response time, W, in a single-server system
with Poisson arrivals and generally distributed service times (M/G/1). The
scheduling discipline is FIFO; interarrival and service times are assumed to
be mutually independent; there is a single-customer class. The techniques of
the previous sections cannot be applied to this system (at least not directly),
because the process {N(t),t > 0} representing the number of customers in
the system is not Markov in general. When the distribution of service times
is not exponential, the process behaviour after a given moment depends on
its history prior to that moment. However, here we are only interested in
the averages N and W, which can be obtained by a rather simple argument.
A more detailed study of the M/G/1 system will be presented in Chapter 2.

By the random observer property of the Poisson stream, a new arrival
into the system finds an average of N customers there. Of these, we saw
that an average of p are being served and N — p are waiting in the queue.
Each of the waiting customers will take an average of 1/ to serve, as will
the new arrival himself. Denote by Wy the expected remaining service time
of a customer found in service by a random observer. We can then write,
for the expected residence time of the new arrival,

W = pWo + (N = p)(1/p) + (1/p)-

Substituting Little’s result, W = N/, in this equation, and solving for N,
we obtain

N =p+ AWo—2—. (1.63)
L—p

It remains to determine the quantity Wy. To do this, imagine the con-
secutive service intervals laid end-to-end on the time axis, thus eliminating
any idle periods. The resulting sequence of independent and identically
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distributed intervals forms a “renewal process”. The end-points of the
renewal intervals are called “renewal epochs”. We are interested in the
random variable representing the time between a random observation point
and the next renewal epoch (Fig. 1.6); this is the “residual lifetime” of the
renewal interval (also sometimes called “random modification” or “forward
recurrence time”).

Let f(x), m and My be the probability density function, the mean
and the second moment of the renewal interval, respectively (in our case,
m = 1/u). Consider the renewal process over a very long period of time, 7T'.
Since, on average, there are T//m renewal intervals during 7', and since a
renewal interval is of length x with probability f(x)dz, the average number
of renewal intervals of length = during the period T is equal to [T f (x)dx]/m.
Hence, the average portion of T' covered by renewal intervals of length x
is equal to [Tz f(x)dx]/m. The random observation point is, by definition,
equally likely to fall anywhere in T'; therefore, the probability f (z)dz that
the observed renewal interval is of length z is given by

flz)dx = (zf(x)dz)/m. (1.64)

From (1.64) we obtain the average length, m, of the observed renewal
interval:

m= /Oooxf(a:)dszg/m. (1.65)

Note that m is always greater.than or equal to m, with equality only when
M, = m?, i.e. when the variance of the renewal interval is zero. This is
because a renewal interval which receives the observation point is more
likely to be long than one which does not. Since the observation point is
equally likely to fall anywhere in the observed interval, the expected residual
lifetime is equal to

Wo = m/2 = My/(2m). (1.66)
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It is interesting that, in some cases, the expected residual lifetime can be
greater than the expected lifetime!
We can now substitute (1.66) with m = 1/, into (1.63). This yields

A2 M,
2(1-p)

The above expression is known as Pollaczek-Khintchine’s formula. It is
usually written in the form

=p+ (1.67)

p*(1+C?)
2(1—p)
where C? = Var[s|/(E[s])? = (u?Mz) — 1 is the squared coefficient of

variation of the service time s. Here, as in the M/M/1 system, we note
the appearance of (1 — p) in the denominator; the expected number of

N=p+ (1.68)

customers in the system approaches infinity as p — 1. For fixed A and p,
the value of N is determined by the coefficient of variation of the service
times. When C? > 1, the M/G/1 system performance is worse than that
of the M/M/1 system (C? = 1 for the exponential distribution); when
C? < 1 it is better. The average response time W in the M/G/1 system
can, of course, be determined easily from Little’s theorem: W = N/\.

For the last example we return to a topic covered twice already:
the steady-state distribution {mp,71,...} of the number of customers in
the M/M/1 system. An ingenious derivation, using Little’s theorem, was,
proposed by Foster [5]. Its interest lies in the conjuring trick whereby a
distribution is pulled out of a hat containing only averages.

Identify individual queue positions by numbering them 1,2,...: 1 is
the service position, 2 is the first waiting position, etc. The steady-state
probability ¢; that the j-th position is occupied is equal to the probability
that there are j or more customers in the system:

g =7 +mip1+..; J=12,....

This is also the average number of customers in the j-th position.

