Chapter 1

Preliminaries

In this chapter we collect concepts and results, which will be essential tools for
describing and proving what follows in subsequent chapters. The discussion is brief
and few proofs are given; rather we give references to appropriate sources in the
literature. Unless mentioned otherwise, our Hilbert spaces are infinite dimensional
and over the complex field C.

1.1 Linear operators

We shall assume familiarity with the notions of bounded, closable, closed, symmetric
and self-adjoint operators: for a comprehensive treatment of what is needed, see
[Edmunds and Evans (1987)]. The following topics and facts are included in any
basic coverage, we collect them here for ease of reference as they will be important
later.

The first topic concerns von Neumann’s theory of extensions of a symmetric
operator and the supporting background material. The numerical range of a linear
operator T' with domain D(T') and range R(T) in a Hilbert space H is the set

O(T) :={(Tu,u) : uw € D(T), |ull = 1},

where (-,-), || - || are, respectively, the inner product and norm of H. It is a convex
subset of C and, hence, so is its closure O(T'). The complement A(T) := C\ ©(T),
has either one or two connected components. If T' is bounded, ©(T") is a bounded set

and, hence, A(T') is connected; if ©(T') is an infinite strip, A(T) has two connected
components, A1 (T) and Ay (T'), say, both being half-planes. Let T' be closed, denote
by I the identity on H and let A € A(T). Then T — AI has closed range R(T — \I)
with trivial null space (or kernel) N(T'— AI) and its range has constant co-dimension
in each connected component of A(T): in the standard terminology, T — A is
therefore a semi-Fredholm operator with zero nullity, nul(T'— AI) := dim N(T'— AI),
and constant deficiency, def(T — M) := codim R(T — AI), in each of A;(T) and
Ay(T). If T is a closed symmetric operator, ©(T) is a closed subinterval of the
real line and so A(T') includes the upper and lower half-planes C. In this case the
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2 Spectral Analysis of Relativistic Operators

constant values of def(T'—AI) for A € Cy are called the deficiency indices (my,m_)
of T:

me(T) = def(T — AI), A€ Cy
and also
def(T — A1) = dim[R(T — A\I)*] = nul(T* — XI),
where | denotes the orthogonal complement, and T* the adjoint of T. The closed
subspaces Ny := N(T*Fil) are called the deficiency subspaces of T, their dimension
being the deficiency indices m4 (7). An important result of von Neumann is that if

T is a closed symmetric operator, the domain D(T*) of its adjoint T has the direct
sum decomposition
D(T*)=D(T) + Ny +N_.
This gives
dim {D(T*)/D(T)} = m(T) + m_(T), (1.1.1)
where D(T*)/D(T) denotes the quotient space.

A closed symmetric operator T is self-adjoint if and only if R(T' — AI) = R(T —
M) = H for some, and consequently all, A ¢ R. Therefore T is self-adjoint if and
only if m(T) = m_(T) = 0. Another consequence of von Neumann’s theory of
extensions of symmetric operators is that T has a self-adjoint extension if and only
it my(T) =m_(T). If T is not closed, but only assumed to be closable, it is said
to be essentially self-adjoint if its closure T is self-adjoint. Equivalently, T = T* is
the unique self-adjoint extension of 7T

The following Kato—Rellich theorem, concerning the stability of self-adjointness
or essential self-adjointness under perturbations will have an important role to play.
Recall that a linear operator P in H is said to be relatively bounded with respect to
T, or T-bounded, if D(T') C D(P) and there exist non-negative constants a, b, such
that

| Pul| < allul| +0||Tul|, forall e D(T). (1.1.2)
The infimum of the constants b satisfying (1.1.2) for some a > 0 is called the T-
bound of P. If P is T-bounded, satisfies (1.1.2) and is closable, then P is T-bounded
and

[Pul| < allul| + b]|Tul|, for all we D(T).
P is said to be T-compact if D(T') C D(P) and for any sequence {u,} in D(T") which
is such that | Tu,| 4 ||un|| is bounded, {Pu,} contains a convergent subsequence.
If we endow D(T') with its graph norm, namely,

lullz = (ITull? + [lul*)/2,
then P is T-compact if its restriction to D(T") is a compact map from D(T') into H.
If T is self-adjoint, this is equivalent to saying that P(T +i)~! is compact on H.

Theorem 1.1.1. Let T be a symmetric operator in H and P a symmetric operator,
which is T-bounded with T-bound < 1. Then
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Preliminaries 3

(1) if T is self-adjoint, so is T + P;
(2) if T is essentially self-adjoint, so is T+ P and T + P =T + P;
(3) if P is T-compact and T is self-adjoint, then T + P is self-adjoint.

The theorem does not hold in general if P is assumed to have T-bound 1.
However, the following is proved by Wiist in [Wiist (1971)]; see also [Kato (1976)],
Theorem V.4.6.

Theorem 1.1.2. Let T be essentially self-adjoint and P a symmetric operator with
D(T) C D(P) and ||Pu|| < allu|| + ||Tu|| for some a > 0 and all uw € D(T). Then
T + P is essentially self-adjoint.

1.2 Quadratic forms

In quantum mechanics, the differential operators encountered, like the Schrédinger
and Dirac operators, are required by the theory to be self-adjoint in the underlying
Hilbert space H. This is often not an easy property to establish, and it is custom-
ary to start by first restricting the operator on C§°(R?), for instance, so defining a
symmetric operator. If this operator is essentially self-adjoint, then there is no am-
biguity about the self-adjoint operator to be taken, since the closure is the unique
self-adjoint extension. However, it is often the case that there are many self-adjoint
extensions and then physical considerations come into play in selecting the appro-
priate self-adjoint extension. The physically relevant extension is the Friedrichs
extension. This is defined in terms of a symmetric quadratic (or sesquilinear) form
associated with the initial symmetric operator; see [Edmunds and Evans (1987)],
Chapter IV. More generally, one can start with a symmetric quadratic form ¢ (usu-
ally referred to merely as a form), which is densely defined, bounded below and
closed in H. Closed means that if t[u] := t[u,u] > d|jul|? for all u in the domain
D(t) of t, then D(t) endowed with the norm |lu||; := (t — & + 1)'/2[u] is complete:
the form is closable if the completion of D(¢) with respect to the aforementioned
norm can be identified with a subspace of H, i.e., this completion of D(¢) is contin-
uously embedded in H. We set H; to be the normed space (D(t); || - [|+): it is in fact
an inner-product space as the norm is obviously generated by the inner product
t—56+ D[, ]

A form p is said to be relatively bounded with respect to a form t, or simply
t-bounded, if D(p) D D(t) and

[plull < allul® +blt[u]], ue D), (1.2.1)

where a,b are non-negative constants. The infimum of the constants b satisfying
(1.2.1) for some @ > 0 is called the t-bound of p. The analogue of Theorem 1.1.1 for
forms is

Theorem 1.2.1. Let t be a densely defined, symmetric quadratic form, which is
bounded below, and p a symmetric form, which is t-bounded with t-bound < 1. Then

SPECTRAL ANALY SIS OF RELATIVISTIC OPERATORS
© Imperial College Press
http://www.worldscibooks.com/mathematics/p566.html



4 Spectral Analysis of Relativistic Operators

(1) t is closable;

(2) t+ p is bounded below;

(3) t+p is closable with the closures of t and t + p having the same domain;
(4) t+p is closed if and only if t is closed.

