Chapter 1

Bounded Block Operator Matrices

A block operator matrix is a matrix the entries of which are linear oper-
ators. Every bounded linear operator can be written as a block operator
matrix if the space in which it acts is decomposed in two or more compo-
nents. In this chapter we present methods that allow us to use information
on the entries in such a representation to investigate the spectral properties
of the given operator. The key tool here is the quadratic numerical range
or, more generally, the block numerical range. Our main results include
a spectral inclusion theorem, an estimate of the resolvent in terms of the
quadratic numerical range, factorization theorems for the Schur comple-
ments, and a theorem about angular operator representations of spectral
invariant subspaces; the latter implies e.g. the existence of solutions of the
corresponding Riccati equations and a block diagonalization. Many of the
results are also of interest for partitioned matrices.

1.1 The quadratic numerical range

The numerical range is an important tool in the spectral analysis of bounded
and unbounded linear operators in Hilbert spaces. We begin by collecting
some if its useful properties (see e.g. [Hal82], [GR97], [Kat95], and [Ber62)).

Let H be a complex Hilbert space and let A be a bounded linear operator
in H. Then the numerical range of A is the set

W(A) = {(Ax,x) : x € Sy}

where Sy := {x € H : ||x|| = 1} is the unit sphere in H. By the well-known
Toeplitz-Hausdorff theorem, the numerical range is a convex subset of C
and it satisfies the so-called spectral inclusion property

op(A) CW(A), o(A) C W(A) (1.1.1)
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2 Spectral Theory of Block Operator Matrices

for the point spectrum o}, (A) (or set of eigenvalues) and the spectrum o(A)
of A; note that W(A) is closed if dim H < oo. Further, the resolvent of 4
can be estimated in terms of the distance to the numerical range,

. 1 —
) \ygm, A ¢ W(A). (1.1.2)

If a point A € W(A) is a corner of the numerical range (i.e. W(A) lies in a
sector with vertex A and angle less than 7), then A€o (A); if, in addition,
AeW(A), then A € 0,(A). The estimate (1.1.2) implies that if X € op(A)
is a boundary point of W (A), then there are no associated vectors at .

If the Hilbert space H is the product of two Hilbert spaces H; and Ho,
H = H; © Ha, then every bounded linear operator A € L(H) has a block
operator matrix representation

A=<ég> (1.1.3)

with bounded linear operators A € L(H1), B € L(Hz2,H1), C € L(H1, Ha),
and D € L(H3). The following generalization of the numerical range of .4
takes into account the block structure (1.1.3) of A with respect to the
decomposition H = H; @ Hs.

(A=A

Definition 1.1.1 For f € Sy,, g € Sx, we define the 2 x 2 matrix
Af. f) (By, f ))
A ::<( i ’ € M>(C). 1.1.4
fo (Cf.g9) (Dg.9) (C) (L14)
Then the set
W2 (A) = ] op(Agy) (1.1.5)
fE€SH,,9€E 1,
is called the quadratic numerical range of A (with respect to the block
operator matrix representation (1.1.3)).

For two different decompositions of the Hilbert space H, the correspond-
ing quadratic numerical ranges may differ considerably:

Example 1.1.2 The quadratic numerical ranges of the 4 x 4 matrix

2 -1 1 0
1 -2 0 1
Ao : 2 -1 0 -3
1 -2 3i 0

with respect to the two decompositions C* = C2@ C2 and C* = C?> @ C!
are shown in Fig. 1.1; the black dots mark the eigenvalues of Ajg.
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Bounded Block Operator Matrices 3

Figure 1.1 Quadratic numerical ranges of Ag for C*=C2? @ C2 and C*=C3 @ C'.

Sometimes it is more convenient to use an equivalent description of the
quadratic numerical range which uses non-zero elements f, g that need not
have norm one.

Proposition 1.1.3  For f € H1, g € Ha, f, g # 0, we define
(Af, f) (Bg.f)

A2 1f1 gl
Afg = M,(C 1.1.6
! (Cf.9) (Dg,9) & M0 (16
£ gl Nlgll?
and
(Af’f)_)‘(f’f) (Bgaf)
A i A) i=de . 1.
(:9:) dt( (Cf,9) (Dgyg)—A(g,g)> L7)
Then
WA = | oplAry)

fE7'f¢1,i§’H2
={AeC:3 feH1, geHs, f,g#0 det(Asy — ) =0}
={AeC:3 feH1, gEHa, f,g#0 A(f,g;\) =0}.

Proof. The claims are immediate if we observe that the definition of
Apg g in (1.1.6) coincides with the one in (1.1.4) if f € Sy,, g € Sn,, t.e.
Il = llgll = 1, and that A(f,g; ) = [ f[I*[lg]|* det(Asg — A). O

In the special case that W2(A) is real, it can also be described by means
of the formulae for the roots of the quadratic equation det (Af,g— )x) =0.
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4 Spectral Theory of Block Operator Matrices

In the following, we choose a branch of the square root such that \/z > 0
if z>0and Im+/z > 0if 2 < 0.

Corollary 1.1.4 For f € Hi, g € Ha, f,9 # 0, we define

(Af.f) _ (Dg, g))"’ . ,Ba.1)(CF9)

di = -
sa(f,g) ( 17112 llglI? 1£112 {1911

and, if disa(f,g) > 0, we set

Ai(f), 1((Af.D)  (Dg.g) . \/((Af,f) (Dg,g>>2 (Bg, )(C.9)

== + +4
g) 2\ IIFIF  llgl? 1£11% [lgll?

LA lgl?

Further we let

AL(A) = {)\i (g) f€Hi, g€ Ha, fg#0,disalf,g) > 0}. (1.1.8)

Then W?(A) C R if and only if disa(f,g) > 0 for all f € Hi, g € Ha,
f,9#0, and in this case

W2(A) = A_(A) UA,(A).
For convenience, we also use the notation AL (f, g) in the following.

Proof. The claim is immediate from the fact that A.(f, g) are the solu-
tions of the quadratic equation

( TR B AT LR
that is, of det( Ay — A) = 0. O

Like the numerical range, the quadratic numerical range of a bounded
block operator matrix A is a bounded subset of C,

W2(A) c{reC: A <A},

and it is closed if dim’H < oo. In contrast to the numerical range, it
consists of at most two (connected) components. This follows from the
fact that the set of all matrices Ay 4, f € Sw,, g € Sn,, is connected and
from a continuity argument for the eigenvalues of matrices (see [Kat95,
Theorem I1.5.14] and [Wag00]). If, for example, A is upper or lower block
triangular, then W2(A) = W(A) U W (D). Hence the quadratic numerical
range is, in general, not convex; the following example shows that even its
components need not be so (see Fig. 1.2).
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Bounded Block Operator Matrices 5

Example 1.1.5 Consider the 4 x 4 matrices

1011 2 i ‘ 1 3+i
01|01 i 2 |3+i1 1
Av= | T9To0 |0 AT 1 3+i| -2 i
1il00 341 1 -

with respect to the decomposition C* = C? @ C2. Figure 1.2 shows that in
both cases the quadratic numerical range consists of two disjoint non-convex
components.

y
# .
Vs
7
f o
/ |

Figure 1.2 Quadratic numerical ranges of .4; and As.

Remark 1.1.6 The fact that all matrices A4, f € Sn,, g € Sn,, have
two different eigenvalues does not imply that W?2(.A) consists of two disjoint
components.

In fact, there exist self-adjoint block operator matrices A such that
for all f € Sy, g € Sn, the two eigenvalues Ay (f,g), A_(f,g) of the
matrix Ay, are different, that is, A_(f,g) < A{(f,g), but there exist
fif € Sy, 9,9 € Swu, such that A_(f,9) = A (f',¢). To this
end, consider a self-adjoint block operator matrix A as in (1.1.3) with
H1 = Ho, dimH; > 2, C = B*, and self-adjoint operators A, D such
that min W(A) = maxW(D) = 8. Assume further that § is a simple
eigenvalue of A and D with a common eigenvector fo € Hy, ||fo|| = 1, and
(B fo, fo) # 0. Then it is easy to see that for f € Sy,, g € Sn,

2
A+<f,g>—A(f,g>=2\/((Af’f)‘(Dg’g)) - 1(Bg. PP > 0.

2
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6 Spectral Theory of Block Operator Matrices

On the other hand, if we choose fj € Hi, g; € Hi so that || fi|l = |lgoll = 1,
(Bfo, f§) = 0 and (B* fo, g;) = 0, then, by the definition of Ay in Corol-
lary 1.1.4, we have A1 (fo.95) = A—(fg, fo) = B.

The following elementary properties of the quadratic numerical range
with respect to certain transformations of the block operator matrix A are
easy to check.

Proposition 1.1.7 We have

i) W3HaAd+ B) = aW?(A) + 3 for a, B €C,
ii) W2(U71AU)=W2(.A) for U=diag (Ul,Ug), Ui € L(H1), Uy e L(Hs)

unitary.

Proof. Claim i) follows from the fact that («A + 5)f4 = @Ay + 3 for
f € Su,, g € Sp,. The assertion in ii) is a consequence of the equivalence
(f 9)t € Sy, ® Sy, = (Urf Uag)t € Sy, @ S, and of the relation
(U_lA U)f)g = AU1f,U2g for f S S"}—(l, g < SHQ. O

The first non-trivial property of the quadratic numerical range is that
it is contained in the numerical range.

Theorem 1.1.8 W?2(A) C W(A).

Proof. Let \g € W2(A). Then, by definition (1.1.5), there exist f € Sy,
g € S, and (a1 a2)® € C?, |a1|? + |az|? = 1, such that

o o
40 (0n) =2 ()

Taking the scalar product with (a; a3)' and observing the definition of
Apg g in (1.1.4), we obtain

() () =20

Qzg Qzg

Since ||aq f||? + [|ag||? = 1, this implies that A\g € W (A). O
Another feature of the quadratic numerical range is that the numerical

ranges of the diagonal elements W (A) and W (D) are contained in W?2(A)
if the dimensions of H; and Hs are at least two, more exactly:

Theorem 1.1.9 We have

i) dimHy >2 = W(A) c W2(A),
ii) dimH; >2 = W(D) C W2(A).
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Bounded Block Operator Matrices 7

Proof. Let f € Sy, be arbitrary. If dimHy > 2, then there exists a
g € Sy, such that (Cf,g) = 0. Thus

arg= (5D 00
Lo 0 (Dg.9)
and hence (Af, f) € op(Ay,g) C W2(A). The proof for W(D) is similar. [J

Corollary 1.1.10 Suppose that dimH; > 2 and dim Ho > 2.

i) If W2(A) consists of two disjoint components, W2(A) = F1 U Fa, they
can be enumerated such that

W(A) C Fi, W(D) C Fo.
i) If W(A)NW(D) # 0, then W2(A) consists of only one component.

Proof. By the assumptions on the dimensions of H; and Hs, there exist
f € Sny, g € Sy, with (Cf,g) = 0. The eigenvalues of the corresponding
matrix Ay 4 are (Af, f) and (Dg, g); they belong to different components of
W?2(A) if the latter consists of two disjoint components. Theorem 1.1.9 and
the fact that the numerical ranges W(A) and W (D) are connected (even
convex) now imply claims i) and ii). O

The inclusions in Theorem 1.1.9 need not be true if dimH; = 1 or
dimHy = 1:

Example 1.1.11 Consider the 4 x 4 matrix from Example 1.1.2 with
respect to the decomposition C* = C3 & C!,

2 -1 1] o0
1 -2 0] 1
A= o 0|—3i
—1 -2 3i| o

Figure 1.3 illustrates that the numerical range of the left upper corner of
Ap is not contained in W?2(A).

The property that W2(A) (or even its closure W2(A)) consists of two
disjoint components will be of particular interest in the following sections.
In this respect, the following results are useful.

Proposition 1.1.12 If W(A)NW(D) =0 and
2VIIBIHIC| < dist (W (A), W(D)),

then W2(A) consists of two disjoint components.
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8 Spectral Theory of Block Operator Matrices

Figure 1.3 Numerical range of left upper corner and quadratic numerical range of Ap.

Proof. Set 3 := dist (W(A), W(D)) and assume that A belongs to the
line that separates the convex sets W(A) and W (D) and has distance (/2
to both of them. Then, for all f € Sy, g € Sn,,

|det (A — M| = | (A= (Af. f)) (A= (Dg,9)) — (Bg, £)(Cf.9)|
> (A= [(Af, DI []A = |(Dg, )| = IBIICl
2
> 2 _syjc1 >0
which shows that A\ ¢ W?2(A). O

The numerical range W (A) of a bounded linear operator A is real if and
only if A is self-adjoint. For the quadratic numerical range, we only have
the following property.

Proposition 1.1.13  If A* denotes the adjoint of A, then

i) W2(A%) = (X eC: A e W2(A)} = W2(A)",
i) A=A* = W2(A) CR.

Proof.  Assertion i) follows from (Af )" = (A*) g, for f € Syy g € Snas
claim ii) is obvious since in this case all matrices Ay , are symmetric. O

If the quadratic numerical range is real, then, in the generic case, only
self-adjointness with respect to a possibly indefinite inner product holds.

The corresponding notion of J-self-adjointness plays a role in a number
of other subsections and also in the next chapter on unbounded block oper-
ator matrices; therefore we give the definition for the unbounded case here.
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Bounded Block Operator Matrices 9

Definition 1.1.14 Let H = H;1 ¢ H2 and let J € L(H) have the corre-
sponding block operator representation

J = (é _OI) (1.1.10)

A densely defined linear operator A in ‘H is called J-self-adjoint if JA is
self-adjoint in H; it is called J-symmetric if JA is symmetric in H.

Clearly, every bounded [J-symmetric operator is J-self-adjoint. If we
define the indefinite inner product [-,-] := (J-,-) on H, then A € L(H) is
J-self-adjoint if and only if

[Ax,y] =[x, Ay], x,y €H.

The Hilbert space H equipped with the indefinite inner product [-, -] is
a Krein space; every J-self-adjoint operator is a self-adjoint operator in
this Krein space. For the definition of Krein spaces and properties of linear
operators therein we refer to [Bog74], [AI89], [Lan82]. We only mention

that the spectrum of a [J-self-adjoint operator is symmetric to R.
Obviously, if A € L(H) has a block operator representation (1.1.3), then

A is self-adjoint — A=A, D=D* (=B~
A is J-self-adjoint — A=A", D=D* C=-B"
Theorem 1.1.15  Let either dimH; > 2 or dimHy > 2. If W2(A) C R,

then A = A*, D = D*, and A is either block triangular (i.e. B = 0 or
C = 0) or there exists a v € R, v # 0, such that

A B
(50

in the latter case, A is similar to the block operator matrix

- A B .
— ~ B:: B'
A <(sign7)B* D)’ vl B;

A is self-adjoint in 'H if signy =1 and J-self-adjoint if signy = —1.
In the proof of Theorem 1.1.15 we use the following lemma; in view of
the next chapter, we formulate it for unbounded operators.
Lemma 1.1.16 If B and C are closed densely defined linear operators
from Ha to Hy and from Hy to Ha, respectively, such that
(By,z)(Cx,y) € R for all x € D(C), y € D(B), (1.1.11)
then B=0, C=0, or CCyB* with yeR (C=~B* if B, C are bounded).
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10 Spectral Theory of Block Operator Matrices

Proof. 1If z € D(C), y € D(B) are such that (By, z) # 0, then condition
(1.1.11) implies that
(Cz,y) _ (By,z)(Cz,y)
(z,By)  (By,x)(x, By)
Assume that B # 0. Then, because C' is densely defined, there exist ele-

ments xg € D(C), yo € D(B) such that (zg, Byo) # 0. For u € D(C),
v € D(B), we consider the function

ER. (1.1.12)

(C(zo + 2u),y0 + Zv)
(zo + zu, B(yo +Zv))
_ (Czo,y0) + 2((Co,v) 4 (Cu,y0)) + 2*(Cu, v)

(xo, Byo) + z((xo, Bv) + (u, Byo)) + 22(u, Bv)’

fU,v(Z) :

z e C.