After a service completion, every customer in the system moves by
one queue position to the next lower index. Every customer who finds,
on arrival, 5 — 1 or more customers in the system, passes eventually
through position j. Therefore, the rate of arrivals into position j is Agj—1
(j = 1,2,...; gqo = 1 by definition). The average time that customers
remain in position j is equal to 1/, regardless of whether they arrive there
directly or from position j + 1 (this is because of the memoryless property
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of the exponential distribution). Applying Little’s theorem to the “system”
consisting of the j-th queue position gives

q = Agj—1/p=pgi-1; j=1,2,....

This, together with ¢y = 1, yields

qj:pjj:1a27"'a or Trj:qj_qj"'l:pj(l_p)a ]:Oa177

the same expression as (1.42).

1.7. Operational identities

It will be instructive, at this point, to examine more closely the sample
path behaviour of a general queueing process, {N(t),t > 0}, representing
the number of customers in a system. Any such sample path is a step
function of the type illustrated in Fig. 1.1: the function jumps up by one
at arrival instants and it jumps down by one at service completion instants
(bulk arrivals and departures are excluded). In this section only, N (t) will
denote a sample path function; it should be remembered that this is not
now a random variable, but an ordinary function of ¢ describing a particular
realisation of the queueing process.

Consider a sample path N (t) over a time interval [a, b] such that N(a) =
N(b) (Buzen [2]). Let m and M be, respectively, the minimum and the
maximum values reached by N(¢) on [a,b]. Since all jumps are of unit
magnitude, every value n in the range m < n < M is attained at least once
during that interval. For each such n, denote:

T'(n), the total amount of time the sample path remains at level n during
[a, b];

A(n), the number of jumps from n to n + 1 during [a, b] (i.e. the number
of arrivals who find n customers in the system);

D(n), the number of jumps from n to n — 1 during [a,b] (i.e. the number
of departures who leave n — 1 customers behind). Clearly, A(n) > 0 for
n=m,m+1,...,M—1and D(n) >0forn=m+1, m+2,...M.

From the “operational equilibrium” condition N(a) = N (b) it follows
that

An)=D(n+1), n=mm+1,...,.M —1. (1.69)
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This equation yields, in a straightforward manner,

Am)T(n)  Dn+1)T(n+1) B
o) T~ Tt T n=mm+1,...,.M—1, (1.70)

where T' = b — a is the length of the observation interval. Now, A(n)/T(n)
is the observed average number of arrivals per unit time in state n;
denote it by A(n). Similarly, u(n) = D(n)/T(n) is the observed average
number of service completions per unit time in state n. The ratio
T(n)/T, which we shall denote by p(n), represents the observed proportion
of time that the system remains in state n. In this notation, (1.70)
becomes

An)p(n) = pn+1)pn+1), n=mm+1,....M —1. (1.71)

Note the similarity of form between (1.71) and the balance equations
(1.33) of the Birth and Death process. It should be realised, however,
that the content is very different. The relations (1.33) were between the
parameters A;, u; of a certain stochastic process, and the probabilities m;,
taken over the set of all sample paths of that process. Those relations could
be used to determine the probabilities. Here, on the other hand, we have
identities valid for any sample path of any queueing process. The equations
(1.71) can also be solved for p(n):

B n—1 )\(k) B
p(n)—p(m)kgnm, n=m+1,...,M, (1.72)

where p(m) is obtained from the normalising equation

The fractions p(n) can thus be determined in terms of the fractions A(n)
and p(n). The latter are not, however, parameters of the process; they are
characteristics of the same sample path for which the former are sought.
Knowing the values of A(n) and p(n) for one sample path does not help to
find the values of p(n) for another sample path.

Suppose now that the sample path N(t) is observed over longer and
longer periods of time, and that during those periods it attains wider and
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wider ranges of values. In other words, let T — oo, m — 0, M — oo.
Suppose further, that the limits

oy Al _ o D) _ o I(n)
An= om0 ey pes fim = (1T3)
exist and are non-zero for all n = 0,1,... (except for pg). Continuing the

analogy with the Birth and Death process, one would naturally expect the
fractions p, to be the unique solution of the infinite system of equations

n =1
2 (1.74)
Anpn = Un+1Pn+1, n:O,l,....

This is not necessarily the case, as can be seen from the following example.

Consider the sample path illustrated in Fig. 1.7. N(t) goes through
alternating busy and idle periods of unit length. During the i-th busy period
(i=2,3,...), it spends time £/2" ! at level n, n = 1,2,..., i — 1, and the
rest of the time at level i (0 < e < 1). It is easily seen that the limits (1.73)
for this sample path are

=1, AN=p,=2""1, n=12...
po=1/2, p,=¢/2", n=12....