There is a physically distinguished self-adjoint operator associated with ¢, given
by Kato’s first representation theorem:

Theorem 1.2.2. Let t be a closed, densely defined quadratic form in H, which is
bounded below. Then there exists a self-adjoint operator T in H such that

(1) w e D(T) if and only if there exists f € H such that, for all v € D(t),

tlu, v] = (f,v)
in which case f = Tu;
(2) D(T) is dense in Hy;
(3) ifue D), fe€H and
t[u, ’U] =(f,v)

for all v in a dense subspace of Hy, then f = Tu.
The space H; is referred to as the form domain of T, and is usually denoted by

QD).
If Ty is a given symmetric operator in H which is bounded below, the form
tolu,v] = (Tou,v), u,v € D(Ty),

is closable, densely defined and bounded below and its closure satisfies the first
representation theorem. In this case the operator T' in the theorem is the Friedrichs
extension of Ty. It is in fact the restriction of 75 to D(TF) N D(t) and has the same
lower bound as Tp.

Suppose now that ¢ = t; +t2, with domain D(t1)ND(t2), where t1, o are densely
defined, closed forms, which are bounded below, and that ¢ is also densely defined,
closed and bounded below. Then, self-adjoint operators T, T7, Ty are associated
with the forms ¢, t1, to. In this case T is called the form sum of T} and T5, written
T =T +Ts If D(T1) N D(T3) is dense in H, the Friedrichs extension of T + T
is also defined, but in general this differs from the form sum; see [Kato (1976)],
Example VI-2.19.

A non-negative self-adjoint operator 7' has a unique square root 7''/2 which is
also non-negative and self-adjoint. Furthermore, D(T) is a core of T/2, i.e., D(T)
is dense in the Hilbert space H(T'/?) defined by D(T'/?) with the graph norm

1/2
el sy = (U720l + Jull?) = (T + )2l
These observations lead to the second representation theorem:
SPECTRAL ANALYSIS OF RELATIVISTIC OPERATORS
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Preliminaries 5

Theorem 1.2.3. Let t be a closed, densely defined, non-negative symmetric form,
and let T be the associated self-adjoint operator. Then D(t) = D(T'/?) and

tu,v] = (TY?u, TY?v), u,v e D(TY?).
Thus Q(T) = H (T'/?).

The operator (T + 1)'/2 is an isometric isomorphism of H (T'/?) onto H and
its adjoint is (T + 1)'/2, which is an isometry of H onto H_(T'/?), the completion
of H with respect to the norm

lull a2y = (T + 1)~ 2ul?.
We have the triplet of spaces
H (TY?) — H — H_(T"?), (1.2.2)

with embeddings defined by the identification maps, which are continuous and have
dense ranges.

Let P be a non-negative, self-adjoint operator, which is a form-bounded pertur-
bation of the non-negative self-adjoint operator 7" in the sense that Q(P) 2 Q(T") =
H (T'?), ie., D(P/?) 2 D(T"/?) and

1P 2u)) < Kllullg, (/2
for some non-negative constant K. Then P is said to be form compact, relative to T,
or form T-compact, if it is compact from Hy(T'/?) to H_(T'/?). Equivalently, this
means that (T'+ 1)"'/2P(T +1)~'/? : H — H is compact. Note that, on setting
A= PY2(T 4 1)"2 we have (T +1)"Y2P(T 4+ 1)~'/2 = A* A, which is compact
on H if and only if A is compact.

Theorem 1.2.3 yields the polar decomposition of a general densely defined, closed
operator S acting between two Hilbert spaces H; and H_. In this case

slu,v] := (Su, Sv)g_, wu,ve D(S)C Hy
is densely defined, non-negative and closed, since
(s + D] = [Sullf_ + lullF, = llullf, s

and H,.(S) is complete. It follows that the non-negative, self-adjoint operator
associated with s in Theorem 1.2.3 is T'= §*S and

slu,v] = (TY?u, TV?*0)g,,  u,v € D(TY?) = D(S).

The operator T'/? = (5*S)/2 is called the absolute value of S and written |S|.
The form domain of a general self-adjoint operator S is defined to be Q(|S]). The
operators Sy := (1/2)(]S] £ S) are called the positive and negative parts of S. The
map

|S|u — Su: R(|S|) onto R(S)
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6 Spectral Analysis of Relativistic Operators

is an isometry, and extends by continuity to an isometry U from R(|S|) = N(|S|)*+

onto R(S) = N(S)*. On setting Uu = 0 for u € R(|S|)t = N(|S|), U is a partial

isometry with initial set R(|S|) and final set R(S). Its adjoint U* is a partial

isometry with initial set R(S) and final set R(|S|). The formula
S =Uls|, D(S) =D(S)), (1.2.3)

is called the polar decomposition of S. See [Edmunds and Evans (1987)], Section
IV.3 for further details.

An elegant way of establishing (1.2.3) and consequent properties, is based on the
notion of a supercharge in supersymmetric quantum mechanics; see [Thaller (1992)]
Chapter 5. Abstractly, a supercharge @) is a self-adjoint operator in a Hilbert space
H which anti-commutes with a unitary involution 7 defined on H, i.e., 7 is a bounded
self-adjoint operator on H which is such that 77* = 7*7 = 72 = [ and Q7+7Q = 0.
The operators Py = 1/2(1+7) are orthogonal projections onto subspaces Hy and H
has the orthogonal sum decomposition H = H @ H_. On expressing u = u4 + u_
as the column vector (u4,u_)!, where the superscript denotes the transpose, the
standard representation for 7 is

(10
()

with respect to which, a supercharge Q is an off-diagonal matrix operator. It is
readily shown that there is a 1-1 correspondence between densely defined closed
operators S acting between H, and H_, and supercharges of the form

°-(57)
on D(Q) =D(S) ® D(S*) in H = H; & H_. The operator Q is self-adjoint and
D(Q*) ={f € D(Q) : Qf € D(Q)} = D(8*S) & D(SS).
Since
N(Q) = N(S) ® N(57),

and

it follows that

N(S) = N(§*S) = R(S*)* = R(5*S)* (1.2.4)
and

N(S*) = N(SS*) = R(S)" = R(SS*)*. (1.2.5)
Also, by (1.2.3) and S* = |S|U*, we have on N(Q)* that

§'6 0\ _ o (U'SS'U 0
0 §s5*) ~ ¢~ 0 USSU* )
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Preliminaries 7

From this we can infer that S*S on (N(S))* is unitarily equivalent to SS* on
(N(S*))* and so

o(55%)\ {0} = (557)\ {0}, (1.2.6)
where o denotes the spectrum. In particular, if A # 0, is an eigenvalue of S*S with
eigenvector f, then A is an eigenvalue of §S* with eigenvector S'f, since

SS*(Sf)=85(S*Sf)=\SYf.
Conversely, if SS*g = Ag, A # 0, then g € D(S*) and S*SS*g = AS*g. Hence,
f=5%g # 0 and satisfies S*Sf = Af. Thus g is of the form g = Sf, where f is an
eigenvector of S*S corresponding to A. See [Thaller (1992)], Section 5.2 for a more
comprehensive and detailed discussion.

