Chapter 1

Conjugacy Classes, Characters,
and Clifford Theory

For the proof of the k(GV) theorem many of the standard methods and
techniques from ordinary and modular representation theory will be ap-
plied. In this section we describe the necessary concepts and tools from
ordinary character theory. The reader is referred to [Isaacs, 1976] for the
relevant background and some basic results used but not proved here. This
book is cited as [I] in the text.

1.1. Class Functions and Characters

Fix a finite group X of order | X| and exponent exp (X) = e. Let K = Q(¢)

for & = e2mi/e,

Each complex character x of X has its values in K, even in its ring
of integers Z[e], because for each x € X there is a basis such that an
underlying representation carries x to a diagonal matrix consisting of eth
roots of unity, and x(z) is the trace of this matrix. This x is constant on
conjugacy classes of X, a class function, and if ¢ = ¢, is the conjugacy
class of X containing z (¢, = 2% = {2 =t~ at| t € X}), we may write
x(c) = x(z). The distinct class sums ¢ = > .y form a basis of the
centre Z(CX) of the semisimple group algebra CX (and of Z(KX)). It
follows that the set C4(X) of conjugacy classes of X is in bijection with the
ordinary (complex) irreducible characters of X, i.e.,

(1.1a) k(X) = |CO(X)| = |Ier(X)].

If x, ¢ are K-valued class functions on X, their inner product is denoted

by (x.¥) = (x,¥)x = Wﬂzmex x(@)Y(z) = ﬁzcece(x) le| - x(e)ib(c).

One knows that Irr(X) is an orthonormal basis for the K-vector space

of class functions on X [I, 2.17]. The (nonsingular) square matrix X =

(x(0)) xetoo (rows and columns somehow arranged) is the character table
ce

of X. For some simple groups (of small order) these tables can be found in
[Conway et al., 1985], which we usually refer to as the [Atlas].
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2 The Solution of the k(GV) Problem

Orthonormality of the irreducible characters may be expressed by the

matrix equation X - T X = I, where T is the diagonal matrix with entries
1

ey for # € c and Cx (z) is the centralizer (J¢|] = |X : Cx(z)|). This

gives X' X =T and hence the second orthogonality relations:

e X X
1.1b x _ ) Cx (@) ifa® =y*
( ) erlrr(X) X( )X(y) { 0 otherwise
In particular [ X[ = >° o5, (x) x(1)? is the sum over the squares of the

degrees of the irreducible characters.

A generalized character xy of X is a rational integer combination of
irreducible characters of X (x € Z[Irr(X)]). A subgroup F of X is called
p-elementary if E = P x Z where P is a p-group for some prime p and 7 is
a cyclic p’-group, and it is elementary if it is p-elementary for some prime
p. We have Brauer’s characterization of characters:

Theorem 1.1c (Brauer). Let x be a complex valued class function on X.
Then x € Z[Irr(X)] if and only if the restriction Resy (x) € Z[Irr(E)] for
any elementary subgroup E of X. In fact, each generalized character of X
s a Z-linear combination of characters of X induced from linear characters
of elementary subgroups.

For a proof see [I, 8.10 and 8.12]. Induced characters will be discussed in
Sec. 1.2 below. Since linear characters (of degree 1) can be realized over
their value fields, using elementary properties of the Schur index we get:

Theorem 1.1d (Brauer). K is a splitting field for X, that is, for all
characters x of X there is a matriz representation over K or, equivalently,
a KX -module affording x.

It is immediate, then, that K is a splitting field for all subgroups of X. The
Schur index will be briefly discussed in Sec. 1.3.

If V and W are (right) K X-modules affording the characters x, v,
then V & W affords x + ¢ (sum), and the K X-module V @ ¢ W (diagonal
X-action) affords y1 (product). V@gV = Sym?(V) @ Alt*(V) decomposes
into the symmetric squares and alternating squares.
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Conjugacy Classes, Characters, and Clifford Theory 3
1.2. Induced and Tensor-induced Modules

Suppose Y is a subgroup of X and W is a (right) KY-module affording
the character 6. Let n = |X : Y| be the index of Y in X, and let Y\X =
{Yt|t € X} denote the (transitive) X-set with respect to right multipli-
cation (Yt,z) — Ytx. Then the normal core N = Corex(Y) = (),ex Y*
is the kernel of this permutation representation. Hence G = X/N is a
transitive subgroup of the symmetric group S,,. If Y # X (n > 1), then
Uiex Y # X and there are at least n — 1 permutations in G without fixed
points. See also [Serre, 2003] for a recent discussion of this classical result
by Jordan.

Theorem 1.2a (Frobenius). There is an embedding of X into the wreath
product YwrS, = Y™ : S, which is uniquely determined up to conjugacy.

The wreath product is defined by letting S,, act on the nth direct power
Y of Y permuting the direct factors (so ()7 = (¥i)ixr = (Yir—1)i, sending
an entry in the ith position to the émth position). The wreath product may
be identified with the group of all monomial n X n-matrices with entries in
Y. “The” Frobenius embedding is obtained by choosing a right transversal
{t:}"; to Y in X. Associate then to x € X the element (x;) - m, in the
wreath product, where 7, : 7 — dx in G C S, and x; € Y are defined
by t;x = x;t;z. Replacing {¢;} by {yt;} for certain y; € Y leads to an
embedding conjugate under (y;)~!.