Equations (1.74), on the other hand, yield

Pn = (/2" Dpo,  po=1/(1+ 2e).

N
3
£ £
Y 1
2l \ '
£ < £ £
2 2 2 2
| \ / “\ e
] 2 3 4 5

Fig. 1.7.
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If we were dealing with a Birth and Death process with the above
parameters, then a sample path should spend, in the long run, a fraction
1/(1 + 2¢) of its time in state 0, with probability 1. A pathological sample
path like the one in Fig. 1.7 may occur, but the probability of such an event
is zero.

1.8. Priority queueing

Let us now move away from the First-In-First-Out scheduling discipline and
study some queueing models where the order of service is determined by
externally assigned priorities. The customer population is split into a set R
of distinct classes, numbered 1,2, .... That set may be finite or infinite. The
class indices are used as priority levels: customers of class ¢ have priority
over those of class j if i < j.

The models that we shall consider have several common features. In
all cases, customers of different classes are assumed to arrive into the
system according to independent Poisson streams, with rate \; for class
i (i=1,2,...). Service is given by a single server of unit speed and within
each class customers are served in FIFO order. The server cannot be idle
when there are customers in the system. If customers of different classes
are waiting for service, the ones with higher priority (lower class index) will
be served first.

There are several possibilities concerning the action to be taken when
a higher-priority customer arrives to find a lower-priority one in service. In
our first model, the new arrival waits until the current service is completed
before beginning his own. This is the “non-pre-emptive” or “head-of-the-
line” priority discipline (Cobham [4]): after each service completion, the cus-
tomer with the highest priority among those waiting is selected and served
to completion. The service times for class ¢ customers may be generally
distributed, with mean 1/u; and second moment Mo; (i = 1,2, ...). We shall
denote, as usual, the traffic intensity for class i by p; = A;/p; this is the
expected amount of work of class ¢ brought into the system per unit time.

The condition for non-saturation is that the server should be able to
cope with the work brought in:

Zpi < 1.

i€R
Under that condition, we shall be interested in the steady-state average

number of class 7 customers in the system, N;, and the average response
time for class 7, W;.
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It was shown in section 1.6 that the expected number of class i
customers in service is p; (this is also the probability that a new arrival finds
a class i customer being served). If a class 7 customer is found in service,
his expected remaining service time Wy, is given by equation (1.66):

1 .
Woi = §H1M21‘; 1€ R.
Therefore, the overall expected delay Wy caused by any customer that might
be found in service is equal to

1 1
1ER i€ER

Consider the expected total delay, W7, to which a top-priority customer
is subjected. Apart from W}, that delay comprises the service times of
all class 1 customers that our customer finds in the queue (their average
number is N7 — p1), plus his own service time. Hence,

Wi =Wo+ (N1 —p1)/pa + 1/

Substituting, from Little’s theorem, N; = A\ W7, and solving for W7,
we obtain

Wi =1/ +Wo/(1 - p1). (1.76)

Let us examine now the total average delay, Ws, suffered by a
class 2 customer. First we make the following remark: suppose that a class 2
customer has to wait for time 7' (no matter for what reason). All class 1
customers who arrive during 7" will be served before him. Since class 1 work
is brought into the system at rate p; per unit time, this causes an additional
delay of p1T. But all class 1 customers who arrive during that additional
delay will be served before our customer, causing a further delay p?T, etc.
Thus any delay T inflicted on a class 2 customer is stretched to

T(l+p+pi+--)=T/(1—p1)

due to the continuing arrival of class 1 customers.

On arrival, a class 2 customer is subjected to delays by the customer
in service (average of W), the class 1 customers in the queue (average of
(N1 — p1)/p1) and the class 2 customers in the queue (average of (Ny —
p2)/p2). Each of these delays is stretched by a factor of 1/(1 — p1) because
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of subsequent class 1 arrivals. On top of all that, there is the customer’s
own service time. The expression for W5 takes the form

Wao = [Wo + (N1 — p1)/p1 + (N2 — p2)/p2] /(1 — p1) + 1/ po.
Substituting N1 = A\;W; (where Wy is given by (1.76)) and No = AW,
and solving for W5 yields
1 Wo
— 4+ .
p2 - (L=p1)(L—p1—p2)

We can now write a similar formula for an arbitrary customer class,

W, =

(1.77)

j. Note that if customer classes 1,2,...,j7 — 1 are lumped together into a
single class, H, and are served in FIFO order, this will not affect in any
way the customers of class j. Class H would then be the top-priority class
and class j the second-priority class. The value of W will remain the same.
The traffic intensity for class H, py is equal to

pH = p1+p2+-+pj-a.