1.3 Spectra of self-adjoint operators

To fix notation, we recall the basic definitions. The resolvent set p(T') of a closed
operator T in H is the open subset of C defined by

p(T):={Ae& C: (T —A)"" is bounded on H};
(T — XI)~! is called the resolvent of T. The spectrum o(T) is the complement
C\ p(T). If T is self-adjoint, the half-planes C4 lie in p(T') and

(T = AN~ < [ImA|7!, A ¢R.

Hence, the spectrum of a self-adjoint operator is a closed subset of the real line. Its
discrete spectrum op(T) consists of the isolated eigenvalues of finite multiplicity.
The complement o(T') \ op(T) is the essential spectrum o.(T') of T. The essential
spectrum is a closed subset of R and can contain eigenvalues, which are either
not isolated or are of infinite multiplicity. The set of all eigenvalues of T is called
the point spectrum o,(T). If {E(X)} is the (right continuous) spectral family of
projections associated with T, then P(X) := E(A) — E(A —0) # 0 if and only if
A is an eigenvalue, in which case P(\) is the projection of H onto the eigenspace
corresponding to A. Let H, denote the closed subspace of H spanned by all the
P(MH and H. := Hy. It can be shown that u € H. if and only if (E(A)u,u) =
| E(A\)u||? is a continuous function of A. The spectrum of the restriction of T' to H,
is 0,(T") and the spectrum of the restriction of T' to H, is called the continuous
spectrum of T and written o.(T).

It is helpful to subdivide o.(T') into two parts, determined by the properties of
the Borel measure m,,(S) := (E(S)u,u) for u € H, where, for instance, E([a,b]) =
E(b) — E(b — 0). The absolutely continuous (singular) subspace Hg,.(H) of T is
the set of w € H for which the measure m,, is absolutely continuous (singular). The
absolutely continuous spectrum oq.(T) (singular continuous spectrum cs.(T)) of T
are the spectra of the restrictions of T to H,., H, respectively. It can be shown that
H has the orthogonal decomposition H = Hy. @ Hye ® Hp and H, = Hye ®© He.
See [Reed and Simon (1978)] for further details.
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8 Spectral Analysis of Relativistic Operators

1.4 Compact operators

A particularly important role for compact self-adjoint operators in spectral analysis
is as a tool for locating essential spectra. This is a consequence of a celebrated
result of H. Weyl, namely, that if a symmetric operator P is T-compact, where T’
is self-adjoint, then o¢(T'+ P) = 0(T"). From this it follows that if TS are self-
adjoint operators and (T — A)~! — (S — M)~! is compact for some (and hence
all) A € p(T) N p(9), then o.(T) = 0¢(S). The following two improvements are
useful in applications. The first concerns an operator sum and the second a form
sum. In the first we use the notion of T"-compactness, with 7" > 0 assumed if
n ¢ N: an operator P is said to be T"-compact if D(P) D D(T) and for any
sequence {u,,} which is such that ||T™um||* + ||um||? is bounded, then {Pu,,}
contains a convergent subsequence. In other words, P is compact as a map from
D(T") with the graph norm (||77u||? 4 ||ul|?)*/? into H or, equivalently, P(T™ i)~
is compact on H. In the second P is form T"™-compact, which means that T" > 0
and (T +1)~"/2|P|(T +1)~™/? is compact in H.

Theorem 1.4.1. Let T be a self-adjoint operator, P a symmetric operator defined
on D(T), which is T™-compact for some n € N, and suppose that T + P is self-
adjoint. Then

oo(T + P) = 0,(T).

Gustafson and Weidmann proved in [Gustafson and Weidmann (1969)] that
Theorem 1.4.1 for n € N is no more general than Schechter’s original result in
[Schechter (1966)] for the case n = 2.

Theorem 1.4.2. Let T be a positive self-adjoint operator and P a self-adjoint oper-
ator with Q(P) = Q(|P|) D Q(T"). Suppose the form associated with the sum T + P
is bounded below and closed on Q(T') and let S be the form sum T+ P. Suppose that
at least one of the following is satisfied:

(1) P is T™-compact for some n € N;
(2) Q(|P|) > Q(T') and |P| is form T™-compact for some n € N.

Then c.(S) = o.(T).

See [Reed and Simon (1978)] p. 116, Corollary 4.

For semi-bounded, self-adjoint operators, the maz-min principle quoted in the
next theorem is an invaluable analytical and computational tool. In Chapter 4, we
shall give a result that establishes a modified version for operators with a spectral
gap, and thus, in particular, the Dirac operator. The eigenvalues of the self-adjoint
operator T' below are counted according to their multiplicity and arranged in in-
creasing order.
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Preliminaries 9

Theorem 1.4.3. Let T be a lower semi-bounded, self-adjoint operator in H and,
for each n € N, define

wn(T) := sup inf (T, ), (1.4.1)
Mav e D(T) N My,
o]l =1
where the supremum is taken over all linear subspaces M,,_1 of H of dimension at
most n — 1. Then, for each n € N, the following hold.

(i) pn(T) < Ae(T) := inf{X € 0.(T)} if and only if T has at least n eigenvalues
less than A (T). In this case, un(T) is the nth eigenvalue of T and the infimum in
(1.4.1) is attained when M,_1 is the linear span of e1, ez, - , ey, where e; is the
etgenvector of T corresponding to the jth eigenvalue.

(i1) pn(T) = Ae(T) if and only if T has at most n — 1 eigenvalues less than A.(T),
and in this case pm (T) = pn(T') for all m > n.

In (1.4.1), (Tu,u) and D(T) may be replaced by the form and form domain of
T, respectively.