Now the base group B = Y™ of the wreath product acts diagonally
onto W =W @ --- @ W (n direct summands) via (w;) - (y;) = (wiy;),
and S,, through (w;); - ™ = (w;z—1);. This makes W) into a K[YwrS,]-
module. The induced K X-module V = Inds (W) is obtained through “the”
Frobenius embedding of X into Y'wr S, (where conjugate embeddings yield
isomorphic module structures). Fixing a transversal {¢;} the character of
X afforded by V is given by

(1.2b) Indy (0)(z) = 20, O(tiwt; 1),

where we set 6(-) = 0 for elements outside Y.

Induction and restriction are maps on class functions adjoint to each
other, namely related by the Frobenius reciprocity

(1.2¢) (Indy (8), x)x = (6, Resy’ (X)) v
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4 The Solution of the k(GV) Problem

In terms of modules this says that if W is a KY-module, V' a K X-module,
every KY-homomorphism f : W — Resy (V) extends uniquely to a K X-
homomorphism Ind;s (f) : Indss (W) — V.

We often will use Mackey decomposition for characters (and modules).
Suppose Y and H are subgroups of X. Then H acts on X\Y, and if {r;}
is a set of representatives for the distinct H-orbits (or double cosets of X
mod (Y, H)), for a character 6 of Y we have

(12d)  Res}y(Ind(6)) = X, Ind{lr; .y (Resy pr (679)).

Here for x € X we define the (conjugate) character % of Y* = z=1Yz by
0% (y*) =0(y) fory € Y.

One can define Indys (W) = W @gy KX (viewing KX as a left KY-
module). Let now W®" = W ® ---® W (n factors, the tensors over K).
Again B = Y (™ acts diagonally on W™ via (®iw;) - (y:) = ®;w;y;, and Sy,
acts as (®;w;) - ™ = @;w;r-1. This makes W into a K[Y wrS,]-module.
Then the tensor-induced K X-module V = Tenys (W) = W®" is obtained
through “the” Frobenius embedding of X into the wreath product. Mackey
decomposition (for modules) carries over to tensor induction in the obvious
(multiplicative) way. So if {r;} is a set of representatives for the cycles
(orbits) of an element = € X in its action on Y\ X, and if the jth cycle has

size n; (so that rjz™ir; 1 €Y), then
(1.2¢) Teny (0)(z) = I1; O(tjamit; ")

describes the character ¥ of X afforded by V = Teny (W). In order to prove
this it suffices to consider the case where V= W @ Wz ® - - - @ Wan~1
(with 2™ € Y). If b is a basis of W consisting of eigenvectors for a2,
then the w;, ® wj,z ® - - - @ w;, _,z"~ ', with w;, € b, form a basis of v
for which the matrix of x is monomial. Only basis vectors of the form
v =w; @ Wiz ® - - Q™ 1, with fixed w; € b, are eigenvectors of z on
‘7, and if w;x™ = ¢;w; with ¢; € K, then v;x = ¢;v;. Hence X(z) = 6(z™),
as desired.

1.3. Schur’s Lemma

Suppose V and W are K X-modules affording the characters x, 1, respec-
tively. Then
<X, 1/}> = dim KHOme(V,W).
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Conjugacy Classes, Characters, and Clifford Theory 5

If x, % are irreducible, Hompg x (V,W) = 0 if x # ¢ and Endgx(V) =& K
if V= W (Schur’s lemma). Of course this yields the first orthogonality
relations. In particular, if p : X — GL,(K) is a (matrix) representation
of X affording x € Irr(X), only the scalar matrices are permutable with
all p(z), x € X. Extending p linearly to KX we get a K-algebra homo-
morphism into M, (K) and, by restriction to the centre, a homomorphism
wy 1 Z(KX) — K, the central character associated to . If ¢ = ¢, = 2¥ is

the conjugacy class of x € X,

) — X@|X:Cx(x)] _ x(c)|c|

(1.3a) wy(€) = NO) = X0
The values of w,, are algebraic integers since the product of class sums is a
(nonnegative) integer linear combination of class sums. This is important
for block theory (Chapter 2). Writing 1 = (x, x) = % 2 cecex) wx (©)x(c)

we see that |G|) is an integer (being rational and an algebraic integer).

Clifford theory will even yield the following (see also [I, 3.12 and 6.15]).

Theorem 1.3b (It6). The degree x(1) of an irreducible character x of X
divides | X : V| for any abelian normal subgroup V of X.

We used that irreducible representations over K are absolutely irre-
ducible. Replacing K by the field Ky = Q(x) generated by the values of
X, there is a unique irreducible Ky X-module V', up to isomorphism, whose
character contains y. Then V affords the character my where m = m(x) is
the Schur index of x (over the rationals). D = Endg, x (V) is a Ky-division
algebra with centre Ky and dimension m? [I, 9.21].

We give some further examples where Schur’s lemma is involved. Let
z € X and x € Irr(X), and let x be the complex conjugate character. Then
x(x) = x(z) = x(z71) (see Sec. 1.5). We assert that

(1.3¢) X(@)2 = (x0)(2) = ¥ e x x ([, 9]
Here [z,y] = 2~ '2¥ denotes the commutator of  and y. Let p be a

representation of X affording x. The sum on the right is the trace of
PV S (o) = o) i (@) | ()] = plIx (), and the
assertion follows.