Since (zg, Byo) # 0, the denominator is not identically zero and hence the
function f,, is rational in C with at most two poles, say (i, (2. Because
of (1.1.12), it is real on its domain of holomorphy and thus constant there:

Juw(2) = fuw(0) = (Cxo,y0)/(x0, Byo) =: v € R, or
(Cxo,y0) + 2((Cxo,v) + (Cu,yo)) + 2°(Cu, v)
=7 ((zo, Byo) + z((z0, Bv) + (u, Byo)) + 2*(u, Bv))

for z € C\ {(1,(2}. Comparing coefficients, we find (Cu,v) = (u, Bv) for
all u € D(C), v € D(B) and hence yB C C* or, taking adjoints, C C yB*.
The last claim is obvious. O

Proof of Theorem 1.1.15. Without loss of generality, let dim Ho > 2.
Then, by Theorem 1.1.9, W(A) C W?(A) C R and hence 4 is self-adjoint.
This and the equality

(Af7f)+(Dg,g)=A+(ch> +A<£> ER, € Sm. g€ S

show that D is self-adjoint as well. Since

det Ay = (Af, f)(Dg,g) — (Bg, [)(Cf,9) = A+ (f; )A_ (f; ) R

for all f € Sy, g € Sn,, we have (Bg, f)(Cf,g) € R for all f € Hy,
g € Ha. Now Lemma 1.1.16 yields the second claim. The last assertion
about the similarity of A follows from the identity

) e 2
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Bounded Block Operator Matrices 11

Obviously, Ais self-adjoint in H if signy = 1; if signy = —1, then JA is
self-adjoint in H since

~ A B
(A7) ;

1.2 Special classes of block operator matrices

A major advantage of the quadratic numerical range is that it reflects sym-
metries and other properties of the entries of a block operator matrix. Some
of the results obtained here also play a role in the unbounded case consid-
ered in the next chapter. Therefore special emphasis is placed on structures
occurring in applications e.g. from mathematical physics or systems theory.

Theorem 1.2.1  Let the block operator matriz A be of the form

=(ip):
For w € [0,7), define the sector S, := {re'?: r > 0, |¢p| < w}. If there
exist o, 0 > 0 and angles ¢, € [0,7/2] such that
W(D)cC{ze€-%,:Rez< -6}, W(A) C{z€y:Rez>a}
and 0 := max{p, 9}, then
W2(A) C {z € —Yg:Rez< —(5} U{ze Yo :Rez > a}
consists of two components separated by the strip {z € C: —§ < Rez < a}.

For the proof of this theorem we use the following elementary lemma
for the eigenvalues of 2 x 2 matrices (see [LT98, Lemma 3.1]).

Lemma 1.2.2 Leta,b,c,d € C be complex numbers with Red < 0 < Rea
and bc > 0. Then the matriz

a b
= (0a)
has eigenvalues A1, Ay such that:
i) Reda <Red <0< Rea<Rel,

ii) min{Ima,Imd} <ImA;, ImAy < max{lma,lmd},
iii) A1, —X2 € {z € C:|argz| < max{|argal,m — |argd|}}.

Proof. We suppose that Ima > 0 (otherwise we consider A*) and
arga > m — |argd] (1.2.1)
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12 Spectral Theory of Block Operator Matrices

(otherwise we start from d instead of a in the following). Assumption (1.2.1)
implies that

‘Im(a—d)

m‘ < tan(arga). (1.2.2)

The eigenvalues A1, Ao satisfy the equation
(a—=A)(d—=X)—t=0, t:=bc>0.
We consider them as functions A; o of ¢ and write

a+d 4 (a —d)?
2 4
Now we decompose \;(t) =: x;(t) +iy;(t), i = 1,2, and (a +d)/2 =: B+ iy
into real and imaginary parts. Squaring equation (1.2.3) and taking real and
imaginary parts, we see that x1(t), y1(t) and xo(t), y2(t) satisfy the relations

A,2(t) —

+t, t>0. (1.2.3)

(a(t) — B)° — (y(t) —)* = iRe (a—d)?+t, (1.2.4)
(z(t) = B) (y(t) —v) = %Im (a—d)?. (1.2.5)

The last equation shows that the eigenvalues A (t), A2(t) lie on a hyper-
bola with centre f+iy= (a+d)/2 and asymptotes Imz =+ and Rez =7
parallel to the real and imaginary axis, the right hand branch passing
through a and the left hand branch through d. From the identity (1.2.4)
it follows that for 0 < ¢ < oo the eigenvalues A;(t) fill the part of the right
hand branch which extends from a to oo + iy, and the eigenvalues Ao (t)
fill the part of the left hand branch from d to —oo 4 iy. This implies i)
and ii). In order to prove iii), it is sufficient to show that the derivatives
of the hyperbola at d and at a are in modulus less than tan(arga). For
example, for the derivative at d, it follows from (1.2.5) that
y(0)  y(0) —~ Imd — 4Im (a + d) Im (d — a)

#(0)  2(0)—B8  Red—LiRe(a+d)  Re(d—a)’

which is in modulus less than tan(arga) by (1.2.2). O

Proof of Theorem 1.2.1. All assertions follow by applying Lemma 1.2.2
to the 2 x 2 matrices Ay 4 defined in (1.1.4) for f € Sy,, g € Sn,. O

For self-adjoint block operator matrices, the following corollary is obvi-
ous from Theorem 1.2.1.

SPECTRAL THEORY OF BLOCK OPERATOR MATRICES AND APPLICATIONS
© Imperial College Press
http://www.worldscibooks.com/mathematics/p493.html



Bounded Block Operator Matrices 13

Corollary 1.2.3 Let A= A* and suppose that
sup W (D) < inf W(A).
Then W2(A) = A_(A) UA,(A) consists of two components satisfying
supA_(A) <supW(D) < inf W(A) <inf A;(A).
In the following proposition we generalize this estimate to non-separated

diagonal entries and we derive two-sided estimates for the outer end-points
inf A_(A) and sup A (A) of the quadratic numerical range (see [KMMO07]).

Proposition 1.2.4 If A = A*, then the quadratic numerical range
W2(A) = A_(A) UA,(A) satisfies the estimates

inf Ay (A) > max {inf W(A), inf W (D)},

supA_(A) < min {sup W(A), sup W (D)},

and
min{inf W (A), inf W(D)} — g < inf A_(A) < min{inf W (A),inf W(D)},
max{supW W(D } su A) < max{supW (A), supW(D }—|—5
where

- 2||B]

0p = ||B||tan( arctan WA) — WD) )’

2B
6% =Bt t ;
5= 1Bl an(zm M TSup W(A) —supW (D))’

if inf W(A)=inf W(D) or sup W(A)=sup W (D), we set arctan co:=m/2.

Proof. Since A = A*, we have C = B*. Then the definition of Ay in
Corollary 1.1.4 shows that, for f € Sy,, g € Sn,,

(1) BLD D) ¢ (W) Ba P (126)

> (Af7f)_|2'(Dg7g) +‘(Af7f);(Dgag)‘

= max{(Af, f), (Dg,9) }.
From this estimate we obtain
inf Ay (A) > max {inf W (A), inf W(D)},
sup A4 (A) > max {sup W(A), sup W (D)}.

The proof of the second inequality and of the right part of the third inequal-
ity is analogous.
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14 Spectral Theory of Block Operator Matrices

For the proof of the remaining inequalities, we observe that the solutions
(1.2.6) of the quadratic equations det(Ay y; — A) = 0 defining the quadratic
numerical range can also be written in the form

A(ﬁ): win{(Af. f),(Dg. )} —|(Bg.f)|tan G arctan— f2';f_“‘”£g g)),
AN max an 1ach an 2|(Bg./)|
A+<g)— (A, ). (Dg, 9)} +|(Ba.f)] (2 tanr f)_(DM”).

Without loss of generality, we assume that inf W (A) > inf W(D); otherwise
we reverse the components in the decomposition H = Hi ® Hs. Suppose
that (Af, f) > (Dg, g); then

AN - an l:aurc an—2|(Bg7f)‘
{5) = Pos1=1Bg i (g vcton (o ZEE )

We define the auxiliary function

h(t) ==t —|(Bg,f)| tan(% arctan %) , teR.

It is easy to see that h is strictly monotonically increasing (with a jump
of height 2|(Bg,f)| at the singularity (Af, f)); in fact, we have b’ > 1/2.
Hence

N 1 2|(Bg.f)|
)\—(9) > inf W(D) — |(Bg.f)| ta“(i R T, f)—ian(D))
. 1 2| B

> inf W(D) — || B| tan<§ AXCHAN TV (A) — nf W<D)>

if (Af,f) > (Dg,g9). It (Af,f) < (Dg,g), then we have the estimates
(Af, f) > inf W(A) > inf W(D) and (Dg,g) > (Af, f) > inf W(A). Thus,
in the same way as above, we obtain

2|(Bg.f)| >

(Dg,g)—(Af. f)
2[(Bg.f)| )

(Dg, g)—inf W(D)
2B

1
>inf W(D) — |B — .
>inf W(D) — || |tan<2 arctan ian(A)—ian(D))

/\_<£> — (Af, )= |(Ba.f)| tan(% arctan

1
> inf W(D) — |(Bg,f)| tan<§ arctan

The estimate for Ay is proved analogously. O
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Bounded Block Operator Matrices 15

In the following, for a self-adjoint operator T in a Hilbert space H and
a subinterval I C R, we denote by Er(I) the spectral projection and by
L1(T) = Ep(I)H the spectral subspace, respectively, corresponding to I.

Remark 1.2.5 Suppose that A = A* and inf W(A) # inf W (D) with

dim ﬁ(—oo,ian(A)](D) >2 if inf W(D) <inf W(A),
dimL(foanfW(D)] (A) > 2 if inf W(A) < lan(D)

Then
inf Ay (A) = max {inf W (A), inf W(D)}.

In general, the strict inequality inf Ay (A) > max{inf W(A), inf W(D)}
may occur. Analogous statements hold for sup A_(A).

Proof. Let inf W(D) < inf W(A) and dim £(_ o infw(a) (D) > 1. Since
inf W(A) € o(A), there exists a sequence (z,)7° C D(A4), ||z,|| = 1, such
that ||(A — inf W(A))an|| — 0, n — co. Due to the dimension condition,
for each n € N there exists ¥, € L(—oo,intw(a)(D), |[yn|l = 1, such that
(B*%p,yn) = 0. Then (Dyy,yn) < (Azy, ) and hence, by (1.2.6),

At (xn> = (Azp,x,) — inf W(A), n — oo.

This implies inf W(A) € A4 (A). Together with Proposition 1.2.4, the first
assertion follows. An example for strict inequality is furnished by the matrix

here max{inf W (A), inf W(D)} = inf W(A4) = —1 and

3 1 0

min Ay (A) = A4 )= 24 -V5>-1 with eg 1= . O
2 2 2 1

Next we consider block operator matrices for which C' = —B* and, more

specifically, J-self-adjoint block operator matrices (see Definition 1.1.14).
We estimate their quadratic numerical range in the case when the off-
diagonal element B is sufficiently small. In the J-self-adjoint case, the qua-
dratic numerical range is real for small B, but it may become complex if B
is sufficiently large; more detailed estimates are given in Proposition 1.3.9.
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16 Spectral Theory of Block Operator Matrices
Proposition 1.2.6  Let the block operator matriz A be of the form
A B
A= (5 )

a_ :=inf ReW(A), a4 :=supReW(A),
d_:=infReW (D), d4 :=supReW (D).

and define

Then the quadratic numerical range of A satisfies the following estimates:
i) min {a_,d_} < ReW?(A) < max {at,d}.

ii) If dy < a_ and ||B| < (a_—dy)/2, then W2(A) = A_(A)UA,(A)
consists of two components satisfying

ReA_(A) < dy + |[B] < a_— |B|| < Re A (A).

iii) If A= A% D = D* then W2(A) is symmetric to R, [Im W2(A)| < || B||;
if, in addition, dy < a_, then

IBlI<(a-—dy)/2 = WA(A)CR,

_—dy)?
IBI> (0=~ /2 = W3] < /e - L—def.
The case aq < d_ in ii) and iii) is analogous.

For the proof of Proposition 1.2.6, we use the following simple lemma
(see [Tre08, Lemma 5.1 ii)]).

Lemma 1.2.7 Let a,b,c,d € C be complex numbers with Red < Rea
and bc < 0. Then the matriz

a b
A =
(% 4)
has eigenvalues A1, Ao such that
i) Red <ReXs <ReA; <Rea,
ii) ReXy <Red++/|bc|] < Rea—+/|bc] < ReAy if /|bc| < (Rea—Red)/2,
and A1, Ay € R if, in addition, a, d € R,
iii) Red =Reds = (a+d)/2, ImA| = |ImAs| = /]be|—(a — d)?/4 if
V0be|>(a—d)/2 and a, d € R.

Proof. i) If ReA<Red (<Rea) or ReA>Rea (>Red), then the eigen-
value equation (a—\)(d—\) = be < 0 cannot hold. In fact, decomposing all
numbers therein into real and imaginary parts, one can show that Im a—Im A
and Im d—Im A have different signs and Re ((a—\)(d— X)) > 0.
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Bounded Block Operator Matrices 17

ii) If Red + /|bc| < Re A < Rea — /|bc], then
|det(A — X)| > |a — A||d — A| — |bc| > |[Rea — Re A| [Red — Re A| — |be| > 0,

hence ) is not an eigenvalue of A. The relation Re A\; + Re A = Rea+ Red

excludes the possibility that e.g. Re A1, Re A2 < Red ++/]bc|.
The claims in ii) for a, d € R and in iii) are immediate from the formula
a+d (a —d)?

Ao = +
1/2 5 1

+ be. O

Proof of Proposition 1.2.6. If A= A*, D = D*, then det (Aﬁg — )\) =
det(Afy — A) for f € Sy,, g € Sy, which implies W?2(A) = W2(A)* and
hence the first claim in i). All other claims follow by applying Lemma 1.2.7
to the 2 x 2 matrices Ay, defined in (1.1.4) for f € Sy, , g € Sy, O

Proposition 1.2.8 Let Hi1 = Hs and suppose that

A B
A= (e i)
18 such that either B = B* and C = C* or B=—B* and C = —C*. Then
W?2(A) is symmetric to R.

Proof. For f,g € Sy, and A € C, it is easy to see that
. (A*g,9) =X (C*f.9) )
det((A —A) =det
s =) =der (Y800 S0

_ (Af, f)=A £(Bg, f) \ _
—dt< (Cg) (Ag.g)— A)_olet(,ztf,g—A),

which implies that W?2(A) = WQ(A*) On the other hand, by Proposi-
tion 1.1.13 i), we have W?2(A*) = W?2(A)* and hence W?(A) = W?(A)* O

Proposition 1.2.9 Let H; = Hy and suppose that

A B
a=(e )
is such that either B = B* and C = C* or B = —B* and C = —C*. Then
W2(A) is symmetric to iR.

Proof. The assertion follows since iA4 satisfies the assumptions of Propo-
sition 1.2.8 and W2(iA) = iW?2(A) by Proposition 1.1.7 i). O
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18 Spectral Theory of Block Operator Matrices

1.3 Spectral inclusion

The most important feature of the quadratic numerical range is that, like
the numerical range, it has the spectral inclusion property (see (1.1.1)).
Since the quadratic numerical range is always contained in the numerical
range (see Theorem 1.1.8), it furnishes a possibly tighter spectral enclosure.