For non-negative, self-adjoint operators A, B on a Hilbert space H, we write
A< BifQ(B) CQ(A) and afu] < b[u] for all u € Q(B), where a, b are the forms of
A, B, respectively. It follows from the form version of the max-min principle that
the eigenvalues A, (A), A\, (B),n € N, satisfy A\,(A4) < A, (B) for all n and hence
N(\, B) < N(\ A), where

NAT) :=t{n: \(T) < A}
see [Edmunds and Evans (1987)], Lemma X1.2.3.

1.5 Fourier and Mellin transforms

The Fourier transform is given by
1

(Fu)(p) := W /Rn e~ P Xy (x)dx, (1.5.1)

where p-x = Z?:l pjz;. To analyse and describe some of its important properties
we shall use the following standard terminology throughout: for a multi-index a =
(041,062, e ,Oén) S Nga

o TT(1 0N\"
D ._H(MT) , (1.5.2)

J=1

x! = H a:?j, (1.5.3)
j=1
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10 Spectral Analysis of Relativistic Operators

and |a| = a1 +as + -+ + ay.

We shall denote by S(R™) the Schwartz space of rapidly decreasing functions,
ie,u e SR")ifue C°(R") and for every £ € Ny and o = (g, a2, - -+ , ) € NJ,
there exists a positive constant K (a, ¢) such that

x[*|D¥u(x)| < K(a, ).
The Fourier transform has the following well-known properties (see [Weidmann

(1980)], Chapter 10):
(i) F is a linear bijection of S(R™) onto itself and its inverse is given by

(F'v) (x) = !

e Py(p)dp. 1.5.4
el B (15.4)
Moreover, (F~1v)(x) = (Fv)(—x) and F* = I, the identity on S(R™).

(ii) For v € S(R™) and o € N"
{FD*F~"}u(p) = p*v(p). (1.5.5)

(iii) F has a unique extension, which is a unitary operator on L?*(R"). We shall
continue to call this unitary operator the Fourier transform and to write it as F.
We therefore have

F-! =F*. (1.5.6)
In particular, this gives the Parseval formula

(u,’l})Lz(Rn) = (FU,F’U)Lz(Rn). (1.5.7)

(iv) F and F~! are continuous injections of L*(R™) into the space of bounded con-
tinuous functions on R™ with the supremum norm:

1 1
sup |(Ff)(p)| < WIIfIIL1<Rn), sup |(F~" f)(x)| < W”f”Ll(Rn)-

pER™ xeR

(v) For f,g € S(R™), define the convolution f x g by

(f*9)(x) = o )W F¥)gx —y)dy

275"/2/ fx=y)g(y)dy = (g * f)(x)- (1.5.8)

Then
F(fg) = f3. (15.9)
where f = Ff. If f,g € LYR"™), f * g is well-defined and belongs to L'(R"),

and (1.5.9) continues to hold. Also, if f,g € L*R"), f§ € L2(R") if and only if
f*g € L*R") and in this case

fxg=F"1(fg). (1.5.10)
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Preliminaries 11

We also have

F(fg)=1+*g. (1.5.11)

The Fourier transform can also be defined on distributions; see [Stein and Weiss
(1971)]. It is sufficient for our needs to consider linear functionals on S(R™) of the
form

u(p) = /n u(x)p(x)dx, ¢ € S(R"),

where u(-)/(1 4 | - |?)¥ € L'(R™) for some positive integer k. Such a u lies in the
space S'(R™) of tempered distribution. The Fourier transform 4 is an element of
S’(R™) defined by

(o) =u(p), ¢€SER").
The convolution u * ¢ for u € S'(R™), ¢ € S(R™) is defined by
(ux @) =u(@*y), ¢ e€SRY,
where ¢(x) = ¢(—x) and an analogue of (1.5.10) holds, namely,
F(u*¢) =ap, uecS(R"), ¢c SR (1.5.12)
in the sense that

[Fux )]t = (ad)y, v € S(R™).

The following important examples will be needed later.

Example 1 Let f(x) = e~ 2% Then f=fandfora>0,
—Tmal- 2 1 - 2 Ta
[F(e \wMg:EEFﬁeW”4. (1.5.13)

Proof. By Fubini’s Theorem, for all p € R",

N 1 )
flp) = W /Rn exp{—ip - x — (1/2)|X|2}dx

J

1l

J

1 1,2 1 .
(27T)n/26 2PJ/Rexp{—§(xj +zpj)2}dxj.

H 2n) 2 /Rexp{—zpjxj - (I/Q)m?}d;vj
=1
=1

It follows that f = f since, by Cauchy’s Theorem from complex analysis,
1 1
/exp{—g(xj +ip;)da; = / exp{—§x?}dxj =2T.
R R

The identity (1.5.13) follows by a change of variables. O
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12 Spectral Analysis of Relativistic Operators

Example 2 For 0 < a < n and ¢, = (2)%/?T'(a/2) where T is the Gamma function,
Ca

F(|-|*™™) = -~ [-]7%, (1.5.14)
in the sense that for all ¢ € S(R™),
c - 1
FM| =— —y|* " é(y)dy. 1.5.1
SE 060 = gy [ Yoy (1515)
In particular, with n = 3 and o = 2,
F(l-17)(p) = v2/xlp| ™2, (1.5.16)
in the sense that, for all ¢ € S,
_ 21 1 _
F 2000 = 4 [ iyl oty (1.7
T JRrRn

Proof. Let ¢ € S(R™). We shall give the proof from [Lieb and Loss (1997)],
Theorem 5.9, based on the identity

/ €7ﬂ—ktta/271dt — (ﬂ,k)fa/2/ eftta/271dt
0 0
— (27T)_a/26ak_a/2
which follows by change of variable. Also, on using (1.5.10) and (1.5.13), we have
[ ePle T o))dp = (2" E e ) x)
= 2m)"2 (F ' e 40 (x)
= ¢ /2 {e_w/“t * (b} (x).

From these last two identities and Fubini’s Theorem we derive

2m) =2 FY| - |7*9)(x) = / X P (/OO ewlpﬁtta/?ldt) ¢(p)dp
0

1 o0
= 5 /. </ t(an)/2le|xy2/47rtdt> o(y)dy
» \Jo

1 & 2
-3 )n/z/ </ 4(n—a)/2-1~|x—y| t/47rdt> B(y)dy
™ R™ 0

= () e [ x =y o)y,

Note that (1.5.15) is consistent with (1.5.12). For on setting wu(x) =
[x|*7™ 4(x) = (ca/Cn—a)|X| ™%, we have that u, & € S’(R™) and for all ¢,7 € S(R™),

[Fu* §)Jp = u(é 1))
= /n v(x)1h(x)dx
= 0(¢)
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Preliminaries 13

where
o) = o [ o= y)dy = oo [ eyt oy
IR REN AN PO TN S
Hence (1.5.15) implies that ¢ = . O

The Mellin transform M is defined on L?(R, ) with Lebesgue measure dx by

M /2 , seR. 1.5.18
V() = M) = o= [ (15.18)
It is a unitary map from L?(R,) onto L?(R) and has inverse
1 o .
M 1pH(t) = — sTUATYE(s)ds,  t € Ry. 1.5.19

Moreover, with respect to the convolution

(r o)) i= = [ vats/in
Ner
on L?(R,), the Mellin transform satisfies

V(W % 9))(5) = 9*(5)F (5)- (1.5.20)

We shall need the Mellin transform of the function Q;(z) := Q; (3[z + 1]), 1 € Ny,
where Q; is the Legendre function of the second kind, namely

Q) =+ / A .