We see that |x(z)| = x(1) if and only if x([z,y]) = x(1) for all y € X.
Note that Ker(x) = {z € X|x(z) = x(1)} is the kernel of p, and Z(x) =
{z € X| |x(z)| = x(1)} consists of those x € X for which p(z) is a scalar
matrix.
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6 The Solution of the k(GV) Problem

Suppose next that X = (Y, z) for some subgroup Y, and that 6 =
Resy () is (still) irreducible. We assert that then

(1.3d) Dyey IX(@y)? =Y.

The 1-character 1x is contained in yy with multiplicity 1, because we have
(1x,xX) = (x,x) = 1. Similarly (1y,Resy (xx)) = (1y,08) = 1. Clearly
Resy (1x) = 1y. Soif ¢ # 1x is an irreducible constituent of y, Resy (1))
does not contain 1y. Hence if W is a K X-module affording ¢ and 7 is an
underlying representation, then > .y 7(y) =0 as

dim KCw(Y) = dimKHOme(K,W) = <1Y7'¢>Y =0.

It follows that > . ¥(zy) = 0 by considering the trace of 7(2) >y 7(y).
We conclude that > oy (xX)(zy) = > ,cy Lx(zy) = [Y].

1.4. Brauer’s Permutation Lemma

Suppose G is a finite group acting on the finite set Q (from the right, by
permutations). Then we write C£(G|Q2) = orb(G on Q) for the set of orbits
of G on . So C4(X) = C4(X|X) with X acting by conjugation. By the
Cauchy—Frobenius fixed point formula

(1.4a) ICUGI)| = &7 Xyec |Calg)l-

This is sometimes also called Burnside’s lemma; it is easily proved by means
of the counting principle or using Frobenius reciprocity [Serre, 2003]. Each
orbit is a (transitive) G-set and so isomorphic to H\G for some subgroup
H, which is determined up to conjugacy in G (being a point stabilizer). The
isomorphism type of the G-set € is determined by the “marks” |Cq(H)| for
all (nonconjugate) subgroups H of G [I, 13.23]. We associate to the G-set
Q the permutation character mq of G, counting the fixed points of each
element.

Theorem 1.4b (Brauer). Suppose G is a finite group which acts on Irr(X)
and on CL(X) such that x?(c?) = x(c) for all x € Irr(X), ¢ € CUX)
and g € G. Then for each g € G, the number ky(X) = |Ccyx)(9)]
of g-invariant conjugacy classes agreas with the number |Cr.(x)(g)| of g-
invariant irreducible characters of X. In particular, the permutation char-
acters moyx) = Tr(x) of G agree.
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Conjugacy Classes, Characters, and Clifford Theory 7

The proof [I, 6.32] is based on the fact that the character matrix of X is
nonsingular. It follows, in view of Eq. (1.4a), that G has the same number
of orbits on Irr(X) and on C/(X). Of course, this does not mean that these
sets are permutation isomorphic (unless G is cyclic).

1.5. Algebraic Conjugacy

Let I’ = Gal(K|Q) be the Galois group of K over the rationals. We have a
natural action of I" on Irr(X). We also have a permutation action on X as
I' = (Z/eZ)*, where 7 = ™ if 0 € T' corresponds to the coset of n modulo
e = exp (X). This preserves C¢(X). Let x € Irr(X). If &; € K are the
eigenvalues of x appearing in a representation to y, the eigenvalues for ="
are the €]'. It follows that

In order to apply Theorem 1.4b one has to alter the action of T on X (say)
by assigning (z,0) — 2° . This works since I is abelian. Notice that if o
is complex conjugation (restricted to K), x?(z) = x(z) = x(z) = x(z~1).

So the number of real-valued irreducible characters of X is equal to
the number of real conjugacy classes ¢ of X, satisfying ¢=! = ¢ (Burnside).
X is called a real group if all its conjugacy classes are real, that is, if all
x € Irr(X) are real-valued.

Suppose X has odd order. Then {1} is the unique real class of X. Since

k(X)—1
x(1) = x(1) is odd, we get [ X| = 3, cppx) x(1)? = 14237, 7 (1+2n;)?
for certain integers n; > 1. Consequently

(1.5a) |X| = k(X) (mod 16),

a well known result due to Burnside.

Recall that a character of X takes only values which are algebraic
integers. If a # 0 is such an algebraic integer with the distinct conjugates
a; over the rationals (1 <14 < n), then > I, |a;| > n, with equality only if
« is a root of unity. For by the arithmetic—geometric mean inequality we
have

(1.5b) 22 fail = ([Teal) ™ = IN(a)],
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8 The Solution of the k(GV) Problem

with equality only if all |o;| are equal. But the norm N(a) =[], o is a
nonzero rational integer. Hence the assertion holds, with equality only if
all |o;| are equal and N(a) = 1. In this case |o;| = 1 for all 4, whence «
is a root of unity (since only finitely many powers of « are distinct).