Theorem 1.3.1  o,(A) C W2?(A), o(A) C W2(A).

For the proof of Theorem 1.3.1 we need a simple lemma about 2 x 2-
matrices, which we prove for the convenience of the reader.

Lemma 1.3.2 If for M € M»(C) there exists a vector x € C? such that
|zl =1 and ||Mz| <e, (1.3.1)
then dist(0,0(M)) < /[[M]|e.

Proof. Only the case that the matrix M is invertible has to be consid-
ered. Then the inverse matrix M~! can be written as

1
. 1 — m(JtMJ)t
with J := <_1 0). Thus
M = e = o (132)
where A1, A9 are the eigenvalues of M. The assumption (1.3.1) implies that
MY > et (1.3.3)
From (1.3.2) and (1.3.3) we obtain min{|\|,|A2|} < \/[M][e. O

In the following, for a bounded or unbounded linear operator T in H,
we define its approzimate point spectrum oapp(T') as

Tapp(T):={A€C: 3 (x,,)°CD(T), | xn || =1, (T-N)x, —»0,n—00}.(1.3.4)
Proof of Theorem 1.3.1. First we consider A € o,(A). Then there exists
a nonzero element (f g)* € H such that

(A= XN)f+ Bg=0,
Cf+(D—-MNg=0.

We write f = ||f|| f, g = ||lgl|§ with elements f € Sy,, g € Sx, (here, if
e.g. f =0, then f can be chosen arbitrarily). It follows that
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Bounded Block Operator Matrices 19

I/ I/
Az (1) =i ) (1:3:2)
Hence A € o (A5 ;) C W2(A).

If A € 0(A) \ 0,(A), then X € 0,(A*) or A € gapp(A). If X € 0, (A*),
then, according to what was shown above, we have A € W?2(A*) and hence
A € W?2(A) by Proposition 1.1.13 i). If X € gapp(A), then there exists a
sequence of elements (f, gn)* € H, n=1,2,..., such that

A) ()

Then, with fn € Sy, gn € Sw, as in the first part of the proof, we obtain

|nt|) <||fn|>

Az ( - A — 0, n— oo.

T 9n \ L gn| lgn

Since ||z 5 || < |lAll, n € N, we have dist (A, ap(Afm@n)) — 0forn — oo

by Lemma 1.3.2. Thus A € U, ey 0p (A7, 5. ) C W2(A). O

and, consequently,

”anz"'HQn”g:la — 0, n — oo.

Altogether, in Theorem 1.3.1 and Theorem 1.1.8, we have shown that
op(A) C W2HA) c W(A), o(A) Cc W2(A) C W(A).
Therefore, and because of its non-convexity, the quadratic numerical range
W?2(A) may give better information about the localization of the spectrum

o(A) than the numerical range W (A).

Example 1.3.3 Consider the 4 x 4 matrix

0 0|1 0
0 0]0 1
A= T H
1 —2|-5i i

with respect to the decomposition C* = C? @ C2. Figure 1.4 shows its
numerical range, quadratic numerical range, and the four different eigen-
values marked by black dots, two in each component of W?2(As3).

If A is self-adjoint, Theorems 1.3.1 and 1.1.9 allow to characterize the
quadratic numerical range more explicitly.

Proposition 1.3.4  Suppose that A = A* and dim H; > 2, dim Hy > 2.

i) If W(A)NW (D) # 0, then W2(A) is the single interval

W2(A) = [mino(A), maxo(A)] = W(A). (1.3.6)
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20 Spectral Theory of Block Operator Matrices

Figure 1.4 Numerical range, quadratic numerical range, and eigenvalues of As.

i) If W(A)NW(D) =0, then W2(A) consists of two disjoint intervals
W2(A) = [mino(A),d] U [a, maxo(A)] (1.3.7)

d := min{sup W(A), sup W (D)}, (1.3.8)
a := max{inf W(A), inf W(D)}.

Proof. Theorem 1.1.8 implies that

W2(A) C W(A) = [mino(A), maxa(A)].

Since A is self-adjoint and W?2(A) satisfies the spectral inclusion property
by Theorem 1.3.1, we have

mino(A), maxo(A) € o(A) C W2(A).

Because W2(A) consists of at most two connected sets, it follows that it is
either of the form (1.3.6) or of the form (1.3.7).

Without loss of generality, we may assume that inf W (D) < inf W(A);
otherwise we reverse the enumeration of the components in H =H; ®Ho.

Then W(A) N W (D) = () means that sup W (D) < inf W(A). By Proposi-
tion 1.2.4, we conclude that

supA_(A) <supW(D) < inf W(A) <inf Ay(A).

Since dimH; > 2, Theorem 1.1.9 applies and shows that sup W (D) €
W(D) c W2(A) = A_(A)UA;(A). Hence d = supA_(A) = supW(D).
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Bounded Block Operator Matrices 21

In the same way, it follows that a = inf A4 (A) = inf W(A) if dim Hy > 2.
This proves ii).

In order to show i), suppose to the contrary that W2(.A) consists of two

disjoint intervals. Then, by Corollary 1.1.10 i), one of them contains W (A)

and the other one W (D) so that W(A) N W (D) = (), a contradiction. [

Remark 1.3.5 If A= A* and dimH; = 1, we only obtain “ <” in (1.3.8);
analogously, if dim Hs = 1, we only obtain “>” in (1.3.9).

Note that if dimH; = 1 and dimHs = 1, then W2(A) = W2(A) =
op(A) consists of the eigenvalues of A.

In the sequel, we present two theorems on the classical problem of per-
turbation of spectra of bounded self-adjoint operators (see [Dav63], [Dav65],
[DK70]). The key tool is the spectral inclusion theorem for the quadratic
numerical range, combined with the estimates given for it in Section 1.2.

First we consider arbitrary bounded self-adjoint operators subject to
perturbations that are off-diagonal with respect to a certain decomposition
H = Hy @ Ha of the underlying Hilbert space (see [KMMO07, Lemma 1.1],
[LT98, Theorem 3.2]); the case that the spectrum of the unperturbed oper-
ator splits into two parts separated by a point is crucial in the following.

Theorem 1.3.6 If A= A*, then o(A) satisfies the following estimates.
i) Define 6% as in Proposition 1.2.4. Then
min{mino(A),mino(D)} — 65 < mino(A) < min{mino(A), mino(D)},
max{max o (A), max o(D)} < maxo(A) < max{maxo(A), max o (D)} +dF.
ii) If maxo(D) < mino(A), then
o(A) N (max o (D), mino(A)) =0
independently of the norm of B.

b5, W(D) W(A) 5t

I R

1
—
—_,— O ===
—_ = .

= ==

i R

Figure 1.5 Enclosures for the spectra of (’3 %) and of (’g* g)

Proof. By Theorem 1.3.1 it is sufficient to prove that W?2(A) satisfies
the estimates claimed in i) and ii). This was proved in Proposition 1.2.4
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22 Spectral Theory of Block Operator Matrices

for i) (observe that inf W(A) = mino(A), supW(A) = maxo(4), and
analogously for D) and in Corollary 1.2.3 for ii). O

Next we consider the case that the spectra of the diagonal entries A
and D are disjoint, i.e. their distance d4,p is positive. Classical perturba-
tion theory yields that the spectrum of the perturbed operator A remains
separated into two disjoint parts as long as || B|| <. p/2 (see [Kat95, The-
orem V.4.10]). By means of Theorem 1.3.6, we are able to improve this
result and derive an optimal bound on || B|| (see [KMMO7, Theorem 1.3]).

Theorem 1.3.7 Let A =A% 64 p :=dist (¢(A), (D)) >0, and set

1 2| B
dp = || B tan <§ arctan #) .

A,D
i) Then
o(A) C {AeR:dist (\,0(A)Uo(D)) <65}
. V3 1 :
i) If |B| < 75A,D, then dp < 55,4,,3 and o(A) = o1 Uoa, 01,02 # 0,
with

o1 C {AeR:dist (\,0(A))<dp} C {AeR:dist (X, 0(A))< ba,p/2},

oy C {AeR:dist (A, 0(D))< dp} C {AeR:dist (A, (D))< da,p/2}.
iii) If (convo(A)) No(D) =0 and |B|| < V264,p, then 65 < da,p and

o(A) = o1 Uaos, 01,00 # 0, with

o1 C{AeR:dist (N, 0(A))<dp} C {AeR:dist (A, 0(A4))<ban},

o9 C {)\ c R : dist ()\,U(A))Z 5A,D}.

Proof. i) Let A € R be such that dist (A\,0(A)Uc(D)) > dp and set
I_ = (—00,A), I := (A, 00). If we write
A0 0 B

then X ¢ o(7) and hence H = L7 (T) ® L1, (T). If we denote Py :=
Er(Iy), then £, (T) = P+H and P_7T P, = 0. Hence, with respect to the
decomposition H = L;_(7) ® Ly, (T), the operator A can be written as

u_ ( P-AP- P AP, P_AP. P.SP, (1.3.10)
~\(P_AP.)* P.AP, (P_SP.)* P AP, |’ >

If we further decompose L7, (T) = L1, (A) & L1, (D), then the diagonal
elements in (1.3.10) have block operator representations
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Bounded Block Operator Matrices 23

(A B_ [ A. By
P‘AP“<Bi D)’ PreAPy = (Bi D+)

with
Ai ::EA(Ii)AEA(Ii), B:t ::EA(Ii)BED(Ii), D:t :ZED(Ii)DED(Ii).

Now Theorem 1.3.6 i), applied to the block operator matrices P_ AP_ and
Py AP, , shows that

max o(P_AP_) < max{maxc(A_),maxo(D_)}+ 6} , (1.3.11)
min o (Py APy) > min{ mino(A), mino(Dy)}— g, (1.3.12)
where
1 2[|B||
64 :=|B_| tan | S arct
B = | B-[tan <2am M Sp W(AD) —supW(D_)] )

- 1 2| B4|l
=||B 5 '
0p, = ||B+| tan (2 arctan [inf W (AL) — inf W(D4)]

Obviously, 0(A+) C 0(A4), o(D+) C o(D) so that
|sup W(A_) — supW(D_)| = |maxo(A_) — maxo(D_)|
> dist (0(A-), maxo(D_))
> dist (0(A), max o (D)) = 64,p;
analogously, we see that |inf W(A,)—inf W(D4.)| >4, p. Since the function

h(t) :=ttan (% arctan(2t)) , te€0,00), (1.3.13)

is strictly monotonically increasing and ||B+|| < ||B||, we conclude that
05 <dp and 65 <dp. Furthermore, we have dist (A, o(A) Ua(D)) > dp
by assumption and
max{max c(A_)maxc(D_)}, min{mino(Ay)minc(Dy)} €a(A) Ua(D).
This and the inequalities (1.3.11), (1.3.12) imply that

maxo(P_AP_) < A <mino(Py AP, ).

Applying Theorem 1.3.6 ii) to .4 with respect to the block operator matrix
representation (1.3.10), we conclude that

A € ((maxo(P-AP_),mino(Py APy)) C p(A).
For the proof of ii) and iii), we note that for the function h defined in
(1.3.13), we have h(v/3/2) = 1/2, h(v/2) = 1. Hence

V3 5
IBll <5640 = 5B<%, IBIl<V264p = 65<bap. (1.3.14)

SPECTRAL THEORY OF BLOCK OPERATOR MATRICES AND APPLICATIONS
© Imperial College Press
http://www.worldscibooks.com/mathematics/p493.html



24 Spectral Theory of Block Operator Matrices

Then ii) is immediate from i) and the first implication in (1.3.14). For
the proof of iii), we observe that for o(A) N (convo(A)), the claim follows
from i). For o(A) N (R\ (conveo(A))), the claim follows if we show that

(max o (A) + 6, maxo(A) +64,p) C p(A), (1.3.15)
(mino(A) — d4,p,mino(A) — ) C p(A). (1.3.16)

We prove (1.3.15); the proof of (1.3.16) is similar. We let A=maxo(A)+dp
and proceed as in the proof of i). Then E4(I4) = 0 and thus

0 0
par, - (00

Using analogous estimates as in the proof of i) and the second implication
in (1.3.14), we arrive at

maxo(P_AP_) < A =maxo(A) + dép < maxo(A) +dap
<mino(Dy) = mino(PyAPy).
Now Theorem 1.3.6 ii) shows that (1.3.15) holds. O

The following example illustrating Theorem 1.3.7 shows that the norm
bounds therein are sharp.

Example 1.3.8 Consider the family of 3 x 3 matrices

, 0<e<,

with respect to the decomposition C3 = C @ C2. Then the spectra of the
diagonal elements, {0} and {—1,1}, are disjoint and have distance 1. The
eigenvalues of A, are given by

1 / 1 1 / 1
Ai:_i_ 262+Z, )\(;:—54— 2524—1, Agzl

If ¢ < v/3/(2V/2), then the norm of the off-diagonal entry satisfies the
assumption in Theorem 1.3.7 ii) which yields the inclusions

o1 ={X5} C (-1/2,1/2), o2={A], A5} C (—3/2,-1/2) U (1/2,3/2);
if ¢ = v/3/(2v/2) and hence the norm of the off-diagonal entry reaches the
critical value of the norm bound, then A\§ = 1/2 and A; = —3/2 reach the
boundaries of the above inclusion intervals.

Since conv{0} N {—1,1} = 0, Theorem 1.3.7 iii) applies as well. If

€ < 1, then the norm of the off-diagonal entry satisfies the assumption in
Theorem 1.3.7 iii) which yields the inclusions
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Bounded Block Operator Matrices 25

o1 ={A\} C (—17 1), o2 ={A\], A5} C (—oo, —1] U [1,00);
if € = 1, then the norm of the off-diagonal entry reaches the critical value
and we have A5 = 1 = A\§ and hence o; and o2 are no longer disjoint.

If A is J-self-adjoint, the spectral inclusion by the quadratic numerical
range yields the following estimate for o(A) (see [LLMT05, Theorem 2.1]
and [Tre08, Theorem 5.4]).

Proposition 1.3.9 Let the block operator matriz A be of the form

A B
(5 )

with A = A*, D = D* and define
a_ :=inf W(A), ay :=supW(A4),
d_:=inf W(D), di:=supW(D).

Then the spectrum of A, which is symmetric to R, satisfies the following
estimates:

i) o(A)NR C conv(W(A) UW (D)) = [min{a_,d_}, max{a,,d; }].

i) o(A) \R C {z eC: a—;d‘ <Rez< a*; U iz < ||B||}.
iil) If 6 := dist (W (A4),W(D)) = min{a_—dy,d——ay} >0, then
IBll<6/2 = o(A)CR,
IB||>8/2 = o(A)\RC {z €C:|Imz| < V]BI? = 52/4}.
Proof. Since the block operator matrix A is J-self-adjoint (see Defini-
tion 1.1.14), the symmetry of o(A) to R is clear. All claims in i), ii), and iii)

follow from the spectral inclusion in Theorem 1.3.1 and from the estimates
for the quadratic numerical range in Proposition 1.2.6. ]

Example 1.3.10 The 4 x 4 matrix

0 0|0 1
0 112 3
Ay =
satisfies the assumptions of Proposition 1.3.9 with a_ = 0, a;. = 1 and
d_ = —1, d4 = 0; the inclusion in ii) therein yields that the non-real part

of W?2(Ay) is confined to the strip —1/2 < Rez < 1/2 (see Fig. 1.6) .
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26 Spectral Theory of Block Operator Matrices

Figure 1.6 Quadratic numerical range of A4.

1.4 Estimates of the resolvent

The norm of the resolvent (A—A)~! of a bounded linear operator A can be
estimated in terms of the numerical range as (see [Kat95, Theorem V.3.2])

. 1 —
(A=) < Tt (W A) A¢ W(A).