2/ ,2z—-1

and P, is the Legendre polynomial. The following formula is established in [Yaouanc
et al. (1997)], Section VI; see also [Magnus et al. (1966)], p. 72, 8.17.

M(Q))](s) = \/sz(s +1i/2), (1.5.21)
where
AT+ 1 —i2]/2)T([1 4 1 +i2]/2)
Vi(z) = 2T ([l +2—i2]/2)T([l + 2 +i2]/2) (1522)
It has the expansion
Mn+1/2)(n+1+1) 2n4+1+1 (15.23)

“T(n+1)L(n+1+3/2) 2An+1+1)2+ 22

see [Oberhettinger (1974)], p. 5.
It is instructive to verify (1.5.21) and (1.5.22) by the method in [Yaouanc et al.
(1997)]. By the definition, (1.5.21) is satisfied with

Vi(z) = %/0 1= Qy(x)da
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14 Spectral Analysis of Relativistic Operators

From Rodrigues’ formula

1 ; db

Pilt) = 5 (-1

(1—-2%),
it follows by integration by parts that

= ! (1—12)!
Qi) = /,1 oot 2

The substitution y = [(z + x71) — 2t]/(1 — t?) yields

Q)= [ -0 - 1)y
max(z,1/z)
= / Yy~ F(yx)F(y/x)dy, (1.5.24)
0
where F(t) = 0(t — 1)t="/2(t — 1)~'/2 and @ is the Heaviside function: 6(t) = 1 for
t > 0 and is otherwise 0. Thus, with G(z) := F'(1/z),

Vi(z) = % e [/Omp‘lF(p)F(p/t)dp dt
=M (F*G)] (= —1/2)
= M(F)] ([z — 4]/2)  M(G)] ([ — i]/2)

S F (/2 F(=2/2),
where
Fe) = [ o e
/ —1—iz —l/2( )_1/2d$

1
/ tl/2+zz 1/2 )71/2dt
0

([1+1+2iz2]/2)
([l +2+2iz]/2)

\/_

The formula (1.5.22) follows.
The following pairs of Mellin transforms will be needed in Chapter 2, Section
2.2.3, and are easily verified by simple integration:

B ) = {wm p=o=120(p 1) it Refa] >0

—i2mpp®1/20(u — p) if Refa] <0 (15:25)
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Preliminaries 15

1.6 Sobolev spaces

Let Q be a non-empty, open subset of R” with closure 2 and boundary 9. The
norm in the Lebesgue space LP(2), 1 < p < 0o, is written

lu||p,0 = (IQ u(x |pdx) /p7 if 1<p<oo,
P27 ais suprezafu(x)], i p = oo

If there is no ambiguity we omit the subscript © and write |lu||,. In fact, in subse-
quent chapters, the underlying space is L?(R?) in which case we simply write ||u||
for the norm. If the Lebesgue measure dx is replaced by a measure of the form
w(x)dx, we get the weighted space LP(; w(x)dx) with norm (when 1 < p < c0)

1/p
il vy = ( / |u<x>|pw<x>dx) .

We preserve this notation even for LP(2) if there is the risk of confusion with
different norms.

For points x = (z1,x2, - ,z,) € R™ and n-tuples o = (a1, 0, ,ap) € Nj,
we write

x| = (22, Jal = 2%7 D =[] by,
j=1 j=1

where D; = (1/i)0/0x;. For k € N and p € [1,00], the Sobolev space WP () is
defined as

WhP(Q) := {u: Q — C,u, D% € LP(Q) for |a| < k},

where the derivatives D%u are taken to be in the weak or distributional sense. It is
endowed with the norm

1/p
@ p 3
(ZOSIaSk 1D “”pn) , i1 <p<oo, (1.6.1)

[ullk,p.0 = . .
ZO§|a\§k [D%ul| o2, if p = oo,

where [|lu||,o denotes the standard LP(2) norm of u, namely ([, lu(x)[Pdx)/P.
WHP(Q) is a separable Banach space if p € [1,00) and is reflexive if p € (1,00).
When p = 2, W*2(Q) is a Hilbert space with inner product

(u,0)k,2,0 =/ Z D*u(D%v)dx.

@ al<k

When Q = R", we shall omit  in the notation and write || - ||5,, and (-, -)x,2.

Meyers and Serrin proved in [Meyers and Serrin (1964)] that for p €
[1,00), WkP(Q) coincides with the completion H*?(£2) of the linear space C>(Q)N
WHP(Q) with respect to || - ||kp.0, i.e., C(Q) N WFP(Q) is dense in WFP(Q). As
is now standard, we shall use the notation H*(Q) for H*2(Q) = W*2(Q).
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16 Spectral Analysis of Relativistic Operators

We shall occasionally need the Bessel potential spaces H*P(R™),s € Ry,p €
(1,00). These are defined in terms of the Bessel potential g5, whose Fourier transform
is given by

ds(p) = (1 +[p|*) /%
see [Stein (1970)] for the properties of gs. We have that
H*P(R") :={u:u=g,x* f for some f € LP(R")} (1.6.2)

with norm

[ells.p = [1f1lp- (1.6.3)

For all s > 0 and p € (1, 00), the Schwartz space S(R™) is dense in H*?(R"). When
s =k € N, H*P(R") coincides with the Sobolev space W*P?(R") = H*P(R"). Since
f(p) = (14|p|?)*/2a(p) if u = g f, by (1.5.9), it follows from the Parseval formula
(1.5.7) when p = 2 that

1/2
fulla = ([ 00+ BElaw)Pap ) (164

In particular, as F(Dju)(p) = p;a(p), by (1.5.5),
%2 :/R (lu(x)[? + [Vu(x)[?) dx (1.6.5)

— [ aspPlae)Fd. (1.6.)

where V is the gradient and |Vu|? = > |Djul?.

Important properties of the Sobolev and Bessel potential spaces are now listed;
see [Edmunds and Evans (1987)], Chapter V, for proofs and further details. We
shall assume that p € [1, 00) unless otherwise stated.

(i) For k € R, C§°(R"™) is dense in H¥P(R™), and, for all s > 0, and p € (1,00), the
Schwartz space S(R™) is dense in H*P?(R"™).