Lemma 1.5¢ (Gallagher). Suppose y € X is such that x(y) # 0 for each
x € Irr(X). Let N = [(y), X|. Then k(X) <|Cx(y)| — (|X/N|—k(X/N)).

Proof. We follow [Gallagher, 1962]. N is the (normal) subgroup of X
generated by all commutators [¢,z], t € (y), z € X. By the second orthog-
onality relations (1.1b),

ICx(y)] = Z IX()?] = 1 + o,

x€EIrr(X)

where the first sum is over those x with |x(y)| = x(1) and the second sum
is over the others. Now |x(y)| = x(1) if and only if y € Z(x) (as described
in Sec. 1.3), and this happens if and only if N is in the kernel of x and so x
may be viewed as a character of X/N. Thus ¥; = |X/N|, and the number
of irreducible characters of X in ¥; is equal to k(X/N) = [Irr(G/N)].

For each ¢ in I' = Gal(K|Q) we have |x?|° = (x-X) = x°X° = |x°|*.
Thus ¥, and Yo are Galois stable. By hypothesis the average over the
Galois class of |x(y)?| is > 1 (and is equal to 1 only if x(y) is a root of
unity). Consequently ¥o > k(X) — k(X/N), and the result follows. O

Theorem 1.5d. Suppose X has an abelian normal Sylow p-subgroup, V,
for some prime p. Then X = GV for some p-complement G in X, uniquely
determined up to conjugacy. For each v € V,

k(GV) < [Ce()]- V] = (1G] - k(G)).

In particular, if Ca(v) =1 for some v € V, then k(GV) < |V| and equality
only holds if G is abelian.

Proof. By a simple cohomological argument X = GV is as claimed
(Appendix Al; Schur—Zassenhaus theorem). Let v € V. We assert that
x(v) # 0 for each y € Irr(X). By Theorem 1.3b, x(1) is not divisible by
p. Letting p be a prime ideal above p in the ring of integers of K, we
have x(v) = x(1) (modp) (cf. Chapter 2). Hence the assertion. Now
N = [{(v),X] = [v,G] is a normal subgroup of X contained in V, and
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Conjugacy Classes, Characters, and Clifford Theory 9

Cx(v) = Cg(v)V. By an elementary counting argument, carried out in
Theorem 1.7a below, k(X/N) < |V/N| - k(G). Thus by the preceding
lemma k(X) < |Ca(v)] - [V] = [V/NI(|G] = k(G)).

From Cg(v) = 1 it follows that k(X) < |V, and then k(X) = |V| only
if |G| = k(G), that is, if G is abelian. O

1.6. Coprime Actions

If G is a finite group and V is a finite G-module of order prime to |G|,
then all (Tate) cohomology groups H"(G, V') vanish (Al). For n = 1,2 this
leads to the Schur-Zassenhaus theorem (already mentioned). For n =0, —1
this tells us that the fixed module Cy (G) is the image of the trace map
v Y eqvg on V and that the commutator module [V,G] = [V,G,G] is
its kernel. Then Cy(G) N[V, G] =0 and so

(1.6a) V=0v(G) @ [V,G.

Irr(V) = Hom(V,C*) is the character group of V, and [Cr.v)(G)| =
|Irr(V/[V,G])| = |V/[V,G]| = |Cv(G)|. The corresponding holds for all
subgroups of G. Hence we have the following.

Proposition 1.6b. If V is a G-module where V' and G have coprime
order, then Vand Irr(V) are isomorphic G-sets.

The proposition is true without assuming that V is abelian. In fact, if G
acts on X by automorphisms and |G| and | X| are coprime, then Irr(X) and
Cl(X) are isomorphic G-sets. This result is due to Isaacs and Dade. Its
proof makes use of the Feit—Thompson theorem. So either G is solvable,
in which case a proof can be found in [I, 13.24], or X is solvable, where
a proof can be found in [Isaacs, 1973]. We do not need this result in this
general form.

Theorem 1.6c (Glauberman). Suppose G is a cyclic group acting on X by
automorphisms where |G| and | X| are coprime. Let & be a character of the
semidirect product GX = X : G for which x = Resx (§) is irreducible. Then
there is a unique irreducible constituent 0 of the restriction to Y = Cx(Q)
of x, a unique linear character p of G and a unique sign + such that

§(gy) = £u(9)0(y)

for all generators g of G and ally € Y. If G is a p-group for some prime
p, the sign is such that (x,0)y = £1 (modp).
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10 The Solution of the k(GV) Problem

This is a special case of a more general character correspondence. For a
proof we refer to [I, 13.6 and 13.14]. The character £ = & - i is the so-
called canonical extension to GX of x, determined by the fact that its

~

determinantal character det(§) has X in its kernel.

1.7. Invariant and Good Conjugacy Classes

Let N be a normal subgroup of X, and let G = X/N. Then G acts on
CL(N) in the natural way, and ky(N) = [Coyn)(g)| is the number of g-
invariant conjugacy classes of N for each ¢ € G. The conjugacy class g
of g is called “good for N” provided Cx (x)N/N = Cg(g) for any (some)
x € g (with Nz = g). This is well-defined. Suppose N is abelian. Then the
class of g is good for N if Cx(x)/N = Cg(g) for = € g, that is, whenever
a commutator [x,y] € N for some y € X then [z,y] = 1. In this case each
conjugacy class of G is good for N if and only if N is central in X and no
nontrivial element of N is a commutator in X.