The quadratic numerical range yields an analogous estimate in which the
distance of A to W?2(A) enters quadratically, not linearly.

Theorem 1.4.1  The resolvent of A admits the estimate

AN+ [A]

(A= < mv

A ¢ W2(A). (1.4.1)

In the proof of this theorem we use the following lemma.

Lemma 1.4.2 If there exists a § > 0 such that for all f€Sy,, g€ Sn,
[Asgall > 8o, aecC? (1.4.2)

then
[Ax[| > 6 x|, xeH. (1.4.3)

Proof. Letx € H. Then x = (a1 f aag)® with elements f € Sy, g € Sn,
and a1, az € C. For a = (o az)' € C? we have

o [ Af Par+(Bg, flas | _ (A(arf) + B(azg), f)
Ata ( (Cf,9)a1 + (Dg, g)oa > ( (Clayf) + D(a29),9) )
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and hence
2
A gal|? = | (Alar f)+Blasg), f)|*+|(Clar f)+ D(azg), )|
< [|A(ar )+ B(azg)[|*+[|C(a1 f)+D(azg)||* = || Ax|]*.
Since ||x|?=|a1]?+]az|*=|a|/?, (1.4.3) follows from (1.4.2) and (1.4.4). O

(1.4.4)

Proof of Theorem 1.4.1. Let A ¢ W2(A). Then the relation (1.3.2)
implies that, for f € Sy, g € Sn,,

N7 = |d€|3tf(lf4,lg _:\”/\ _ ||A]{,g — Al .
o= T =M Q)N =22 ()]
where A\ 2( ) € W2(A) are the eigenvalues of Ay . Since |[Af |l < [ A
and |)\—/\1 2( )} > dlbt(/\ WQ(.A)), we find that, for all f € Sy, g € Sn,,
N < A=Al o< Al + 1Al N
dist (A, W2(A))"  dist (A, W2(A))
According to Lemma 1.4.2, this gives
dist (A, W2(A))?
Al + 1A
Since A ¢ W?2(A) implies A € p(A) by Theorem 1.3.1, (1.4.1) follows. O

H Afg

H Afg —

(A=) = Ix|l, xeH.

The following example shows that, in general, the resolvent estimate in
Theorem 1.4.1 cannot be improved.

Example 1.4.3 Let A=C=D=0and B € L(Ha,H1), B#0. Then

A=(50) -
and, for A ¢ W2(A) = {0},
S0 )| = s+ ) = i+ 3.

[A[?
In a similar way as Theorem 1.4.1, the next two theorems can be proved.

ICA =27 =

Theorem 1.4.4  Suppose that there exists a subset F C W2(A) such that
for all f € Sy,, g € Sn, the matriz Ay 4 has at most one eigenvalue in F.
Then, for all X ¢ W2(A) such that dist (\, W?(A)\ F) > § with some
d > 0, there exists a constant v(§) > 0 (independent of X) such that
1” < — 7(9) .

dist(\, F)

[(A=X)"
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28 Spectral Theory of Block Operator Matrices

Theorem 1.4.5 If W2(A) = F; UF, consists of two components, then

AL+ Al TTTTY

ICA =27 < dist(\, Fy) dist(\, F)’ A ¢ WEA).

Remark 1.4.6 The situation described in Theorem 1.4.4 occurs e.g. for
J-self-adjoint block operator matrices as in Proposition 1.3.9 provided that
the numbers a4 and di defined therein satisfy a_ < d_ < ay < d;. Then
each matrix Ay 4, f € Sx,, g € Su, has at most one eigenvalue in each of
the intervals [a—, (a—+d_)/2] and [(aq+d4)/2,d4].

The resolvent estimate in terms of the numerical range implies that the
length of a Jordan chain at an eigenvalue lying on the boundary of the
numerical range is at most one, i.e. there are no associated vectors. As
a corollary of Theorem 1.4.1, we obtain an analogue for boundary points
of the quadratic numerical range. Since the latter is no longer convex, we
need the following definition.

Definition 1.4.7 Let W C C. A boundary point A\g € OW is said to have
the exterior cone property if there exists a closed cone K (having positive
aperture) with vertex Ao such that, for some r > 0,

Kﬂ{)\ECZ|)\—>\0|§T}ﬂW:{/\0}.

Corollary 1.4.8 Let \g € 0,(A). If Ao € OW?2(A) has the exterior cone
property, then the length of a Jordan chain at \g is at most two.

If, in the situation of Theorem 1.4.4, \g € OF has the exterior cone
property and dist ()\, W2(A) \]—") > 0, or, in the situation of Theorem 1.4.5,
Ao € OF1 UDF, has the exterior cone property, then the length of a Jordan
chain at \g is at most one, i.e. there are no associated vectors at Ag.

Proof. Assume that there exists a Jordan chain {xg,x1, 22} of length 3
at Ao € OW?2(A). Then, for A ¢ W2(A),

1

1
>0
Do -2 T g o

T o= AP

€2

_ 1
o4 = 2] = H EYEEVERC

for |A\g — A| sufficiently small. If Ay has the exterior cone property and A lies
on the axis of the cone K, |[A\g — A| < r, then |[Xg — A| < C"dist (), W?(A))
with some constant C’ > 0 and hence

1
I(A =2 2] 2 O,
dist (A, W2(A))
a contradiction. The proof of the other two assertions is similar. (]
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The following example shows that Jordan chains of length two may
occur at boundary points of the quadratic numerical range.

Example 1.4.9 In Example 1.4.3, the point 0 lies on the boundary of
W2(A) = {0} and has the exterior cone property. If we choose g € Hs such
that Bg # 0, then (Bg 0)%, (0 ¢)* is a Jordan chain of A at 0 of length two.

1.5 Corners of the quadratic numerical range

For a bounded linear operator T in a Hilbert space it is well-known that
a corner A\g € W(T') of the numerical range W(T) is an eigenvalue of T'.
Moreover, every corner of A\g € W(T') belongs to the spectrum of T' (see
[Kat95], [HJ91], [GRI7, Theorem 1.5-5, Corollary 1.5-6]).

For the quadratic numerical range these statements do not generalize

in a straightforward way; this can be seen e.g. from the quadratic numer-
ical range of the 4 x 4 matrix A, in Example 1.1.5 which has 8 corners
(see Fig. 1.2). It turns out that here not only the spectrum of the block
operator matrix itself but also the spectra of its diagonal elements come
into play.

We begin by giving the precise definition of a corner of a subset of C.

Definition 1.5.1 Let W C C. A boundary point «« € W is called corner
of W if there exist ¢ € [0,7), ¢ € [0,27), and € > 0 so that
p<argA—a) <o+, AeW, |[A—a|<e, (1.5.1)

where arg( -) is suitably defined. The infimum g of all ¢ € [0, 7) such that
there exist ¢ € [0,27) and € > 0 with (1.5.1) is called angle of the corner a.

Theorem 1.5.2 Let \g € W2(A) and let xg € Sy, Yo € S, be such
that Ao is a zero of

A(zo,yo; A) = det (

(Azo,20) — A (Byo, o) ) (1.5.2)

(Czo,y0)  (Dyo,yo) — A
If N\o is a corner of W2(A), then at least one of the following holds:

i) Ao is an eigenvalue of A with eigenvector xg,
i) Ao is an eigenvalue of D with eigenvector yo,
iii) Ao is an eigenvalue of A with eigenvector (xo ’yyo)t where
N = (C(E(), yo) or y=— ((A - /\0)%0,3}0)
((D = Xo)yos o) (Byo, xo)
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30 Spectral Theory of Block Operator Matrices

Proof. Without loss of generality, we assume that A\g = 0. First we
consider the case of a simple zero. For y € Sy, and z € C we define

gy(\, 2) :==((Azo, z0) — A) (D(yo + 2y),yo + Zy) — AM(yo + 2y, yo + Zy))
— (B(yo + 2y), x0) (Czo, yo + 7).
Then gy(A,0) = A(zo,y0; A) and gy(-, 2) is a quadratic polynomial in A.

The latter has a zero A,(z) such that A, is analytic in a neighbourhood U
of 0 with A, (0) = Agp = 0 and which is given by

(Azo, 70) i (D(yo+2y),yo+7y)

= 1.5.
M) 2 2(yo+29, Yo+ Zy) (1.5:3)
2
LAz, 20)  (Dlyotzy).yotZy)\ | (Blyot=y), @0)(Cxo, yot-Zy).
2 2(yo + 2y, Yo + Zy) 4(yo + 2y, Yo + Zy)

here the branch of the square root is chosen such that A, (0) = 0. Obviously,
Ay (t) E0p(Asy yotty) CW?2(A) for real t U and, by assumption, A, (0) =0
is a corner of W?2(A). This implies that the curve \,(¢), t € U N R, does
not have a tangent in the point 0 and hence

d
— Ay (t =0. 1.5.4
| =0 (15.4)
On the other hand, g, ()\y (2), z) =0 for all z € C and hence, for t € UNR,
d
0= Egy()‘y(t)vt)

- %)\y(t)((D(yO +ty),yo +ty) — Ay (t) (Yo + ty, yo + ty))

+ ((Azo,20) = A, () ((Dy. yo +ty) + (Do + ). )

- %Ay(t) (o + ty, yo + ty) — Ay () (v, yo + ty) + (yo + tzm;)))

— (By, x0) (Czo, 9o + ty) — (B(yo + ty), z0) (Cxo,y).
For t = 0 we obtain, together with (1.5.4) and \,(0) =0,

0 = (Azo, z0)((Dy,y0)+(Dyo,y)) — (By, z0)(Co, yo) — (Byo, £0)(Co, y)

= (y, (Azq, x0) D*yo— (Cwo, yo) B*z0) + ((Azo, x0) Dyo — (Byo, 20)Cxo, y).

Since y € Sy, was arbitrary, the above relation also holds with iy instead
of y and so it follows that
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(Aﬁo,xo)Dyo - (Byo,x0)0$0 = 0, (155)

(Aﬁo,xo)D*yo - (C(E(), yo)B*xo =0. (156)
In a similar way, for x € Sy, and z € C we consider the polynomial

ha (X, 2) i=((Alwo + 22), 20 + Z2) = A(wo + 22, 20 + Z2)) (Dyo, yo) — A)
— (Byo, zo +zz) (C(xo + 21), y0)

and arrive at
(Dyo, yo)Azo — (Cwo, yo) Byo = 0, (1.5.7)
(Dyo, yo) A*zo — (Byo, ©0)C*yo = 0. (1.5.8)
The numerical range W (A) of A is contained in W?2(A) if dim Hs > 2 (and

analogously for D, see Theorem 1.1.9). We distinguish the following cases:

a) dimH; = dimHy = 1: In this case W?2(A) consists only of the two
eigenvalues of 4, and the assertion is trivial.

b) dimH; = 1 or dimHs = 1: Let dimHs = 1; the case dimH; = 1 is
analogous. Then D is the multiplication by a constant, say d. If Azg =0

or d = 0, the corner 0 is an eigenvalue of A or of D, respectively. If Azg # 0
and d # 0, relation (1.5.7) yields that (Czo,y0) # 0 and

Axg+ B (—%yo) =0.

Moreover, in fact yg = 1 and Dyg = d, so that we also have

Ox() +D <_ (Cﬂjga yO)yO) =0.

Hence 0 is an eigenvalue of A with eigenvector

Zo X0
(Ox()vyo) = 1
— —=Cx
(Dy07y0)y0 d "’
Note that since dimHy = 1, we cannot conclude from Azxy # 0 that

(Azo,x0) # 0 and hence (Byg,zp) # 0; the reason for this is that
(Azo,z0) = 0 shows that 0 € W(A), but we cannot conclude that 0 is
a corner of W(A) because the numerical range of A need not be contained
in W2(A) (see Theorem 1.1.9). Therefore, in this case we can only use the
first form of the constant -y in the eigenvectors in iii).

¢) dimH; > 2, dimHo > 2: First let (Azg,z9) = 0. By Theorem 1.1.9, it
follows that W(A) C W2(A) since dim Hy > 2. Hence 0 € W(A) is also a
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32 Spectral Theory of Block Operator Matrices

corner of W(A). The well known theorem on corners of the numerical range
(see [GRI7, Theorem1.5-5]) now implies that Azg = 0. If (Dyo,y0) =0, a
similar reasoning yields that Dyg = 0. If (Axo,x0) # 0 and (Dyo, yo) # 0,
then also (Byo,xo) # 0 and (1.5.5), (1.5.7) imply that

(Ox()ayo) )
Axo + B =0,
0 ( (Dyoayo)y
(Aﬂfo,ﬂ:o) )
Cxo+ D =0.
’ ( (Byo, o)

Using the relation (Axg, zo)(Dyo, yo) — (Byo, x0)(Cxo, yo) = 0, we conclude
that 0 is an eigenvalue of A with an eigenvector of the asserted form.

If Ao is a double zero, then, for every y € Sy, there are two root functions
)\1(,1)(75), /\(2)( t), teR, such that g, ()\(])(t),t) = O near t=0 and )\g(jj)(O) =0,
j = 1,2, with Puiseux expansions (see e.g. [Kat95, Section II.1.2])

)\(j)(t) = 0 e™ItY? L et 4. j=1,2.

If ay # 0, the four one-sided tangents of the functions )\(1)( t), AgSQ)(t),
)\(1)( t), and )\(2)( t), t > 0, divide the plane into four sectors of angle 7/2.
This contradicts the fact that 0 is a corner of W2(A). If a; = 0, then )\g(,j) (t)
are differentiable at 0 and the claim follows in the same way as in the case
of a simple zero. d

Remark 1.5.3 From equations (1.5.6) and (1.5.8), it follows that in
case iii) of Theorem 1.5.2 the point )¢ is an eigenvalue of .A* with eigen-
vector (xg Yyo)* where o
~ (B*xo, yo) ~ ((A* - /\0)330, 33‘0)
y=- —= or y=-— - .
((D* = Xo)wo, yo) (C*yo, wo)

Remark 1.5.4 In order to prove relation (1.5.5), it is sufficient to con-
sider roots Ay, (t), Ay, (t) (for real t) with

y1 = (Axg, xo)Dyo — (Byo,x0)Cxo and yo = iy,
and, for the proof of relation (1.5.7),

y1 = (Dyo,yo)Azo — (Czo,y0)Byo and ys = iy;.
Example 1.5.5 Consider the 4 x 4 matrices

1 3+i|l 2 i 1 02 0
3+4i 1 | i 2 0 —1]/0 2

Asi= | =53 1 3+i |’ A =1 =351 0
i —203+i 1 0 —2/0 —1
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Their quadratic numerical ranges, displayed in Fig. 1.7, both have 6 corners:
For As the four corners —2 —i(1 — /5), =2 —i(1 + v/5), 4 +i(1 + V/5),
4 +i(1 —+/5) are the eigenvalues of A5 (marked by black dots), the corners
441, —2 — 1 are the eigenvalues of the left upper corner A (and, at the
same time, of the right lower corner D). For Ag the four corners —1 + 2i,
—1—2i,1+42i,1 — 2i are the eigenvalues of A (marked by black dots), the
corners —1, 1 are the eigenvalues of A (and, at the same time, of D).

Figure 1.7 Quadratic numerical ranges of As and Ag.

Next we consider corners of the quadratic numerical range W?2(.A) which
do not belong to W?2(A), but only to its closure. For this purpose, we use
the well-known method of Banach limits (see [Ber62]). By passing to a
Hilbert space formed by bounded sequences of H, we convert points of the
spectrum into eigenvalues of a corresponding linear operator and apply the
previous Theorem 1.5.2 to the latter.