(ii) The closure of C§°(Q) in H®P(Q) is denoted by Hg’p(ﬂ). Thus, by (i),
H&P(R™) = HYP(R™). If © is bounded, HEP(Q) # H*P(Q). Also if Q is bounded,

QO 1/n
lullp.o < (L-') [Vulpa, forall ue HyP(Q), (1.6.7)

n

where
IVullp.o = [IVulllp.0,
and w,, = ©/2/T(1 4 n/2) is the volume of the unit ball in R™. Hence
1/p

lullipe < | D 1Dl q

|a]=1
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Preliminaries 17

1p.o on HyP(Q) is equivalent to the norm

1/p

lull grogy == | D ID%lho| - (1.6.8)

lee|=1

It follows that the norm || -

(iii) Let 1 < p < n and set p* = np/(n — p), the so-called Sobolev conjugate of p.
Then the identification map is a continuous injection of Hé P(Q) into LP"(Q): this
continuous embedding is indicated by Hy™*(Q) < LP"(Q). This constitutes the case
1 < p < n of the Sobolev embedding theorem for HL(Q).

(iv) For 1 < p < n/k, HY?(Q2) is continuously embedded in L*(Q), where s =
np/(n — kp).

(v) If ¢ € [1,np/(n — kp)) and Q is bounded, Hg’p(Q) is compactly embedded in
L1(Q); this is the Rellich—Kondrachov property.

(vi) If Q is bounded, H,™ () is continuously embedded in the Orlicz space L?(€2),
where ¢(t) = exp (t"/("~D —1) ¢ > 0, and, in particular, Hy™M(Q) — L(Q) for all
q € [n,00). Note that L?(Q) is the linear span of the set of Lebesgue measurable
functions u on Q which are such that [, ¢(|u(x)|)dx < oo, endowed with the norm

fulleqay = int(rs [ o (6 ) ax <1y

It is a Banach space containing L°°(£2) which, in general, is neither reflexive nor
separable.

(vii) If © is bounded and p > n, then HyP(2) is continuously embedded in the space
C%7(Q) of functions u which are Holder continuous on Q with exponent v = 1—n/p
and norm

|u(x) — u(y)

[ull oy = llullLoe@) + sup X —y

x,y€Q,x#£y

The embedding of H,y?(Q) into C%*(Q) is compact for any A € (0, 7).

(viii) If the boundary of € is sufficiently smooth (see [Edmunds and Evans (1987)],
Section V.4) the above results in (iii)—(vii) continue to hold for H* ().

1.7 Inequalities

Three inequalities make regular appearances throughout the book, namely, the well-
known inequalities of Sobolev, Hardy and Kato. We shall need only the L? versions
of these inequalities, but mention some LP versions for completeness.
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18 Spectral Analysis of Relativistic Operators

o (Sobolev) For 1 < p < n, there exists a constant C,, ,,, depending only on n and
p, such that for all f € C§°(R"™),

1/p
n

v < Cogl VAl =Co | [ (S IDuPPRax) )

R™ 55

If

The best possible value of the constant C,, , in (1.7.1) for 1 <p <n is

12U (g)“"“/” {r( I(1+n/2)0(n) }

n—p n/p)I'(1+n—n/p)

and equality is attained for functions f of the form
f(x)=la+ b|x‘P/(p71)]17n/p’

where a and b are positive constants: these functions are obviously not in
C§°(R™) but lie in LP(R™) and the completion of C§°(R™) with respect to the
norm ||V - |, When p = 1, Cpq = 1/nw711/n is the optimal constant, and
equality is never attained unless f vanishes identically. However, in this case
the inequality has an extended version

1£]l+ < (neon™) =MD

on the set of functions f of bounded variation on R™, with D f the distributional
gradient (a vector-valued Radon measure) and ||Df|| the total variation of f
in R™. For this inequality, the characteristic functions of arbitrary balls are
extremals.

For 1 < p < n, (1.7.1) was established by Sobolev [Sobolev (1938)], the
case p = 1 being later proved by Gagliardo [Gagliardo (1958)] and Nirenberg
[Nirenberg (1959)]. The optimal constant for p = 1 was determined indepen-
dently by Federer and Fleming in [Federer and Fleming (1960)] and Maz’ya in
[Maz’ya (1960)], but for p > 1, the best constant was only found 10 years later,
independently by Aubin [Aubin (1976)] and Talenti [Talenti (1976)].

e (Sobolev inequality for v/—A) For all f € S(R"™), n > 2 and ¢ = 2n/(n — 1),

1< Cu | Ipllf(e) P, (172)

where the optimal value of the constant C,, is

-1 1/n
{2 (53"

There is equality if and only if f is a constant multiple of a function of the form
[(4? + (x — a)?]" (™ D/2 with g > 0 and a € R™ arbitrary. This is proved in
[Lieb and Loss (1997)], Theorem 8.4.
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Preliminaries 19

e (Hardy) For all f € C§5°(R™),n > 3,

/n |f|(>z(|;|2dX = ((ni2)>2/n |V £ (x)[Pdx. (1.7.3)

The constant is sharp and equality is only valid for f = 0. The inequality is
determined by the radial part of V and in fact

[ (V[ D ons

By completion, (1.7.3) and (1.7.4) hold for all functions f which are such that
Vf or (0/0r)f (in the weak, or distributional sense) lie in L?(R™). When
n = 2, (1.7.3) is of course trivial, while when n = 1, we have that, for all
f that are locally absolutely continuous on (0, 00), f' € L%(0, 00) and such that

lim, o4+ f(r) =0,
)P e
/0 ———dr < 4/0 |/ (r)|=dr. (1.7.5)

The LP version of the Hardy inequality is, for 1 < p < n,

[t es () L waeora o

The constant is optimal and there are no non-trivial cases of equality.

o (Kato) For all f € S(R"),n > 2,
2 ~
[ i< [ ik, (1.7.7
no X R™

The best possible constant ¢, for general values of n > 2 will be included in
Theorem 1.7.1 below. In particular

c3 =\/7)2, ¢ =T(1/4)/V20(3/4).

There are no non-trivial cases of equality.

The above Hardy and Kato inequalities are special cases of the following inequal-
ity obtained by Herbst in [Herbst (1977)], Theorem 2.5. With p = —iV denoting the
momentum operator, Herbst determines the norm of the operator C, := |x|~%|p|™*
as a map from LI(R™) into itself. The precise result is:

Theorem 1.7.1. Let o > 0 and no™' > ¢ > 1. Then C, can be extended to a
bounded operator from L1(R™) into itself, with norm

L(3lng™! = a))T(zn(d) ")
2oT(3[n(¢") ! + a])T(zng ")’
where ¢ = q/(q—1). If g >na~! or ¢ =1, C, is unbounded.