Theorem 1.7a (Gallagher). Let Y be a subgroup of X, and let N =
Corex (Y) be its normal core. Let G = X/N.

1) k&Y) < |X : Y| - k(X) and k(X) < |X : Y] Ek(), the latter
inequality being proper unless Y = N. Moreover,

(1.7b) k(X) < k(N) - k(G),

where equality holds if and only if each conjugacy class of G is good for N.

(ii) Let ¢ = Nz for some x € X. The conjugacy class in CL(N)
of an element y € N is fived by g if and only if Cy(y) # &, and then
|Cy(y)| = |Cn(y)|. The number of g-invariant conjugacy classes of N is

(1.7¢) kg(N) = 137 Xyen |Cn (@y)].

Proof. We follow [Gallagher, 1970]. By (1.4a) k(X) = |71| Y osex [Cx ()]
The first inequality in (i) is immediate from Cy (z) C Cx(z). Using the
inequality |Cx(z)| < |X : Y| |Cy(z)| and the counting principle we have

Yo ICx@) <X Y] Y [Cy(@)] =X :Y[ ) ICx (),

reX zeX yey
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Conjugacy Classes, Characters, and Clifford Theory 11

and this is at most equal to |X : Y2 > ey [Cy(y)|. We have equality if
and only if Cx(z)Y = X for all z € X, and in this case any two conjugate
elements of X are Y-conjugate. Then Y is normal in X.

Before proving (1.7b) we settle (ii). Let ¢ € N. Then tx € Cy(y) <
yltay = to = zyz~l =t lyt < y® = yt. Hence Cyly) # @ if
and only if y" is fixed by g=! (or g), and then Cy(y) = Cn(y)tz for some
t € N. So |Cy(y)| = [Cn(y)] if ¥ € Coyw)(g) and Cy(y) = @ otherwise.
We conclude that

1
kg(N) = Z 1/IN:Cn(y)| = ] Z 1Cy(y)].
yeN:yNeCcu(n)(9) yeN

Counting the pairs (tz,y) € g x N satisfying (tx)y = y(tx) we see that
Yten [On(tz)] = 32 c N |Cg(y)|. This proves Eq. (1.7c), and completes
the proof of (ii).

For each z € X we have Cx(z)/Cn(z) & Cx(x)N/N C Cg(Nz).
Hence

Y Cx(@)| <Y [Ca(Na)|- [On (@) = Y [Calg)] Y ICn ()],

rzeX zeX geG teg
and 30, [ON (1) =22 e [Cg ()] < 3o en [On(y)] by (ii). Hence

Yo ICx@)] <) [Cala)l Y ICxn ),

reX geG yeEN
where equality holds if and only if Cx(Nxz) = Cx(z)N for each x € X
(and each X-class of N is an N-class). We are done. O

Theorem 1.7d (Keller). Let Y be a proper subgroup of X, N = Corex (Y)
and G = X/N. Let Q = CU{N|X) with N acting by conjugation, which
is a G-set (with G acting by conjugation). Then we have a partition Q =
L—lngG Qg where Qg is the set of N-orbits contained in the coset g.

(i) For each g € G the centralizer C(g) is the stabilizer in G of Qg,
and |Qg] = kg(N).

(i) Let g1 = 1,92, - s 9r,Gr41," - Gr(c) be representatives for the
distinct conjugacy classes of G, the first r classes being just those meeting
H=Y/N. Then

k(G)
X) =) [CUCa(9:)|%.)| < k(Y) + (K(G) —7) - M
i=1

where M = max{ky(N)| g & U,c H'}.
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12 The Solution of the k(GV) Problem

Proof. This is a recent result due to [Keller, 2006]. Let g € G. It is obvious
that Cq(g) is the stabilizer in G of ;. By the Cauchy-Frobenius formula
(1.4a) and part (ii) of the preceding theorem,

|Qg|=|—;,|2|cg<y>|= S 1IN COxly)l = ky(N).

yeEN yEN:yNECQ1 (9)

This proves (i). Each G-orbit on © is of the form (z™)¢ for some unique
conjugacy class X € C/(X), and determines the conjugacy g¢ of G de-
fined by Nz = g or, equivalently, by 2V C g (¥ € Q,). In particular,
k(X) = |CUG|Q)]. For h € G we have |Cl(Cq(g")|Q4n)| = [CUCe(g)[2)]-
This yields the identity given in (ii). For 1 < i < r we may pick the rep-
resentatives g; € H, belonging then to certain distinct conjugacy classes of
H. Of course r < k(H), and k(G) > r by Jordan’s theorem. By what is
already proved (applied to Y),

D 1CUCG(90)12)] D ICUCH(9:)[R,)] < k(Y.

i=1 i=1
For the remaining k(G) —r conjugacy classes g¢ of G, for which g is not in
Uieq HY, we take the trivial estimate |Cl(Ca(g)[Qg)| < [Qg], and use the
fact that |Qg| = kq(N). O

1.8. Nonstable Clifford Theory

Let N be a normal subgroup of X. Then X acts on N via conjugation
(as a group of automorphisms), and on Irr(N). We have induced actions
of G = X/N on C{(N) and on Irr(N), and Theorem 1.4b applies. Fix
0 € Irr(N). The stabilizer of 6 (in X) is called the inertia group T = Ix (),
and T/N = Ig(0). If x € Irr(X|0) is an irreducible character of X above
0, that is, 0 is a constituent of Resx (x), there are just s = | X : T distinct
X-conjugates 8 = 61, --, 0 of 8 and

(1.8a) Resy(x) = ex 21—y b
for some integer e, > 1, the ramification index of x with respect to IV.