Applying formula (1.77) to class j gives

W= 44 Mo
Yo (L=pu)(1 = pu — py)

o /() ()] o

where we have used (1.75). The average number of class j customers in the
system is obtained, of course, from Little’s theorem: INV; = \;W;.

It is intuitively clear that, with priority scheduling, higher-priority
customers receive better treatment at the expense of lower-priority ones.
The above expressions make that intuition quantitative. They also allow
one to address various optimisation problems. For instance, given the arrival
and service characteristics, and a cost function of the form

C = ZciWi7

iI€ER

1
=—+
1

how should one assign priorities to classes in order to minimise C'? We shall
solve this problem in Chapter 6.

As an application of formulae (1.78), consider the M/G/1 system under
the Shortest-Processing-Time-first (SPT) scheduling discipline. Service
times are assumed to be known in advance and, after each service
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completion, the customer with the shortest service time of those waiting
is selected and served to completion. Customers arrive in a Poisson stream
with rate \; the probability distribution function of their service times is

This model can be reduced to the one with head-of-the-line priorities
by introducing an infinity of “artificial” customer classes, using the service
time x as a class index (for a rigorous derivation, service times should be
first assumed discrete and then a limit taken). Customers of class x arrive
at rate A\, = AdF(x); the first and second moments of their service times
are, of course, x and z2, respectively. The traffic intensity for class x is
pz = AxdF(x). Substituting these parameters into (1.78) and replacing the
sums by integrals we obtain the conditional expected response time W, of
a customer whose service time is « (Phipps [7]):

W, ==x

+ [/Om )\quF(u)}/P (1 — /Oz_ )\udF(u)) (1 — /Oz+ )\udF(u))]
::x+(AAb/@/{<1—lém_AudF@0)<1—lAz+AudF@0)],

where My is the second moment of F(x) and 2~ and 2™ denote limits from
the left and from the right (if F'(u) is continuous at point z, the two are
identical). The unconditional expected response time W is given by

(1.79)

W= /0 W,dF (z). (1.80)

We shall see in Chapter 6 that, of all non-pre-emptive scheduling disciplines,
SPT yields the least average response time W.

Let us now return to the priority model with classes 1,2,.... Suppose
that when a higher-priority customer finds a lower-priority one in service,
he interrupts the service in progress and starts his own immediately. This
is a pre-emptive priority discipline: customers of class j are served only
when there are no customers of classes 1,2,...,7 — 1 in the system. To
define the discipline completely, one should specify what happens to a
pre-empted customer. Does he later continue his service from the point
of interruption (pre-emptive-resume discipline), or does he restart the
same service from the beginning (pre-emptive-repeat without resampling),
or does he request a new independent service (pre-emptive-repeat with
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resampling)? To avoid these complications, and to make the analysis easier,
we shall assume that class i service times are distributed exponentially with
mean 1/p; (i =1,2,...). Now, it does not matter which of the above policies
is chosen, because of the memoryless property.

Again, we are interested in the expected response time W; for customers
ofclass j (j = 1,2,...). Because priorities are pre-emptive, class j customers
are not affected in any way by the existence of classes 7+ 1,7+ 2,.... In
particular, class 1 customers behave as they would in a single-class M /M /1
system with parameters A; and p;. Their expected response time is given
by expression (1.47):

1
" (L= p1)

Following a similar argument as before, we note that every delay to
which a class 2 customer is subjected is stretched by a factor of 1/(1 — p1)
because of subsequent class 1 arrivals. The delays that should be included
in this calculation are due to the class 1 customers he finds in the system
(average number N; each taking an average of 1/u1 to serve), the class 2
customers he finds in the system (average Na/u2) and his own service time
(average 1/us). Hence,

(N1/p1) + (No/pa) + (1/p2)
(1—p1)

Substituting N1 = AWy, No = AW, using the known expression for W,
and then solving for W5 yields

Wy =

B 1 (p1/p1) + (pa/p2)
Ve a—m T A== pi—pa)

This expression generalises easily to an arbitrary class j:

fbleg)]
g(pi/ui)] /l<1—§p1> (1—12:;)1-)] . (1.81)

Note the similarity between (1.81) and (1.78). The numerator in the
second term of (1.81) also represents expected residual service, this time
averaged over classes 1,2,...,7 only.

_|_
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