Definition 1.5.6 Let H be an arbitrary Hilbert space, fix a Banach
limit LIM on the space of bounded sequences in C with values in C (that
is, a linear mapping which coincides with the usual limit for convergent
sequences and is non-negative for non-negative sequences), let R be the
linear space of all bounded sequences z = (z,)7° C H with the (non-
negative, but degenerate) inner product

[2,y] = LIM (20, 90), 2 = (22)1%, y = (a)T° € R,
and let Rg be the subspace of all x = (x,)7° € R with
LIM (z, z,) = 0.

n—oo

Then we define the Hilbert space H as the completion of the quotient space
R/Ro with respect to the norm generated by the inner product |-, -]. For
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34 Spectral Theory of Block Operator Matrices

Hilbert spaces H1, Ha, we associate with T' € L(H1, Hz) the operator
T e L(Hi, Ha), T&:=[(Te,)T], 7= (.)€ Hi,
where [ -] denotes the equivalence class in R/Ry.
The following observations are easy to check (see [Ber62]).
Remark 1.5.7 Let H, H1, and Hs be Hilbert spaces.

i) The mapping T — T is an isometry from L(H1,Hs) into L(Hy, Ha).
ii) For T € L(H), we have U(T) =0p (T) = Gapp(T).

Theorem 1.5.8 If \geW?2(A) is a corner of W2(A), then
X €0(A)Ua(D)Ua(A).

Proof. Since \g € W2(A), there exist a sequence (A\,)5° C W2(A) with
An — Ao, n — 00, and sequences (z9)° C Sy, (y9)$° C Sy, such that

0o 0. _ (A;vn,xn) A (Bynﬂxn) —
Alaoai) =det (Ve SRR ) =0
We may assume that, for some neighbourhood V of Ag, all quadratic poly-
nomials A(z2,4%; -), n € N, have either one zero or two zeroes in V.
By means of a Banach limit, we construct the space H ="Hy ® Hs and
the operator

~ A B
A—(C D) H1€9H2—>H1€BH2

according to Definition 1.5.6. First we consider the case of a simple zero.
Since the sequences (z9)$° and (y2)$° are bounded, we may assume without
loss of generality (by passing to suitable subsequences) that all sequences

of the form

((Fun,vn)), (1.5.9)

converge where F' is one of the operators A, B, C, D, A*, B*, C*, D* or
a product of two or three of them, and u,, v, are the elements x% or
yn, whenever the inner products in (1.5.9) are defined. Now let 79 =
(20)2° € Hy, 7° = (¥°)$° € Ha. From Hurwitz’s Theorem (see e.g. [Tit68,
Chapter II1, 3.45], it follows that )¢ is a simple root of

g~0 70y — ) §~0 ~0

dot [ AZT0) ~A - (BYLTT) ) g
(Cz%y°) (Dy°,y”)—A

Hence Ao € W2(A).
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Following the lines of the proof of Theorem 1.5.2, we derive the ana-
logues of equalities (1.5.5), (1.5.7) for the operators A, B, C, and D. We
introduce the quadratic polynomial g;(A, z) with its root Aj(z) given by a
formula analogous to (1.5.3). By Remark 1.5.4, for the proof of the ana-
logues of (1.5.5), (1.5.7), it is sufficient to consider e.g. elements y = (yn)7°
which are certain linear combinations of the four vectors Axo ByO 5;10
and Dyo. Since all sequences of the form (1.5.9) converge, we can use the
ordinary limit instead of the Banach limit in the construction of the qua-
dratic forms occurring in the formula for the root Aj(z). This means that
the root Aj(z) is a limit of the corresponding roots Ay, (2). By assumption,
all roots Ay(t) for real t € U lie in a (closed) sector with vertex Ag and
angle < m. Hence the roots Az(¢) lie in the same sector, and we obtain
the analogues of (1.5.5) and (1.5.7) for ﬁ, E, 5, 5, 79, and §°. Now the
proof for the case of a simple zero can be completed in a similar way as in
the proof of Theorem 1.5.2; note that here we only have to consider case c)
since dim 7'71 = dim 7‘~(2 = 00.

As aresult of this and of Remark 1.5.7, we have Ao € op(g) = 0app(A) C
o(A) or Xy € 0p(D) = Gapp(D) C o(D) or Ag € 0p(A) = Tapp(A) C (A).

If Ay is a double zero, the proof is analogous to the corresponding part
of the proof of Theorem 1.5.2. O

1.6 Schur complements and their factorization

In the spectral theory of block operator matrices an important role is played
by the so-called Schur complements. For a 2 x 2 block operator matrix
(1.1.3), there exist two Schur complements, one associated with each of the
diagonal elements A and D. The Schur complements are analytic operator
functions defined outside of the spectrum of D and of A, respectively.

First we prove that the numerical ranges of these analytic operator func-
tions are contained in the quadratic numerical range. Further, we show that
if the closure of the quadratic numerical range consists of two components,
then a linear operator factor can be split off the Schur complements.

Definition 1.6.1 For a block operator matrix A4 given by (1.1.3) the
analytic operator functions S1: C\o(D)— L(H1) and S2: C\o(A) — L(Hz),

Si(\):=A-X—B(D-)N"'C, \¢o(D),
So(N\):=D - A—C(A—=)N)"'B, A\¢o(A),

are called Schur complements of A.
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36 Spectral Theory of Block Operator Matrices

If H is a Hilbert space, 2 C C is open, and S : Q — L(H) is an analytic
operator function, the resolvent set p(.S), the spectrum o(S), and the point
spectrum o, (S) are defined as (see e.g. [Mar88, §11.2])

p(S) :={X € Q: S(X) bijective in H},

a(5) := 2\ p(S),
op(S) :=={X € Q: S(X\) not injective in H}.

The numerical range W (S) is defined as the set (see e.g. [Mar88, §26.2])
W(S)={AeQ:3feH, f#0, (SN [) =0} (1.6.1)

Obviously, in the special case S(A\) = T — A\, A € C, with a linear opera-
tor T € L(H), all these notions coincide with the usual definitions of the
resolvent set, spectrum, point spectrum, and numerical range of the linear
operator T

It is well-known (see e.g. [Mar88, Theorem 26.6]) that o(S) C W (S) if
there exists a Ag € € so that 0 ¢ W(S(Ao)). For the Schur complements,
this condition is always satisfied for A\ large enough since

IA +IB(D = X0)7'Cl < [Xo| = 0€ p(S1(M)).

Hence o(S1) C W(S1) and o(S3) C W(Ss).

The following Frobenius-Schur factorization of the block operator
matrix A ties its spectral properties closely to those of its Schur comple-
ments.

Proposition 1.6.2 For A ¢ (D) and X ¢ o(A), respectively, we have

A (1Y 0 (1), e

= (ot DT i) (4 4).

and hence

o(A)\o(D) =0a(51), o(A)\a(4) =a(5).
Theorem 1.6.3 W (S;)UW(S2) C W2(A).

Proof. Let A € W(S7). Then there exists an f € Hi, f # 0, such
that (Sl(/\)f, f) =0. If Cf = 0, then (Sl(/\)f, f) = ((A - N, f) and
A(f,g; ) = ((A - AN/, f) ((D — )\)979). Thus A(f,g;\) = 0 for every
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g€ Ha g#0,and so A € W2(A). If Cf #0, then (D — \)~*Cf # 0 and

A(f,(D=XNT'CHN) =((A=N], ) (Cf,(D=XN"'CF)
—(B(D-N"'cf, f)(Cf.(D=N""'Cf)

—(SiNLT) (CLD-NT'CF).  (16.4)
Hence (‘S’;L()\)f7 f) = 0 implies that A(f, (D — A)*le;)\) = 0 and thus
A € W2(A). The proof for W (Ss) is similar. O

Theorem 1.6.4 Suppose that dimH; > 2, dimHs > 2, and assume

that W2(A) = Fy UF, consists of two components. Then Fi, Fa can be
enumerated such that

W(S1)NF1L£0, W(S)NFy#0.

Proof. Due to the dimension conditions, Corollary 1.1.10 i) shows that
we can enumerate the components F7, F» such that

W(A) C fl, W(D) C Fo. (165)

The claim is trivial if either B = 0 or C = 0; in this case W (S51) = W(A)
and W (Sz) = W(D). So we may assume that B # 0 and C # 0.

Both components F; and F» of W2(A) are connected disjoint compact

subsets of C. Hence there exists a piecewise smooth simply closed Jordan

curve I'; such that one of the components is located inside of I'; while the
other one is located outside of I'; (see [LMMTO1, Lemma 4.2]).

First we consider the case that F; lies in the bounded component U of
C\TI'1. Then U, is a bounded simply connected domain with

]-"1CZ/{1, .7-'201/{_1:@

and the boundary I'y of U; is a piecewise smooth simply closed Jordan
curve. We choose an element f € H; such that C'f # 0 and set

g\) == (D -N"Cf, Nel.
For fixed A € U, we consider the function

ex(u) = A(f,9(\);p), neC.

By Proposition 1.1.3, every zero of the quadratic polynomial ¢, lies in
W2(A). Since W2(A) = F1 UF,, it follows that ¢, has exactly one zero
w(A) € Fi. The function p : U; — F is continuous and maps U into itself.
Since U; is simply connected and its boundary is a piecewise smooth simply
closed Jordan curve, U; is homeomorphic to the closed unit disc (see e.g.

[Hur64], Chapter I11.6.4). Hence the Brouwer fixed point theorem (see e.g.
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38 Spectral Theory of Block Operator Matrices

[DS88a, Sections V.10, V.12]) applies and yields that there exists at least
one point Ay € F; such that p(A;) = A;. Then A(f,g()\l);/\l) =0. On
the other hand, (see (1.6.4))

A(f,g(A1); A1) = (S1(M) S F) (CF. (D — >\1 )~rCf)
= (S1 A/ ) (D = A)g(A), (M), (1.6.6)
(

The second factor is non-zero since g(A1) # 0 and Ay ¢ W(D) (note that
W(D)N Fy=0). Thus (1.6.6) implies (S1(A1)f, f) = 0, that is, A\ € W (Sy).

Now consider the component F, and the second Schur complement S5.
If there also exists a piecewise smooth simply closed Jordan curve I's such
that F» lies in the interior of I'y and JF; in its exterior, then the proof of
W(S3) N Fy # 0 is analogous to the above reasoning. Otherwise, we let
V) := C\ Uy, where C = C U {0} is the extended complex plane, and we
suppose for simplicity that 0 € U;. Since B # 0, there exists an element
g € Ho such that Bg # 0. Set

fO):=(A=XN)"'Bg, AeC\U.
If A€ C\Uy (=V1\ {oo}) is fixed, the function

a(n) = A(f(N),g;n), neC,

has exactly one zero n(\) € Fy. Evidently, the same holds for the function
Ua(n) == |AI21¥a(n), n € C, which we can consider also for A = co. More
exactly, let Yo (1) := Hmx_s0 ¥x (7). Since limy_o A(A — A)7L = —1, it is
casy to see that 1o (n) = A(Bg, g;n). Hence the function Yo has exactly
one zero 7(co0) € Fo. The function 7 : Vi — F, is continuous on V; and
maps V] into itself. Since the boundary of V; is a piecewise smooth simply
closed Jordan curve, it follows that there exists at least one point A\ € Fy
such that n(A\2) = A2, that is, A(f()\g),g; /\2) = 0. Using the equality

A(f(A2),9502) = (S2(A2)g.9) ((A = A2) f(N2), f(N2))

instead of (1.6.6), we obtain that (S2(A\2)g,g) = 0, that is, Ay € W(S2).
In the second case that F» lies in the bounded component of C\I'y, we

consider the functions f on U; and g on C \ U; and proceed in the same

way as above. O

Remark 1.6.5 It is an open question whether the components of W?2(A)
are simply connected, and, if no, one component may lie in a “hole” of the
other one.

In the latter case, the second part of the above proof involving the con-
struction with oo necessary. In fact, then there do not exist two piecewise
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Bounded Block Operator Matrices 39

smooth simply closed Jordan curves I;, i = 1,2, such that F; lies in the
interior of I} and in the exterior of the other curve. One of these curves,
say Iz, can only be chosen to be a Cauchy contour; in fact, it may be chosen
as the union of two piecewise smooth simply closed Jordan curves, one of
them being the curve I} with opposite orientation, the other one being the
positively oriented circle {z € C : |z| = R} of radius R > 0 so that ||A|| < R.

Theorem 1.6.6  Let H1, Ho be separable Hilbert spaces with dim H; > 2,

dimHy > 2. Suppose that W2(A) = Fy UF, consists of two components,
enumerated so that W(S1) N Fy # 0, W(S2) N Fa # 0. Then:

i) for f € Hy, f # 0, the function (Sl(-)f, f) has exactly one zero in Fi,
for g € Ha, g #0, the function (SQ(-)g,g) has exactly one zero in Fa;

ii) the Schur complements S1 and Sy admit factorizations
SJ(/\) = MJ(A)(ZJ — )\), A€ fj, (167)

for j = 1,2 where M; : F; — L(H;) is an analytic operator function
such that M;(X) is boundedly invertible for all A € F; and Z; € L(H;)
is such that o(Z;) C F;.

Proof. Let the bounded set U; and the curve I'; parametrizing its bound-
ary be chosen as in the proof of Theorem 1.6.4 with F; C Uy, FoN Uy =0
(the case Fo C Uy, F1 N U, = () is treated analogously).

i) We prove the claim for S7; the proof for Sy is completely analogous.

First we assume that dimH; =: n; < oo, dimHy =: ne < oco. From
[KMM93, Lemma 6] it follows that for arbitrary f € Hy, f # 0,
indpl det Sl() = N1 indpl (Sl()f, f) =: Tllll, (168)

where indr, (S1(-)f, f) denotes the number {1 of zeroes of (S1(-)f, f) in Fi.
The factorization (1.6.2) implies that

det(A — ) =det S1(X\) det(D — ), X ¢ a(D).
Since Fo N Uy = 0 and (D) C W (D) C Fs, the function A — det(D — \)
does not have zeroes in the interior U; of I'y, and hence
indr, det(A — -) = indr, det S ().

Therefore the operator A has exactly nil; eigenvalues in Fi, counted
according to their algebraic multiplicities. Analogously, if for g € Ha, g # 0,
we denote by lo the number of zeroes of the function (S2(+)g, ¢) in the set Fa,
then the operator A has exactly nals eigenvalues in Fa, again counted
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40 Spectral Theory of Block Operator Matrices

according to their algebraic multiplicities. Since the total number of eigen-
values of A is equal to dim H = nj + no, we obtain the equality

nily + nalo = ny + no.

Due to Theorem 1.6.4, we have [; > 1, [ > 1 and hence I; =l = 1. This
proves i) in the finite-dimensional case.

In the general case, we choose sequences of orthogonal projections
P, € L(H1) and @, € L(H2), n € N, that converge strongly to the respec-
tive identity operators and have finite-dimensional ranges, dim R(P,) > 1,
dim R(Q,)>1. For n € N, we set

A, =P, AP,, B,:= PnBQn7 C, = QnCPna D, = QnDQn

A, By,
A= o)

in the space R(P,) @ R(Qy). It is easy to see that, for all n € N,
W2(A,) C W?(A)

and that also W2(A,) = W2(A,) consists of two components, W?2(A,,) =
FrOFy with W(A,) C F* € Fy and W(D,,) C Fy C Fa. Set

and consider the matrix

If we prove that, for every f € Hi,
sup (ST ) = (ST )| — 0, 0 — oo, (1.6.9)

then, accordmg to what was shown in the first part of the proof for the
finite-dimensional case,

indr, (S1(-)f, f) = indr, (S ()f, f) =

for every f € Hy, f # 0; this completes the proof of claim i) for Sy in the
general case.
In order to prove (1.6.9), let f € H; be arbitrary and write

(510 = 517 W) . )
:((A - An)fa f) - (Bn(Dn - )‘)_1(0 - On)fv f)

—(Ba((D =N = (D =N NCL, f) = ((B=Ba)(D=N)'CF, f)
=((A=A)f, f) = (Ba(Dn = N)"HC = Cn) [, f)

— (Ba(Dn=A)"H(Dn=D)(D=N)'CF, [) = ((B=Bn)(D=A)"'CF, ).
Now A,, — A (strongly) for n — oo implies that
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Bounded Block Operator Matrices 41

((A—An)f,f) — 0, n—oo.
Since W(D,,) C W(D) C Fp and Fo NIy C Fo N Uy = (), we have
1
1
< -
H — dist (Fl, .7:2)7
Together with || B, || < ||B|| and C,, — C (strongly) for n — oo, we obtain

(€ = C) | I£]

H(Dn_/\)_l Ael'y, neN.