Theorem 1.8b (Clifford). Let T = Ix(0). The map 1 — x = Indi (1)) is
a bijection from Irr(T|6) onto Irr(X10). The ramification indices e, = ey
are divisors of |T/N]|.

For a proof we refer to [I, 6.11 and 11.29].
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Conjugacy Classes, Characters, and Clifford Theory 13
1.9. Stable Clifford Theory

Let again N be a normal subgroup of X, and let G = X/N. Suppose that
0 € Trr(N) is G-invariant (I(0) = G). This is a necessary condition for
the existence of a character x of X extending 6. If such a y exists then
Irr(X10) = {xA = x ® A| A € Irr(G)}, and this has cardinality k(G) [I,
6.17]. Moreover, then {xA| A € Irr(G), A(1) = 1} is the set of all characters
of X extending 6, and this has cardinality |G/G’|. Here G’ = [G, G] is the
commutator subgroup of G, the kernel of the characters of G' of degree 1.

In general we proceed as follows. Let Ky = Q(6) be the field generated
by the values of 8, and let W be an irreducible KyN-module affording m#,
where m = m(6) is the Schur index. Then D = Endg,n (W) is a centrally
simple Ky-algebra with dimx, D = m? (1.3). Since N is normal in X and
0 is stable under G, each conjugate module Wg = W ® g (affording 09)
is a KoN-module isomorphic to W (g € G). Choose KyN-isomorphisms
7, : Wg — W (with 71 = idw). We have Resx (Ind])\(,(W)) =@, Wy,
and by Frobenius reciprocity (1.2c) the 7, extend uniquely to units in the
G-graded ring End, x (Indy (W)) = @, e D7y. Then 7, D7y = D for
all g € G. By the Skolem—Noether theorem [Bourbaki, 1958, Chap. 8, §10]
we may choose the 7, such that they centralize D (via conjugation). Then
Tg_thgTh = 7(g,h) - idw for some nonzero scalar 7(g,h) € K.

We have a projective representation of G with 2-cocycle T € Z?(G, K{),
where the multiplicative group K§ = (Ko ~ {0}, -) is viewed as a trivial G-
module. The cohomology class of 7 depends only on 8, K, and the group
extension N — X — G it is written pug,c(#). This “Clifford obstruction”
is functorial in that it maps onto the corresponding cohomology class when
replacing Ky by an extension field.

Proposition 1.9a. The Clifford obstruction ur,c(0) € H?(G,K}) van-
ishes if and only if there is a character x of X extending 0 and satisfy-
ing Ko(x) = Ko. The order of uk,c(0) is a divisor of the number of
|G|th roots of unity in Ko. There is a distinguished central group extension
Z — G(0) - G, where Z is a cyclic group of order exp (N), whose coho-
mology class maps onto pxa(0) through an (appropriate) embedding of Z
into K*. The exponent of G(0) is a divisor of e = exp (X).

Proof. If pk,c(0) vanishes, by definition one can give W = W the struc-
ture of a KyX-module satisfying Endg,x (W) = D. This W affords myx
where x € Irr(X) extends 0, with m(x) = m = m(0). It follows that
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14 The Solution of the k(GV) Problem

Ky = Q(x). The converse is proved similarly. The order of pg,c(0) divides
|G| by an elementary property of cohomology groups (Appendix Al). It
also divides the number of roots of unity in Ky [Dade, 1974] which, however,
will not be used here. We briefly discuss the further (basic) statements.

Replacing K by the complex number field we are just concerned with
Schur’s theory of lifting projective representations. The Schur multiplier
M(G) = H2(G,Z) of G fits into the natural universal coefficient exact se-
quence (Appendix A5)

0 — Ext(G/G', K}) — H*(G, K) — Hom(M(G), K}) — 0.

Passing to the complex number field, and noting that C* is divisible, we see
that H2(G, C*) is nothing but the dual of M(G). So there is a (complex)
character y of X extending 6 if M(G) = 1. Of course, then Q(x) C K and
so prc(0) vanishes. Let K7 = Q(e1) where £ is a primitive exp (N)th root
of unity, and let Z = (g;). By Theorem 1.1d this K; is a splitting field
for N. Let W be a K1 N-module affording 6, and let 7(g,h) = Tg_thgTh be
a 2-cocycle with class pg,¢(6). We wish to show that there is a unique
element in H2(G, Z) mapping onto this cohomology class.

Consider the long exact cohomology sequence to Z — K7 — K7 /Z:
HY(G, K}/Z) % H%(G, Z) — H*(G, K}) — H2(G, K} /7).