[Ca : LYR"™) — LUR™)[| = ~(n, ) :=

(1.7.8)
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20 Spectral Analysis of Relativistic Operators

In the case ¢ = 2, p has adjoint (1/i)div and absolute value |p| = (p*p)'/? =

V—A. Also |p| is self-adjoint, injective and has dense range in L?(R™). Hence

ol = [Cadlla ll1%|~*9l2
[Call = sup = sup 0,
sex(lpl) 1l yen(pl) lIIPI*Y]2

where R, D denote the range and domain respectively of the exhibited operator.
Since F(|p|*¢) (&) = [€]*1(€), it follows by Parseval’s formula that (1.7.8) becomes

1 1
| Gmleeorax < o) [ lePtie e

which is Hardy’s inequality in the case o = 1 and Kato’s inequality when av = 1/2.
In Section 2.2.1 we give an alternative proof to that of Herbst for the Kato inequality
when n = 2, 3, using spherical harmonics.

Another inequality which features prominently throughout the book is the fol-
lowing generalisation of Hilbert’s double series theorem due to Hardy, Littlewood
and Pélya, see [Hardy et al. (1959)], Chapter IX, Section 319.

Theorem 1.7.2. Let K(-,) be a non-negative function on Ry x Ry that is homo-
geneous of degree —1, i.e., for any X € Ry, K(Ax, \y) = ALK (x,5). Suppose also
that for p > 1, we have

/ K(z, 1)z YPde = / K(1,y)y Y dy =k, (1.7.9)
0 0

where p' =p/(p—1). Then

[ [ wwis@iasay <k ([ 1r@pa) v ([ 1ot ay) "

(1.7.10)
/Ooo dy (/OOO K(%y)lf(x)ldx)p < kP /Ooo | f(x)|Pda, (1.7.11)

/OOO dz (/OOO K(w,y)lg(y)ldy)p/ < k¥ /OOO lg(w)|” dy. (1.7.12)

If K(-,-) is positive, then there is inequality in (1.7.11) unless f =0, in (1.7.12)
unless g = 0, and in (1.7.10) unless either f =0 or g = 0.

1.8 CLR and related inequalities

The CLR refers to Cwikel-Lieb—Rosenbljum who proved the inequality indepen-
dently and by very different methods in [Cwikel (1977)], [Lieb (1976)] and [Rozen-
bljum (1972)]. The names are listed alphabetically, but in reverse chronological
order of discovery. In its original form, the inequality concerns the self-adjoint
operator —A — V defined as a form sum, whose spectrum is discrete below 0
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Preliminaries 21

and with V' the operator of multiplication by a function V with a positive part
Vi = (1/2)(|V|4+V) € L™?(R™). It asserts that, for n > 3, the number N(—A—V)
of negative eigenvalues of —A — V satisfies

N(-A—V) < c(n)/ Vi (x)"/2dBa, (1.8.1)

n

for some constant ¢(n) depending only on n. Other proofs have also been given,
notably those of Li and Yau [Li and Yau (1983)] and Conlon [Conlon (1984)]. A
treatment, which is particularly suitable for our needs, is that given by Rozenbljum
and Solomyak in [Rozenbljum and Solomyak (1998)]. This is motivated by Lieb’s
proof and gives an abstract version of the inequality, which can be applied to other
operators that feature in the book.

In order to state the main results in [Rozenbljum and Solomyak (1998)] it is
necessary to recall some basic facts about the operator semigroup e =7, 0 < t < oo,
associated with a non-negative, self-adjoint operator T acting in a Hilbert space H.

(1) Q) :=e T 0 <t < o0, is strongly continuous, i.e.
lim |Q(1)f — Q(s)f|| =0, forall feH,
and contractive, i.e.

QI < IfIl, forall feH.
(2) T is the infinitesimal generator of Q(t), i.e.

Tf= lim L{f—Q@)f}, forall feDT).

t—0+ ¢
(3) For f € D(T),Q(t)f € D(T) and
g =t {10+ 2) - Q7 } = ~TQWf = ~QUITS. (t>0)

Q)f = lim Q()f = /.

The result in [Rozenbljum and Solomyak (1998)] deals with the set P of positive,
self-adjoint operators in a space L?(f2) say, which are positivity preserving and have
the (2, 00) mapping property. An operator B is positivity preserving (or its associ-
ated semi-group Qp(t) := e 5,0 < t < oo, is positivity preserving) if Qp(t)u > 0
for all non-negative functions u € L2(f). It has the (2,00) mapping property if
Qp(t) : L*(Q) — L*>(R) is bounded: for Markov semigroups, the (2,c0) property
is usually called ultracontractivity. Semigroups which are positivity preserving and
have the (2, 00) property are known to be integral operators. The kernel Q g(t; z,y)
of Qp(t) satisfies the symmetry condition Qg(t;z,y) = Qp(t;y,x) and it follows
from the fact that Qp(t) is a semigroup that, for a.e. z € Q,

Qp(t;r,x) =/QB(tl;m,y)QB(tz;x,y)dy, t1,t2 >0, t =11 + 12
Q
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22 Spectral Analysis of Relativistic Operators

is well defined as an element of L>°(2), which does not depend on the particular
choice of t; and t5. Moreover,

My(t) = [l 5 L2 17| = esssup, [ Qule/2ix.) Py < o

— esssuDye / Qu(t/2:x,¥)Qo (t/2: v, x)dy
= esssup,coQB(t; x,%).

For B € P, the kernel Q g(t; z,y) is non-negative, a.e. on Ry x Q x Q. If B € P, and
B > ¢ for some ¢ > 0, then, for any r > —c¢, B, := B+r € P,Qp (t) = e "'Qp(t)
and Mp, = e "t Mp(t).

The following is Theorem 2.1 in [Rozenbljum and Solomyak (1998)] and is given
in terms of a non-negative, convex function G on [0, c0) which grows polynomially
at infinity and is such that G(z) = 0 near z = 0. Let

g(r) = /000 27 G(2)e" /" dz.

In the theorem, multiplication by V is assumed to be such that self-adjoint operators
B —V and A —V can be defined as form sums; see Section 1.2.

Theorem 1.8.1. Let B € P be such that Mg € L'(a,00), a > 0 and Mp(t) =
O(t=®) at zero for some o > 0. Then, in the above notation,

1
g(1)

The inequality continues to hold for N(A — V) when A is a non-negative, self-

N(B-V)< /0 h % /Q Mp(t)G[tV, (2)]da. (1.8.2)

adjoint operator, which is such that e=*4 is dominated by a positivity preserving
semigroup e B in the sense that
le7t 4y < e tBlyp| ae. on Q. (1.8.3)

We denote the class of such operators A by PD(B).