(D - )"

Abéllpl|( n(Dn — A)” (O—Cn)f7f)|é||B||m

— 0, n—oo.

Further, since also B — B* (strongly) for n — oo, it follows that

sup | (B — Bn)(D = \)'Cf, f) ICFINB" = Bo)f]

A€l ‘*dt(l“ Fs)
— 0, n — oo.

Finally, the facts that D,, — D (strongly) for n — oo and that the set
{(D=X)"'Cf:XeT1} C Hq is compact imply that

sup [[(Dn — D)(D = A)'Cf| — 0, n— oc.
PYSIN
Hence
| Bu(Dn — \) YDy, — D)(D — ) CF||
1
< 18] e |

uniformly for A € I'y. This proves (1.6.9).

ii) Since U; is simply connected, we obtain the factorization (1.6.7) for
S from the factorization theorem [MM?75, Theorem 2, Remark 1)]. If
also for F3 there exists a bounded simply connected domain Uy such that
Fo C Uy, F1 N Uy = (), the second relation in (1.6.7) follows from the
same factorization theorem. If this is not the case, we consider the domain
Uy := C\U, which is simply connected in the extended plane C = CU{oc}.
Let V; be the image of Uy under the inversion g = A~! and set

W(p) == pSa(p™"), peVe, p#0. (1.6.10)

If we define W(0) := lim,_o W(u) = —I, then W is an analytic operator
function in V,. It is easy to check that for f € Hy, f # 0, the function
(W()f, f) has exactly one zero in V,. Therefore, by [MM?75, Theorem 2,
Remark 1)], the operator function W admits a factorization

W) =Qw) (Y —n), peVs, (1.6.11)

(D, — D)(D — A)_leH — 0, n— oo,
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42 Spectral Theory of Block Operator Matrices

where @ : Vo — L(H3) is an analytic operator function on V, with bound-
edly invertible values and Y € L(Hz) with o(Y) C V,. The operator Y is
invertible since Q(0)Y = W(0) = —I. Moreover, formula (1.6.11) implies
that

S2(0) =AW =AQAT) (Y = A7) = =) Y (Y - ),

If we set Ma()\) := —Q(A"1)Y, X\ € Uy, and Zy := Y 1, the factorization
(1.6.7) for Sy follows. 0

Remark 1.6.7 In Theorem 1.6.6 ii), the operator function M; is even
analytic on p(D) and M> is analytic on p(A).
This follows by analytic continuation from the identity (1.6.7) since St is
analytic on p(D) and Ss is analytic on p(A).

1.7 Block diagonalization

In this section we show that the quadratic numerical range yields a criterion
for the block diagonalizability of a block operator matrix: If the closure of
the quadratic numerical range consists of two components, then the block
operator matrix can be transformed into diagonal form.

In order to prove this, we show that the two spectral subspaces corre-
sponding to the two disjoint parts of the spectrum admit so-called angu-
lar operator representations. The diagonalizing matrix is constructed by
means of the angular operators which, in addition, turn out to be solutions
of Riccati equations associated with the block operator matrix.

In the following, a subset o C o(A) is called an isolated part of o(.A)
if both o and o(A) \ ¢ are closed. Associated with an isolated part o of
o(A) is a spectral subspace L, which is defined as the range of the Riesz
projection

P, := _2L71-i /F(A— z)"tdz
of A corresponding to o; here I' is a Cauchy contour (that is, the finite union
of simply closed rectifiable Jordan curves) such that o lies in its interior and
o(A) \ o in its exterior. The spectral subspace L, is an invariant subspace
of A, i.e. ALy C Ly, and o(A|z,) = o (see e.g. [GGK90, Chapter 1.2]).

Theorem 1.7.1 Let H1, Ha be separable Hilbert spaces with dim Hy > 2,

dimHy > 2. Suppose that W2(A) = FyUFs consists of two components,
enumerated such that W (S1) N F1 # 0, W(S2) N Fa # 0.
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Bounded Block Operator Matrices 43

Then the spectrum o(A) separates into two parts, o(A) = o1 Uoy with
or:=c(A)NF1 £0, oy:=c(A)NF#0D,

and there exist bounded linear operators Ky € L(H1,Hz), Ko € L(Ha,H1)
such that the following hold:

i) the spectral subspaces L1 and Lo corresponding to o1 and oa, Tespec-
tively, have angular operator representations

a={(0)wermb ={("")em} any

ii) the angular operators K1 and Ko satisfy the Riccati equations
Ki{BK,+ KiA—DK,—-C=0, KyCKy+ KyD— AK>— B =0;

iil) if Ty, j = 1,2, is a Cauchy contour such that F; lies in its interior
and the other component W2(A)\ F; in its exterior and if Z;, M; are
the operators and operator functions, respectively, in the factorization
(1.6.7) of the Schur complement S;, j = 1,2, then

1

Ki=— [ (D=XN"'C(Z; — ))td), (1.7.2)
27l r,

Ko=—— [ (A= \)""B(Z — N ax, (1.7.3)
27l Iy

and
Zy=A+BK,, Mi(\)=I-B(D-)"'K;, \ep(D),
Zy=D+CKy, My\)=1—-C(A-N""Ky, )\cp(A).

Proof. Let P and @ be the Riesz projections of A corresponding to o
and o9, respectively. With respect to H = H; @ Ho, we write them as

P11 Prs ) ( Q11 Q12 )
P= . Q= .
<P21 Pys @ Q21 Q22
By [LMMTO01, Lemma 4.2], at least one of the contours I'y and I's, say I'y,
can be chosen to be a piecewise smooth simply closed Jordan curve. First

we prove the statements for K.
i) The Frobenius-Schur factorization (1.6.2) implies that, for A € 'y,

(A-N"1 (1.7.4)
Sl(/\)_l —Sl(/\)_lB(D—A)_l
—(D=N)"1CS (AL (D=N)"4 (D=N)"1CS A 1B(D -1
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44 Spectral Theory of Block Operator Matrices

As the resolvent of D is holomorphic inside I'y, the matrix entries of the
Riesz projection P are given by
1

_ = —1
Py = —o— . Si(A)~tdn,

_ 1 1 -1
Py = 7 5’1( )7 B(D = A)7dA,

1
Py = ot /. (D —N)7rCSs (M)A,
1

Py =—o— (D —=XN)"tCS1(\)7IB(D — N7t

I

We define the operator K; by (1.7.2). By [DK74a, Theorem 1.3.2] (see also
[GGK90, Theorem 1.4.1]), it is the unique solution of the operator equation
K17, - DK, =C

with Z; = A+ BK;. By (1.6.7) and Remark 1.6.7, we have S;(\)~! =
(Z1 =AM (\) 7, A € C\ p(D). This and [DK74a, Lemma 1.2.1] lead to
1

Pyy = — o ). (D —N)7C(Zy = N)TEMi(A\) T B(D — A) A

_ (L, /Fl(D Nz - /\)‘1d/\)

2mi
1

o (Z1 /\)_1M1(/\)_1B(D—/\)_1d/\):KlPlg,

1
Py=— [ (D-)\)" 10(21 —A) 7 M ()R
2mi Ty

_ (L, /Fl(D Nz - /\)‘1d/\)

2mi
1

5= (21 A)‘lMl(A)‘ld)\>:K1Pn.

These relations yield

Py Pis > ( I >
P = = P P .
( K P, K\Pp» K (P Pro)

Since I'y is a piecewise smooth simply closed Jordan curve, P;; is bijective
(see [MM75, Theorem 3]). Therefore the range R((P11 Pi2)) is Hy and so

Ly =R(P)=R ((é)) ’

which proves the representation of £ in (1.7.1).
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Bounded Block Operator Matrices 45

ii) Let € H; be arbitrary. Since the spectral subspace £; is invariant
for A, there exists a z € H; such that

A B x \ [ z — Ax + BKjxz = z,
C D K1£13 n Klz OJI—FDKL’E :Klz.
Inserting the first equation into the second, we find that

(C + DK1 - KlA - KlBKl) z=0.
iii) By the definition of K in (1.7.2), we have

_ 1 —1 —1
BEy =5 FIB(D NEC(Zy — 2t
1
=— A= X=S1(N)(Zy — ) tda
14 ¥ —A)*ld/\—i \NZ —A)*ldA—i My (\)dA
“omi Jp, ! e mi ot
Z—A+Zl;

here we have used that, according to Theorem 1.6.6 ii), the spectrum of Z;
lies in the interior of T’y and that M; is analytic on p(D) and hence in the
interior of I'1 by Remark 1.6.7.

To prove the representation of M7 (\), we use the relation Z; = A+ BK;
and the Riccati equation for K; to obtain that, for A € p(D),

(I-BD-X\""Ky)(Z,—))

= (I =B(D—X""Ky) (A+BK; - \)

=A—-A—B(D -\ (Ki(A+ BK;) — (D — \)K; — AK})
=A-A-BD-)N"'C

= S1(N).

This completes the proof of all statements involving K.

The proofs of the statements for K5 in i) to iii) are analogous if the
contour I's can also be chosen to be a piecewise smooth simply closed
Jordan curve.

Otherwise, for the Riesz projection @) of A corresponding to oo, the
bijectivity of Q22 remains to be proved. In this case the contour I'; can be
chosen to consist of the two simply closed Jordan curves —I'; (i.e. I'y with
opposite orientation) and the positively oriented circle {A € C : |A\| = M}
where M > 0 is such that F; is in its interior. The (piecewise smooth)
contour I'y is the boundary of a domain Us such that Fo C Us. Without
loss of generality, we assume that 0 lies inside I'y. Denote by As the image
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46 Spectral Theory of Block Operator Matrices

of T'y and by V, the image of Uy under the inversion 1 = A~'. Then A,
consists of the Jordan curves A = {u € C: |u| = 1/M} (inner boundary)
and A, (outer boundary, the image of —I'1), and their orientation is again
positive with respect to the image of F3. Then

1

1 1
Qur=—5= [ SN A = o= [ S(u™ ) pdu = o— [ W)~ p dp,
miJr, 2mi S, 271 J,

where W (i) = 1 So(pu~1) for € V5 as in (1.6.10). By (1.6.11),
pOW ()T =Y I ()T = Y Q)

The operator function on the right hand side is analytic on Vs since 0 € Vs.
It follows that

Q22 = %Y_l W(p) tdp = L.YA( W(p) tdp + W(,u)_ldu> .
! Ao 27i A} Ay

The operator function W (-)~1 is analytic in the circle {u € C : |u| < 1/M},

therefore the first integral equals 0. In the proof of Theorem 1.6.6 it was

already used that the operator function W fulfils the assumptions of [MM75,

Theorem 2] with respect to A5 . By [MM75, Theorem 3], the operator

1 _
o [ W) tdu
1 A;
is bijective and hence so is the operator Qas. g

Corollary 1.7.2  Under the assumptions of Theorem 1.7.1, the block oper-
ator matriz A is similar to the block diagonal operator matrix

Zy 0\ [ A+BK, 0 )
0 Zy) 0 D+CKy )’
in fact,

I K\ ' (AB\[( I Ky\ [A+BK, 0
K, I C D K, I ) 0 D+CKy )
I . .
Proof. The operator < I ) maps H; isomorphically on £; and, by The-
1

orem 1.7.1 ii) and iii),

A(él) = (Ié) Z, A(I?) = <I§2> Zs. (1.7.5)

Therefore the restriction of the operator A to £; is an operator which is
similar to Z7. Similarly, the restriction of the operator A to Lq is similar
to Z3. The second statement is immediate from (1.7.5). O
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Corollary 1.7.3 If dim Hy = ny < oo, then Fi contains exvactly nq
eigenvalues of A (counting multiplicities), and the first components of the
corresponding eigenvectors and associated vectors form a basis in H;.

Corollary 1.7.4 If A= A* in Theorem 1.7.1, then

() een). am{(FY) e} ao

with a uniform contraction K € L(H1,Hs) (i.e. | K| < 1).

Proof. Since A is self-adjoint, we have £; L Lo and hence Ky = —K7.
The strict inequality ||K1|| < 1 cannot be proved with the methods used
in this section; later, in Theorem 2.7.7, this is shown even for unbounded
diagonal elements A, D (see also [AL95, Lemma 2.2]). O

1.8 Spectral supporting subspaces

If a self-adjoint block operator matrix 4 has separated diagonal elements,
supW(D) < a < inf W(A) for some o € R, then W2(A) consists of two
components. Then, by (1.7.1) (see also (1.7.6) above), the spectral subspace
L(a,00)(A) is the graph of a bounded linear operator Ky € L(H1, Ha).

In this section we drop the separation condition for the diagonal ele-
ments. We show that for intervals A C p(D), the corresponding spectral
subspace L£a(A) is the graph of a closed linear operator K{* : Hy — Ho
which may only be defined on a subspace H$* := D(K{) of H;; the operator
K# is bounded if A C p(D).

The main results of this section concern a description of the so-called
spectral supporting subspace H{ in terms of the Schur complement S .
Analogous results hold for intervals A C p(A) and the corresponding spec-
tral supporting subspaces H% (see [LMMTO03]).

Theorem 1.8.1 Suppose that A = A*. Let A C R be an interval such
that A C p(D). Then there exists a subspace HY C Hy and a bounded
linear operator K¢ : HY — Ha such that

La(A) = {(K;ZJ Lz € Hf} . (1.8.1)

Proof. A subspace L C Hi®H is the graph of a linear operator if it con-
tains no elements of the form (0 y)* with y # 0; it is the graph of a bounded
linear operator if there is a v > 0 with ||ly|| < 7|z for all (z y)* € L.
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48 Spectral Theory of Block Operator Matrices

Let o := inf A, f := sup A and set A\g := (o + 3)/2,d := (6 — a)/2.
Then, for every h = (z y)' € La(A), we have ||(A — Xo)h|| < &]/h|. Thus
1/2

(D = Xo)y + B x| < [I(A=Xo)hll <& (2l + llylI*) "™ < & (llll + llylD)-
Denote g := dist (Ao, a(D)) (> 6). Then
1
D =Xyl = 77— llyll = oyl
II( 0)yll TS lyll = ellyll
and hence
ellyl =Bl Izl < (D = Xo)y + B z|| < 6 ([l«]l + [ly]),
0+ |B
or ol < By, 0

Definition 1.8.2 If A is an interval as in Theorem 1.8.1, then H% is
called the A-spectral supporting subspace of A in H;.

Together with the analogue of Theorem 1.8.1 for intervals A C R with
A C p(A), we obtain the following corollary.