Either K} /Z is torsion-free or |Z| is odd and (—1)Z is its unique torsion
element. At any rate, J is the zero map, and it suffices to show that g, ¢(6)
has trivial image in H?(G, K /Z). In order to prove this, as well as for the
proof of the final statement, we may assume that G is a p-group for some
prime p (A4). The construction of G(#) will show that its exponent divides
exp (X). Arguing by induction on | X| we may also assume that 6 is faithful,
because Ker () is normal in X, and that there is no proper subgroup X of
X covering G such that Ng = XgNN has a G & X /Ny-invariant irreducible
character 6 satisfying ur,c(60) = pr, () in H3(G, K7). This reduction
will lead us, in the case where G is a p-group, to X = G(9).

On the basis of Theorem 1.1c, we find a p-elementary subgroup X of X
covering G and an Xg-invariant irreducible character 6y of Ny = XoNN such
that (6g, 0) N, is not divisible by p [I, 8.24]. But this implies that px, ¢(6p) =
i, c(0). In order to see this, let U be a Kj Ng-module affording 6y, and
consider the Kj-space H = Hompg, n,(U,W). By Frobenius reciprocity
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Conjugacy Classes, Characters, and Clifford Theory 15

each f € H extends uniquely to a Ky Xo-morphism Indf\,(f]J (U) — Indx (W),
preserving the G-gradings. Since the G-graded ring End g, x, (Indﬁg (U )) =
®g€G K04 is a crosssed product, the maps f — O'g_lng may be considered
as elements ¢, € GL(H). We obtain that

ok bgtn = o(g,h) " 7(g, h) - idy

where o(g,h) = Ug_hlagah € K7 is a factor set with class g, ¢ (6p). Taking
determinants we get that 0% and 7¢ agree modulo the coboundary obtained
from g — det(¢)y). Here d = dimg, H = (0o, 0)n,. Since G is a p-group,
hence so is H(G, K7), and since p does not divide d, the cohomology classes
of o and 7 agree. Thus by our choice X = X is p-elementary.

Let next M be a G-invariant abelian subgroup of N of maximal order.
Since X is p-elementary and X/N a p-group, it follows that Cn(M) =
M. Let A € Irr(M) be an irreducible (linear) constituent of Res};(6) and
X1 =1Ix(A\), Ny = In(A\) = Xo N N. Let 6; € Irr(N71]A) be the unique
character satisfying Imd%1 (01) = 6 (Theorem 1.8b). By a Frattini argument
X, covers G and, by the same argument as before, ux,c(01) = pK,c(6)
since (01,0)n, = 1. Thus X = X; and Ny = N. It follows that Res};(6) =
O(1)A and that M C Z(N) as 6 is faithful. But Cn(M) = M. Hence
N = M is central in X and 6 = X is linear.

Now px, ¢(0) is the image of the cohomology class of the central exten-
sion N »» X — G under the map induced by § = 0= : N — K}. Indeed,
choose 74 : w ® ty — w for some transversal {t;}sec to N in X. Letting
t(g,h) = t;}bltgth be the corresponding factor set, pg,c(0) is the class of
the factor set (g, h) — 0(t(g,h)~1) of G, which has its values in Z. O

Definition 1.9b. The group G(6) in the preceding proposition is called the
representation group of 6 (with respect to G). The extended representation
group is defined as the “fibre-product” (pull-back; “diagonal group” in the
terminology of the Atlas)

X(0) = G(O)AcX

of G(#) and X amalgamating G = X/N. Letting 7(g,h) = Tg_thgTh be a
2-cocycle with values in Z (viewed as a group of scalar multiplications) and
class pxc(0) in H2(G, K*), we may write G(#) as the group consisting of all
pairs (g, z) € GxZ with multiplication (g, z)(h, 2’) = (gh, 22'7(g, h)). Then
X (0) counsists of all elements ((g, z),z) for which Nx = ¢g. By Proposition
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16 The Solution of the k(GV) Problem

1.9a, X () has the same exponent as X. Hence K is a splitting field for
X (0) by Theorem 1.1d.

Suppose W is a K N-module affording 6. By construction W = W gets
the structure of a K X (0)-module through w((g, 2), ) = (zwz)7y = (2w) T4
for w e W C Indy(W), g € G, z € Z and x € X (with Nz = g). For
x € N we have v((1,1),z) = vz. Thus W is an extension of W when viewed
as a module for Ker(X(0) - G(6)) = N.

We may replace K by any subfield which is a splitting field for 6. In
this manner we find a character 8 of X (0) extending 6, when viewed as a
character of Ker(X(0) — G(0)), which can be written in this same field.
This applies in particular when the Schur index m(6) = 1 (which is true in
prime characteristic).

Theorem 1.9c (Clifford). Let N be a normal subgroup of X, let G = X/N
and let 0 € Irr(N) be stable in X. Let 6 € Irr(X(0)) extend 6 in the above
sense, and let 0= be the unique irreducible (linear) constituent of 9 on
Ker(X(0) — X) = Z. Then ¢ < x = 0®( is a 1-1 correspondence between
Irr(G(0)|6) and Irr(X|6). Moreover [Irr(X|0)| = |Irr(G(8)]0)] < k(G).