If A e PD(B) then A+ r € PD(B + r). Also, a particular result from [Bratelli
et al. (1980)] is that if e~*B is positivity preserving and A € PD(B), then for
0 < a<1,e B is positivity preserving and A% € PD(B). Any A € PD(B) is an
integral operator and (1.8.3) is equivalent to

|Qa(t;z,y)| < Qp(t;z,y) a.e. on Ry xQx Q. (1.8.4)

We refer to [Rozenbljum and Solomyak (1998)] for details and full references. Of
particular interest to us are the following examples discussed in [Rozenbljum and
Solomyak (1998)], which are special cases of Theorem 1.8.1. In all cases 2 = R".
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1.8.1 The Schrodinger operator

The semigroup associated with the Laplace operator B := —A is the heat operator,
which is an integral operator with kernel
1 —x-yP
tx,y) = —_— . 1.8.5
Qoltix,y) = opars <P { 4t (185)

Thus Qp(t) is positivity preserving. Furthermore, an application of the Cauchy—
Schwarz inequality readily yields

Q) fllLe®ny < 27" fllL2@m)
and so Qp(t) has the (2,00) property. Consequently B = —A € P and Mp(t) =
W, so that Mp € L'(a,00),a > 0, if and only if n > 3. Hence, to apply
Theorem 1.8.1 we need n > 3.
Following Lieb in [Lieb (1976)], the choice G(z) = (z—a)+ in (1.8.1), where (-)+
denotes the positive part and a is a positive constant to be chosen, yields
N(-A-V)<C(@G) [ VI"*(x)dx, (1.8.6)
Rn
where C(G) = (2m)""/2g(1)~! - a)t~™/2=1dt. The optimal value of C(G) as
a function of a is .1156, attained when a = 1/4. This coincides with Lieb’s constant
in [Lieb (1976)], which is the best value achieved to date.

1.8.2 The magnetic Schrédinger operator

This is of the form —Aa — V, where A, is the magnetic Laplacian

Aa = (V+iA)? =D (9 +i4,)*,
j=1
and A = {A; :j =1,---,n} is the magnetic potential. A number of proofs exist
of the result that A € PD(—A); see the discussion and a list of references after
Theorem 2.3 in [Avron et al. (1978)]. It then follows from Theorem 1.8.1 that

N(=Aa - V) < C’(G)/ V2 (x)dx, (1.8.7)

with the same constant as in (1.8.6). It is not true in general that N(—Aax — V) <
N(—A —V); see [Avron et al. (1978)], Example 2 following Theorem 2.14.

1.8.3 The quasi-relativistic Schrodinger operator

The pseudo-differential operator B = v/—A is non-negative and self-adjoint, with
domain H'(R™). The kernel of the associated semigroup Q z(t) is the Poisson kernel
Qpt;x,y) = / exp[—2n|k|t + 27ik - (x — y)]dk

n

o n—i—l —(n+1)/2 t .
_F( 2 )77 [t2+|x_y|2](n+1)/27
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see [Stein and Weiss (1971)], Theorem 1.14, and [Lieb and Loss (1997)], Section
7.11. Thus,

t2 1/2
Q8 ey < e s ([ ety ) e

< oD fll2@my

for a positive constant ¢, (t) which is finite for all ¢ > 0. Thus B = /—A has the
(2, 00) property and lies in P, with Mp(t) = ¢,t~". Theorem 1.8.1 therefore applies
for all n > 2 and leads to Daubechies’ inequality

N(V=A - V) < Co(G) / V, (x)"dx, (1.8.8)

n

where in the above notation and the same choice of G, C,(G) =
g7t [Tt IG(t)dt.

The pseudo-differential operator Hy = +/—A + 1, is self-adjoint with domain
HY(R™) and Hy > 1. It will feature prominently throughout the book. From the
result in [Bratelli et al. (1980)] noted above, it follows that with B :=Hy — 1,e~ 8
is positivity preserving. It is an integral operator and on the diagonal, the kernel is
given by

Qultinx) = (2m)"/2 [ eneF g, (1.8.9)

from which we can easily infer that e *Mo—1 has the (2, 00) property and
Mp(t) < C(t™™2 +t7™).

For n > 3, Theorem 1.8.1 yields Daubechies’ inequality

N(Hy—1-V) < Cu(@) [ Vi(x)"dx + Cpja(C) / V,(x)"2dx,  (1.8.10)
Rn

n

where, in the above notation and the same choice of G, C,(G) =
g()~t [Tt G(t)dt.

1.8.4 The magnetic quasi-relativistic Schrédinger operator

The operator v/—Aa lies in PD(—A) by the result from [Bratelli et al. (1980)]
quoted above and also satisfies (1.8.8):

N(/=Ba-V) < Cn(G)/ Vi, (x)"dx. (1.8.11)

n

Similarly,

N((=28a+1)"” =1 =V) < Cu(G) | Vi(x)"dx +Crya(C) /R Vi ()" 2dx.
(1.8.12)
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1.9 Lieb—Thirring inequalities

These inequalities have a pivotal role in problems such as the stability of many-
body systems composed of fermions. In many cases, the Hamiltonian describing
the system is bounded below in terms of the sum of the negative eigenvalues of
a one-body Hamiltonian. We shall see examples of this in Section 4.5 of Chapter
4. Since the seminal papers [Lieb and Thirring (1975)] and [Lieb and Thirring
(1976)], Lieb—Thirring inequalities have come to mean estimates for moments of the
negative eigenvalues of operators of Schrodinger type in terms of external electric
and magnetic fields. The original result proved by Lieb and Thirring in [Lieb and
Thirring (1975)], is that if v > max (0,1 — n/2), then there exists a universal
constant L. , such that

SN < Lo [ Vil R, (1.9.1)
neN R
where A1(S) < A2(S) < --- are the negative eigenvalues of the Schrodinger operator
S := —A —V counting multiplicities: the assumptions on V' imply that the negative
spectrum of S is discrete and its essential spectrum fills the positive half-line. Note
that the case n > 3,~v = 0 is the CLR inequality associated with —A — V.

If Ve L7t"/2(R™), one has the Weyl-type asymptotic formula

lim o~ (O+/2) Z |A;(Sa)|” = (2m)™" lim of(wr”/z)// (1€]* — aV)] dxd¢

a—00 a— 00

neN

=L, . Vi, (x)7T2dx, (1.9.2)
where S, : —A — oV and the so-called classical constant L,Cyl,n is given by
L(v+1)
2020 (y +n/2 4+ 1)

£ = Cr " [ (el =17 -
Therefore

1
Liﬁn S L'y,n-

The precise value of L., ,, is unknown in general, but a great deal is known in special
cases. We refer to [Hundertmark et al. (2000)] for an up to date account.

The inequality (1.9.1) remains valid if a magnetic potential A =
(A1~ ,Ay),Aj € L3 (R") for j =1,--- ,n, is introduced. That is, with

S(A):=(iV+A? -V = zn:(iaj + A -V

=1
we have

ST (SN < Lo /R V(7 (19.3)

neN
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