Corollary 1.8.3 Suppose that A = A*. Let A C R be an interval such
that A C p(A) N p(D). Then there exist subspaces HY C Hi, H5 C Ha
and a bijective bounded linear operator K : HY — H5 such that

La(A) = {(K?J L eHlA} = {<(K1A2_1y> Sy eHgA}. (1.8.2)

If we only assume that A C p(D), then the operator K{ is no longer
bounded, but still closed:

Theorem 1.8.4  Suppose that A = A*. Let A C R be an open or half-
open interval such that A C p(D). Then there ezists a closed linear operator
K# : Hy — Ha with domain HY := D(K) such that

La(A) = {( ;Zg) Lz € Hf} . (1.8.3)

Proof. Let e.g. A = (o, ) C p(D) with a € o(D). We use the same
reasoning and notations as in the proof of Theorem 1.8.1. Assume that
an element h := (0 y)* with y # 0 belongs to LA(A). Then we have
(D = Xo)yll = |(A = Xo)h|| < & ||h]l =9I |ly|]| and, at the same time,

1
D =2yl =2 T lvll = o llyll > [[(D = Ao)yl],
10 2oyl 2 sl 2 81l > 10 o
a contradiction. This shows that £a (\A) is the graph of a linear operator K.

Since the subspace L (A) is closed, K is a closed operator. O
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Note that H% is the first component of La(A). The subspace HE is
closed if A C p(D); it is not necessarily closed if only A C p(D).

Proposition 1.8.5 Suppose that A = A*. Let A = [o,5] C p(D),
v € (o, B), and Ay := [a,7], A2 := (7, 8]. Then

HY = HPHHE

the subspaces 'HlAl and HlA2 are orthogonal with respect to the inner product

o= () () e

where K is the angular operator in the representation (1.8.1) of LA(A).

Proof. Since A is self-adjoint, we have
LA(A) =LA, (A) B L, (A).
On the other hand, by Theorem 1.8.1,

SUTES (( 0 [P RSURIR ( ) PR R

with bounded linear operators K&, KlAl, KlA2 : Hi — Ha. By projection
onto the first component, £ (A) is mapped isomorphically onto H% and
LA, (A) isomorphically onto HlAj, j = 1,2. This implies the first state-
ment. The second statement follows if we observe that K 1A1, K 1A2 are the
restrictions of K{* to M2 and H{?, respectively. O

Proposition 1.8.6 Suppose that A = A*. Let A = [, 3] C p(D) and
denote by Q the component of p(D) containing A. Let HY be the spectral
supporting subspace corresponding to A and let P : Hy — HY be the
projection of H1 onto HY. Then the block operator matriz
A ApPA pA
Ap = (1 APAl Pi'B (1.8.4)
B* P} D
in HA = HlA @ Ho satisfies

i) La(Aa) = La(A);
ii) o(Aa)NQ C A.

Proof. i) The subspace La(A) C HA is invariant under A and hence

also under Aa. Moreover, Aalz,(a) = Alza(a) so that o(Aalzaa)) =
o(Alzaa)) C A. This shows that La(A) C La(Aa).
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Using this inclusion and applying Theorem~1.8.1 to the operator Aa
in H2, we find ‘that there exists a subspace HY C HP and a bounded
linear operator K{* : H{ — Hy so that

La(Ap) = {(f(?x) Lz € ﬁf} S {(K?x) ‘z€ Hf} = La(A).

As a consequence, we obtain H® = H2, K2 = K2, and hence the claim.
ii) It is sufficient to show that for every closed interval A such that
A C AcQ, wehave o(Ax) NA = o(Ax) NA.
By i), LA(A) = La(Aa) C Lx(Aa). By Theorem 1.8.1 applied to Aa
in HA and the interval ;, there exists a subspace 7‘~(1A C HP and a bounded
linear operator K A 7‘~(1A — Hs such that

Lx(An) = {(f;lgx) Lz € ﬁ%} S {(Kjgx) Lz € Hf} = La(A).

As in part i), we find 77(15 = HP, IN(lz = K{, and hence L;(Aa) =
La(A) = La(AA). This proves o(Ax) N A = o(Ax) N A. O

In the following we relate the spectral supporting subspace H% of the
block operator matrix A to its Schur complement S;. It turns out that H{
is the maximal spectral subspace of Sy corresponding to the interval A.

Theorem 1.8.7 Suppose that A = A*. Let A = [a,3] C p(D) and
let Ta be a simply closed Jordan curve surrounding A and intersecting R
orthogonally in o and 3. Define

1 !

— —1
Qa = omi Jr, S1(z)" " dz, (1.8.5)

where f/ denotes the Cauchy principal value at R. Then the range of Qa
is given by R(QA) = HD.

Proof. Let Pa(A

~—

€ L(H) denote the orthogonal projection onto £a (A)

and set A° := (a, ). We introduce the operator
fa 1 1 /
Pa(A) = 5 (Pa(A) + Pas(A)) = —5— | (A=2)7"dz.
i Jr,

Evidently, R(Pa(A)) = La(A). The inclusion R(Qa) C Hf follows from

P1]3A(.A) (g) =Qazx, =€ H,

where P; : H — 'H;p is the projection of H onto its first component Hj.
In order to show that the range R(QA) is dense in H%, consider z¢ € H{
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with 29 L P1}3A(.A) (z 0)* = Qax, © € Hy. This implies

<13A(A) (g) (@) —0, xeH.

Since the projection Pa (A) is non-negative, we conclude Pa (A)(zq 0)t = 0.
On the other hand, (2o KlAa:O)t € R(Pa(A)) and thus

= () ()

This shows that R(Qa) is dense in H{*. The proof that R(Qa) = H{ uses
a similar reasoning: Suppose that R(Qa) is not closed. Then there exists a
sequence (2,)5° C HY, ||z, || = 1, such that ||Qaz,| — 0if n — co. Hence

() - (o) () - (a5

= (QAmnaxn) — 0, n — co.

Obviously, Pa(A)(zy, 0)' — 0 implies that Pa(A)(z, 0)' — 0 for n — oo.
Since (xn KlAacn)t € LA(A), we obtain the contradiction

= (5 ()= () en(,2.)
(Baf5) () e

Next we describe a complementary subspace of the A-spectral support-
ing subspace H{ in H; in terms of certain spectral subspaces of the Schur
complement S .

Theorem 1.8.8 Let A= A" and A = [o, 5] C p(D).
i) If there exists a v > 0 such that one of the conditions

(a,a+7)U(B—7,06) Cp(A), (1.8.6)
(a—~,a)U(B,B+7) C p(A), (1.8.7)
is satisfied, then
Hi = L(—o0,0) (S1())+HE + L(0,00) (51(8))- (1.8.8)
it) If, in addition, o and 8 are isolated points of o(A) or in p(A), then
Hi = L(—000)(S1(a))+HP + Li0,00) (51(8)) (1.8.9)

and hence

dim (Hy 6 HT) = dim £(_ 0y (S1 () + dim £ g,00) (S1(3)). (1.8.10)
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Remark 1.8.9 The dimension formula (1.8.10) can also be written as
dim (Hy & HPY) = dim(Si()) _ +dim(S1(8)), ,

where, for a bounded self-adjoint operator T, we denote by T4 := 1 (T+|T'|)
the positive and negative part of T, respectively.
Moreover, since we have H1*} = Loy (S1()) = ker S1(a), we can replace
L(—c0,0)(S1()) by L£(_o0,01(S1()) in the relations (1.8.8) and (1.8.9) and,
at the same time, H% by Hga’m. The same holds for the point 3.

For the proof of Theorem 1.8.8, we provide a number of auxiliary lem-

mata concerning the monotonicity of the Schur complement S;. In fact,
S is a monotonically decreasing operator function on p(D) N R with

Si(\)=—I—-B(D -\ "?B*<—-I, Mcp(D)NR, (1.8.11)
and limy_ S1(A) = —oo. These observations are crucial in the following.
Lemma 1.8.10 Suppose that A= A* and let A = [a, §] C p(D).

i) If x =u+v where ue H{ and (S1(B)v,v) > 0, then (Si(a)z,z) > 0.
ii) If =u+v where ue H and (S1(a)v,v) <0, then (S1(B)z,z) < 0.
Proof. We prove claim i); the proof of ii) is similar. Let P; : H — H,; be
the projection of H onto H;, j = 1,2. For every x = (z y)' € H, we have

S1(N)x =(A— XNz + By—B(D—\)"'B*z— By
=P (A—Nx—B(D—-X\)""(B*z+ (D - \y)
=P (A-Nx—B(D - )\)"'P(A-)Mx
Let 7 := maxyea (1+ | B(D = \)7!|) < 14| B]|(dist (A, 0(D)))"". Then
[S1 (V]| < (X +[1BD = N)7H) (A =Nl < [(A=N)x]l. (1.8.12)

Now let = u+v with u € Hf* and v € H; such that (S1(3)v,v) > 0. For
arbitrary n € N, we decompose the interval A into n subintervals

Ay = [a+(k_1)(ﬂ_a), a+k(ﬂ_o‘)>, k=1,2,...,n—1,
JAVEES {OH—W, 6]

Let E4(A), EA(Ag) be the corresponding spectral projections of the oper-
ator A. Then, for u = (u KlAu)t € LA(A), we have E4(A)u = u. If we set
uk := Ea(Ap)u and uy := Prug, k= 1,...,n, then u = Pru=>_}_, uy.
For k=1,2,...,n, we choose arbitrary points Ay € Ag. By (1.8.12), we have
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IO <7164 = M) <72

Since S; is decreasing on [«, 8] and all operators Sl(/\) are self-adjoint for
A € R, it follows that

(Si(@)z,z) = (Si(a)(u+v),u+v) > (S1(A)(u+v),u+v)

(51 A1) (Zuk+’l}) Zuk-H)) (S1(A1)u1,u+v)
+ (Z w+ 0,51 (M)
k=2
2($100) (3w +0), Y i +v) — S0 fu+ v

k=2 k=2
n
o DTS | SN
k=2
Since uy, ..., u, are pairwise orthogonal, we have
n n
HZU]HSHZH‘]HSHUH’ k=1,2,...,n
j=k j=k
Hence, if we let v/ := v (Ju]| + ||v||), then

(S1(a)z,z) > (Sl()\g)(zn: ug + v),zn:uk + v) -2, 6 ||u1||
k=2 k=2

Repeating these considerations, we finally obtain

(S1(@)2.2) > (51003 we+0) 3wt o)~ 29 =2 (s el
k=3 k=3

IV

n

> (S10)o,0) — 27 2 aZnukn

> (Si(B)v) — 292 “Znukn
oy (s ||uk||2)

k=1
Ny 1)

NG

Since n can be chosen arbitrarily large, it follows that (S;(a)z,z) >0. O
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Corollary 1.8.11 Let A= A" and A = [a, 8] C p(D). Then
(5’1 (a)z, ;v) >0, (5’1 (B)z, ;v) <0, x € HlA;
if Q denotes the component of p(D) containing A, then
(Si(N)z,z) > (@—A)|z|?, zeHy, HAeQ A<a,
(Si(N)z,z) < —(A=B)[lz]|>, zeHT, HAeQ A>}

Proof. The first two claims are immediate from Lemma 1.8.10 ii) if we
set v = 0. The last claim follows from relation (1.8.11). O

Corollary 1.8.12 Let A= A" and A = [a, 8] C p(D). Then
2 €M + Loy (S1(8) = (Sila)z,z) >0.

Proof. Since (S1(B)v,v) > 0 for v € Lg,00)(51(8)), the claim follows
immediately from Lemma 1.8.10. t

The next lemma is a well-known fact about the spectra of positive per-
turbations of self-adjoint operators (see e.g. [BS87, (9.4.4)]).

Lemma 1.8.13 Let T, Ty be bounded self-adjoint operators in a Hilbert
space so that (u,v) C p(T1) and || To — T1|| < v — p. Then

TW<T, = (p+|T—Til,v)Cp(T2),

Ty <Ti — (ILL, vV — ||T2 — T1||) C p(TQ)
Lemma 1.8.14  Suppose that A = A*, [o,a+7) C p(D) for some vy > 0,
and 0 € p(S1(N)) for all X € (o, + 7). If, for such A, we set

a(A) := max (0(S1(N)) N (—00,0)), b(A) :=min (o(S1(N)) N (0,00)),

then a and b are continuous non-increasing functions on (a, a +7y), and

(0,6(A0)) C p(S1(a)), (a(X0),0) C p(Sila+7)), Ao € (a,a+7).

Proof. First suppose that a(A) and b(\) are finite for all A € (o, a + 7).
The continuity of @ and b on (o, o + ) follows from [Kat95, Remark V.4.9]
since S is a continuous function of A with respect to the operator norm.
In order to show that b is non-increasing, it is sufficient to prove that for
arbitrary Ao € (a, o + ) there exists an € > 0 such that

b(/\) > b(/\()), A— <A< N (1813)

Choose € > 0 such that [|S1(A) — S1(Xo)| < |a(Ao)| for all X € (Ao — &, Xo).
Then, since (a(Xo),b(Xo)) C p(S1(Xo)) and S1(A) > Si(Ag), Lemma 1.8.13
implies that for A € (A9 — €, A\g) we have
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(0,6(M0)) € (a(Xo) + 151(X) = S1(Xo)ll, b(Xo)) C p(S1(N)),

and (1.8.13) follows.

In order to prove the last statement for b, let A\g € (v, a+7y) be arbitrary
and suppose that there exists a 3 € (0,b(\)) such that 8 € o(S1(e)).
Then, again since S; is continuous in the operator norm, by [Kat95,
Remark V.4.9] there exists a A < )¢ in the neighbourhood of a such that

(0, b()\o)) N O'(Sl ()\/)) 7é @

Hence b(\') < b(\p), a contradiction to the fact that b is non-increasing.
The proofs for the function a are analogous; it is also easy to check that all
assertions remain true if a or b are no longer finite everywhere. 0

Lemma 1.8.15 Let A= A" and o € p(D)NR. Then

(o, +7) C p(A) for some v >0 <= (0,6) C p(Si(a)) for some 6 > 0,
(a—v,a) C p(A) for some v >0 <= (—4,0) C p(S1(c)) for some § > 0.
Proof. We prove the first relation; the proof of the second one is anal-
ogous. If (o, +7) C p(A) for some v > 0, then 0 € p(S1(A)) for all
A € (a,a +7), and the assertion is immediate from Lemma 1.8.14. Con-
versely, if (0,8) C p(S1(a)) for some § > 0, then (—¢,5 —¢) C p(Si(a) —¢)

for arbitrary e > 0. It is not difficult to see (e.g. using the resolvent identity
for D) that S1(a+¢€) < S1(a) —e. Now choose €9 > 0 such that

[|Si(e) —e = Si(a+e)||<d—e, 0<e<eo.
Applying Lemma 1.8.13 (for the case To < T1), we conclude that
(.0 —e—|Si(a) —e = Si(a+e)|) C p(Si(a+e)).
Thus 0 € p(S1(a+¢)), 0 < e < g0, and hence (o, a + o) C p(A). O

Lemma 1.8.16 Let T,,, n € N, and T be bounded self-adjoint operators
in a Hilbert space H such that T, is invertible, || T, || ||T — Tn| < w for
somew >0, neN, and |T—T,|| = 0, n — co. If x, T € H are such that
x =Tz, then

lim (7, 'z, z) = (T'7, 7). (1.8.14)
Proof. We have T, ‘o =T, T2 =%+ T, (T —T,)z and hence
1T 2| < (1+w) 2], neN. (1.8.15)

Further,
(T, 'z, 2) = (@,2) + (T, (T — Tn)Z,2) = (2,T%) + (T - T,,)z, T, 'z),
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and therefore, by (1.8.15),
(T e, 2) = @ T2)| < T = Tl BT 2] < |17 = Toll (1 + w) 1]
Now (1.8.14) follows from the assumption [|T — T, || — 0, n — occ. O

Lemma 1.8.17 Let L1 and Ly be subspaces of a Hilbert space H and let
T be a bounded self-adjoint operator in H. If

(Tz,x) >0, z€Ly, z#0, (Ty,y) <0 ye€ Ly, (1.8.16)
then L1 N Lo = {0}. If the first inequality in (1.8.16) is sharpened to

(Tx,x) > 6 ||z||?, =€ Ly, (1.8.17)
with some 6 > 0, then L1+Ls is closed.