Proof. Let x € Irr(X16), and view x as a character of X () by inflation.
Since 6 extends 6 when viewed as a character of Ker(X(0) - G(0)) = N,
there is a unique (irreducible) character ¢ of G(f) such that x = B¢ (see
above). But Ker(X(#) - X) = Z is in the kernel of x. It follows that
¢ € Irr(G(6)|A) where 0 is as described. Conversely, every ¢ € Irr(G G(0)]6)
gives rise to an irreducible character Y = 0 ® ¢ in Irr(X16).

For the final statement we may assume that X = G(0), N = Z is
central in X and § = 6. By Frobenius reciprocity (1.2¢) we then have
Indy () = > xetr(xo) X(1)x, and this vanishes outside N and agrees with
|G|0 on N. For x € Irr(X|0) we have |x(z)]* = |X| ZyEX x([z,y]) by
(1.3c) and, of course, |X| =" .y |x(2)|?. Hence

e (X]6)| Z >y Ix(x)|2—||§|2 S 6(.u)).

xEX X€EIrr(X|0) [:z]ee)z(v

.. el
T(hlS) is at most equal to ﬁ ZmEX Zyecx(Nz)l ‘G‘ Zwe(; |Ca(z )| =
k(G).
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Conjugacy Classes, Characters, and Clifford Theory 17

We now shall discuss Clifford theory of tensor induction. Suppose N
is a nonabelian normal subgroup of X which is the central product of the
X-conjugates of some (proper) subgroup Ny. Let Xq = Nx(Np) be the
normalizer, and let G = X/N and Gg = Xo/Ny. Assume 6 € Irr(N) is
stable in X, and let 6y € Irr(Ng) be the unique irreducible constituent of
6 on Ny. As 6 is absolutely irreducible, € is the (tensor) product of the
| X : Xo| distinct X-conjugates of 6y [I, 4.21].

Define X (0) and Xo(6g) as before, with the same Z, and let Z =
IndﬁO(Z ) be the (induced) permutation module.

Theorem 1.9d. Keeping these assumptions, let 50 be an irreducible char-
acter of Xo(0o) extending 0y (as above). Then there is a group extension

Z — X — X mapping onto X (0) such that = Ten)X/{ (50) is a character
0
of X(0) extending 6, Xy being the inverse image in X of Xj.

Proof. Let pg : Ng — GL(W)y) be a K-representation affording 6y (Theo-
rem 1.1d). Let {t;} ; be a right transversal to X in X. Let h = [[; A}’
be an element in N (with all h; € Ny). Then p(h) = ®7_,po(hl) is a
K-representation of N on W = @), Wyt; affording §. Since 6, is stable
in Xg, we may extend pg to a projective representation py : Xg — GL(Wp).
We may choose py such that its factor set 7o € Z2(Xy, K*), being inflated
from Gy, has order dividing |Z| = exp (Np). Let z € X, and let t;x = z;t;s
be as in Sec. 1.2 (with z; € Xj). Then p(z) = ®F,_,po(z;) defines a pro-
jective representation of X tensor induced from py which extends p and has
factor set

n
?0(37, y) = H T()(.’Ei, yza:)
i=1

This 7y is co-induced from 7y (and inflated from G). We have h* =
[1;(Rh{")t= and so

p(h") = @f_1po(hi*) = pla) ™" p(h)p(x).

Thus the class of 7 = 7y in H?(G, K*) is nothing but uxg(), and p lifts
to an ordinary representation of X (), say affording 6.

The group extension X represents the cohomology class obtained from
Xo(6p) under the natural isomorphism H?(Xy, Z) & H%(X, Z) underlying

o~

Shapiro’s lemma (A3). Here the group X () is the image of X under the
map Z — Z sending (z;)" to [\, 2z (2 € Z). O
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18 The Solution of the k(GV) Problem
1.10. Good Conjugacy Classes and Extendible Characters

Let N be a normal subgroup of X, and let G = X/N. Let § € Irr(N)
be G-invariant. The conjugacy class of an element ¢ = Nz in G is called
“good for 0” provided 6 can be extended to (N, z,y) for all y € X satisfying
[z,y] € N [Gallagher, 1970]. By virtue of Theorem 1.9¢ this may be studied
by passing to G(6). Hence we may assume that N = Z is cyclic and central
in X and that # = 6 is linear. Assume also that 0 is faithful. If there is a
(linear) character A of Y = (N, z,y) extending 6, then Y/N is abelian (as
[z,y] € N), Y/Ker()) is abelian and N N Ker(\) = Ker(§) = 1. Hence YV
is abelian. Conversely, if Y is abelian, then 6 can be extended to Y. We
have proved the following.

Theorem 1.10a. Suppose 0 € Irr(N) is stable under G = X/N. Then
|Irr(X0)| is the number of conjugacy classes of G which are good for 6.

Combining this with Theorem 1.8b we obtain the Clifford—Gallagher for-
mula

(1.10b) k(X) = YCgermv) ko (1c(0)) /|G : 1c(9)],

where kg(Ig(0)) is the number of conjugacy classes of I5(6) which are good
for 6. Observe that kg(Ig(0)) = k(Ig(0)) whenever 6 can be extended to
Ix(0), that is, whenever px(9)(0) vanishes. This happens for instance if
all Sylow subgroups of I (6) are cyclic, because then its Schur multiplier
is trivial by (A4).
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