Proof. The first assertion is obvious. In order to prove the second asser-
tion, it is sufficient to show that there do not exist sequences (x,)$° C £y
and (yn)$° C L2 such that

[znll =1, fl#n —yall — 0, n — oo, (1.8.18)

(see e.g. [GK92, Theorem 2.1.1]). Assume to the contrary that such

sequences do exist. Then the sequence (y,,)$° is bounded and hence

STzl lzn = yall + 1T lzn = ynll lynll

— 0, n — oo.

Therefore (T'yp, yn) < 0 implies limsup,,, o (TTn, ) < 0, a contradiction
to (1.8.17). 0

Now we are ready for the proof of Theorem 1.8.8 on the description of
complementary subspaces of spectral supporting subspaces.

Proof of Theorem 1.8.8. i) Due to Lemma 1.8.15, the assumptions
in (1.8.6) are equivalent to (0,6) C p(Si(a)) and (—4,0) C p(S1(B)) for
some § > 0.

First we show that the sum in (1.8.8) is direct. By Corollary 1.8.11
and Lemma 1.8.17 (with T = S1(8)), the sum HE + L) (S1(8)) is
direct. From Corollary 1.8.12 and Lemma 1.8.17 it follows that also the
sum L(—oo,0)(S1()) + (HE + L(0,00) (S1(8))) is direct.

In order to prove (1.8.8), assume to the contrary that an element
xo # 0 is orthogonal to the right hand side of (1.8.8). The relation
2o L 'Hga’ﬁ) implies that (z¢ 0)* L L4 3)(A), therefore the vector function
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(A —2)"Yaxo 0)% defined e.g. for all non-real z, has an analytic contin-
uation onto the whole interval («,3), and the same holds for the scalar
function

o(z) = ((A — )t ("’;)0) (‘?)) = (Si(2) "'wo,70), z€C\R.
Obviously,

(1.8.19)
o) = ((A—zw(?), (ﬁf)) . 2eC\R.

Hence ¢'(X) > 0 for A € (a, ) so that ¢ is increasing on (o, 0).

First we prove (1.8.8) under the assumption (1.8.6). For every sequence
(An)$° C (e, a+7) such that A, \, &, n — o0, the operators T}, := S1(\,)
and T := 51 (a) satisfy the assumptions of Lemma 1.8.16. Indeed, since S;
is continuous we have ||5’1 () —Sl()\n)H — 0, n — oo. Moreover, for n € N,

1S1)7H < [HCA = 2)7Hl < =)™
151(An) = S1(@)]| = [Ja = A — (@ = A)B(D = A\p) 1 (D — ) 7' B||
< |+ B(D =) (D —a) ' B*|| (A — )
<w(A, —a)
with some constant w > 0. Thus ||S1(An) 7| [|S1(An) — S1(a)|| < w.
Nowjet S:=5 (a)‘ﬁ(o,o@)(sl(a)). By definition, we have U(§)~C [0,00)
and ker S = {0}. Since (0,8) C p(S1(c)), we also have (0,8) C p(S); there-
fore, 0 is either a point of p(g) or an isolated point of O’(g). Because every

isolated spectral point of a self-adjoint operator is an eigenvalue, the second
case is excluded and so the operator S is boundedly invertible. From the
assumption that zg L £(_ 0 (S1(c)) it follows that zg € L(g,00)(S1(cv)).
If we set 7y := §*1x0 € D(g) = E(O,m)(Sl(a)), then o = S1(a)Zp and,
by Lemma 1.8.16,

lim (P(An) = lim (Sl(/\n)ilxo,xo) = (Sl(a) /(E\(),/x\o) > 0.
Analogously we prove that for every sequence ()5 C (3—1, ) such that
tin /B, m — oo, there exists an T1 € L£(_ o0y (S1(3)) such that

Jim o (pn) = nlln;o(Sl(un)‘lmo,mo) = (51(8)21,71) < 0.

Altogether, for sufficiently large n € N, we have A\, < un, ¢(A,) > 0, and
(i) < 0, which contradicts the fact that ¢ is increasing on (a, ).

The proof that (1.8.7) implies (1.8.8) is similar. Here we consider the
subspace R := Lg\[a,5(A) = L[5 (A)* and the operator A = Alg, for
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which (o —~v,a) U (8,6 +7) C p(/Nl) Then sequences (A,)$° C (o — 7, )
and (un)$° C (6,8+7) with A, /" a and p, \, B, n — 00, are constructed
leading to an analogous contradiction as above.
ii) It remains to be proved that the direct sum in (1.8.9) is closed. By
Corollary 1.8.11,
(S1(B)z,x) <0, =€ HT.

The assumptions in ii) are equivalent to the fact that R(A — a), R(A — )
are closed. From the Schur factorization (1.6.2) it is clear that this is equiv-
alent to R(S1(c)), R(S1(B)) being closed. Hence 0 is an isolated point of

o(S1(a)) (o(51(B)), respectively) or in p(Si()) (p(S1(B)), respectively).
This implies that there exists a d > 0 with

(Sl(ﬂ)xax) > 4 ||5L'||2, T e AC(O,oo)(sl(ﬁ))

Then it follows from Lemma 1.8.17 ii) that the sum H{ + L(g,00) (S1(8)) is
closed. By Corollary 1.8.12,

(Si(@)z,2) >0, =€ HP+Lo00)(S1(8)).
As 0 is an isolated point of o(S1(c)) or in p(S1(cv)), there is a § > 0 with
(Si(@)z,z) < =8 |z]?, 2 € L0 (S1(a)).
Again by Lemma 1.8.17, it follows that the sum in (1.8.9) is closed. O

Corollary 1.8.18 Let o > max o(D). Then

Hi = Li-o00) (Sl(a))+H[1a’m)a Hi = L(—00,0) (51(a))+7{[1a’°°).

Proof. 1If we let 8 > max o(A) arbitrarily large in Theorem 1.8.8, then
L0,00)(51(8)) = {0} in (1.8.8) and (1.8.9) since limy . S1(A) = —c0. O

Corollary 1.8.19 If A=][a, 5] Cp(D), then the following are equivalent:
i) HY =Hy;
ii) Si(a) >0, S1(8) <0.

Proof. That i) implies ii) follows immediately from Corollary 1.8.11.
Conversely, if ii) holds, then we choose two sequences (o, )$°, (8,)7° such
that ay, 7 «, B\, B, n — oo, and [aq, 51] C p(D). According to (1.5.7),
we have Si(ay) > 0, S1(8,) < 0, n € N. Hence, by Theorem 1.8.8 or
by [MS96] applied for every interval A,, := [, 3,], We obtain HlA" =H;.
Obviously, La(A) =._, La, (A), and hence

HY = [ H = Ha. O
n=1
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Remark 1.8.20 Certain analogues of the dimension formula (1.8.10),
but not of the decomposition (1.8.9), were proved in the papers [MMS87],
[Kru93], [ADS00] for a rather general class of operator functions S, includ-
ing even the non-analytic case. In the last two papers, the condition
S’(A) > 0 (or rather S’(A) > 0 in [MMS87]) was replaced by a weaker
condition, called Virozub-Matsaev condition in [Kru93] and condition (S)
in [ADS00]. In all three papers a strong additional assumption is imposed
which implies the discreteness of the spectrum of S; as a consequence, in
(1.8.10) instead of H$ the closed span of all eigenvectors of S to eigenval-
ues in A appears. It is easy to prove that, in the situation of [MMS87] (or
[Mar88, §33]), also an analogue of (1.8.9) holds.

1.9 Variational principles for eigenvalues in gaps

The classical variational principles (see e.g. [WS72], [RS78]) provide a char-
acterization of the eigenvalues of a semi-bounded self-adjoint operator A
below or above its essential spectrum in terms of the Rayleigh functional

pla) = 52,

x € D(A), x #0.

For example, if A < Ay < --- are the eigenvalues of A below 0es5(A), then

A, = min max p(x n=12,....
n LCD(A) sef p( )7 ) 4y
dim L=n x=#0

Note that the range of the Rayleigh functional is the numerical range of A,
W(A) = {p(z) : x € D(A), = #0}.

Even for bounded self-adjoint operators, eigenvalues in gaps of the essen-
tial spectrum cannot be characterized by such simple min-max principles.
However, after suitable decomposition of the underlying Hilbert space, we
may use that, for a self-adjoint block operator matrix A, the quadratic
numerical range is the union of the ranges A (A) of the functionals A\y:

W2(A) = A_(A) U A (A)
where (see Corollary 1.1.4)

/\i<m) 1 (Az,z) (Dy,y)i\/<(Ax,x) (Dy7y)>i4|(3y7x)|2

y) 2\ =l "yl [l [lylI*

el lyll?

A:I:(A):{Ai<z> I$€Hlay€H25may7é0}'
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60 Spectral Theory of Block Operator Matrices

Theorem 1.9.1 Let A = A*. Assume that there exists an o > sup W (D)
so that (sup W (D), a) C p(A) and define
Ae i= min(0ess(A) N (sup W (D), 0)). (1.9.1)
Further, let
k= K_(A) == dim £(_oo,0)(S1(N)) <00, A€ (supW(D),a].

If M1 < Ao < .-+ is the finite or infinite sequence of the eigenvalues of A
in the interval (sup W (D), Xc) counted with multiplicities, then

. T
Ap = min max max Aj , n=1,2,.... (1.9.2)
LCH; wel yEHg Yy

dim L=r+n z£0  y#£0

Proof. First we observe that the index shift x in (1.9.2) is independent
of \. In fact, by means of continuity arguments, it can be shown that x_(-)
is constant on each subinterval of p(S;) (see [EL04]). Define

. x
Pntr = Inf sup sup A; , n=1,2....
LCH1 ger yeHy Yy
dim L=rk+n 520 420

Let o/ € (supW(D),a) C p(A). Then o/ € p(S1) by Proposition 1.6.2.
First we prove that A\, < p4n. To this end, set A := [\,,00). By Theo-
rem 1.8.1, the spectral subspace £a(A) admits the representation

x
La(A) = {( 1%) x € Hf} (1.9.3)
where H2 C 'H; is a subspace and K : H® — Hy is a bounded linear
operator. According to Corollary 1.8.18, we have the decompositions
Hi=H D EL o) (S1(0)) = HEFL o0y (S1(An)). (1.9.4)
Since (supW(D),a) C p(A) and o < a, we have A = [\,,00) C [a, 00)
and hence HY C H[la/’oo). By (1.9.4) and by definition of k, we obtain

codimyy, HY = dim £(_ o 0y (S1()) + codim, o’ ) HE =k+n—1.
1

Now let £ C H; be an arbitrary subspace with dim £ = k 4+ n. Then
dim £ > codimy, Hf and hence there exists an 2 € LN HP, x # 0. If
K#£2 # 0, then (1.9.3) implies that

1 x T
m<—+— (A ;
=]+ K] ( <K1Am) <K1Am>>

_ 1 (A o ( ]| ) ( ] )) <A+< x )
|2 + [ K Pl \" 5K Pl ) K Pl /) o = 7 \E )
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Bounded Block Operator Matrices 61

for the last inequality we have used that A, (z, K{2) is the larger of the
two eigenvalues of A, ga,. If Kz =0, then (1.2.6) shows that for every

Y €H27 y#oa
1 T x (Az, ) (m)
<o (A : =2 <A :
= )+ Kl ( (Kl%) <K1A$>) ]| "y

So in each case we have found elements x € £, y € Hs with A\, < i (z,y)
and hence A\, < pfin -

Next we prove that A\, > pxin. In the same way as above, we see
)\n Z Mr+n that

Hi = H" Lo 0)(S1(0)) = HP L0 (S1(0n))
and
dim ﬁ(—oo,()] (Sl(/\n)) =K+n.

Now choose £ = L(_ g (Sl(/\n)). Ifzel,yeHsy z,y#0,and {, n € C

are arbitrary and we set u := (uv)' == ((z/||z| ny/||y||)t, then we have
u e 5(70070] (Sl ()\n)) and

e () (). -

Using the Frobenius-Schur factorization (1.6.2) of A — A, we obtain

() () ()
(RPN (R ) ()

= (S1(An)u,u) + ((D = Ap)w,w) <0

where w := (D — \,)"'B*u + v. This implies W (A, ,) C (—o0, \,] and
hence Ay (z,y) < A,. Thus the proof of \,, = pix+r is complete.

It remains to be shown that the infimum and the suprema in p4p
are all attained. Since X\, € o,(A) C W?(A), there exists an eigenvector
(T yn)t = (v KPx,)t € LA(A) such that N, = Ay (Zn, ) wWhere Ty, Un
are such that x,, = ||zu||Zn, Yn = ||Ynl|¥n- O

We will further extend on variational principles for eigenvalues in gaps in
Sections 2.10 and 2.11. There we generalize the above result to unbounded
block operator matrices with real quadratic numerical range, including self-
adjoint and certain J-self-adjoint block operator matrices. The proof in the
unbounded case uses variational principles for the Schur complements. We
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62 Spectral Theory of Block Operator Matrices

also present a method to calculate the index shift and establish two-sided
eigenvalue estimates in terms of the entries of the block operator matrix.
The results in Sections 2.10 and 2.11 may easily be specialized to bounded
block operator matrices by observing that in this case D(A) = D(B*) = H;
and D(B) = D(D) = Ha.

1.10 J-self-adjoint block operator matrices

J-self-adjoint block operator matrices arise naturally when studying self-
adjoint operators in Krein spaces. In fact, a Krein space is an inner prod-
uct space (K,[,]) that admits a decomposition K = K4[+]K_ so that
Hi = (K4, [,]) and Ha = (K_, —[,]) are Hilbert spaces (see [Lan82, Sec-
tion I.1]). With respect to the decomposition K = Ky ®K_, we have [, -] =
(J-,+) with J = diag (I,—I) as in Definition 1.1.14 and every bounded
self-adjoint operator in K has a block operator matrix representation
(1.1.3) with A = A*, D = D*, and C = —B*, i.e. A is J-self-adjoint.

In the following, we use the block operator techniques developed in
the previous sections to study the spectrum of J-self-adjoint block opera-
tor matrices; in particular, we identify intervals on which the spectrum is
of definite type; on such intervals, the operator possesses a local spectral
function. We also study the corresponding spectral supporting subspaces,
thus establishing results analogous to those derived in Section 1.8 for the
self-adjoint case.

We start with some elementary properties of the quadratic numerical
range of J-self-adjoint block operator matrices. Here an important role is
played by the sets AL (A) introduced in Corollary 1.1.4; in the particular
case C = —B*, we have

. (Az,z) (Dy, y))2 |(By, 2)|?
disg(z,y) = — /NS4 Rl B
Al@y) (nxn? EE AN ENE

for x € Hi, y € Ho, x,y # 0, and, if disa(z,y) > 0,

/\i(x)_l (Aw,w)+(Dy7y)i\/<(Ax,x) (Dy7y)>2 4By, 2

y) 2\ el i el llyl? 1 [lyl1> )

Ay = Ai(A) = {)\i <§> cx € Hy, y € Hoy x,y #0, diSA(CC,y) > 0}.

If C = —B* and W?2(A) is real, then we have dis4(z,y) > 0 for all
r € Hi, y € Ha, z,y # 0, and hence W2(A) = A_ U A,. In this case,
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Bounded Block Operator Matrices 63

continuity arguments show that the sets AL are intervals. In general, we
can only prove a weaker statement (see Proposition 1.10.3 ii) below).

Lemma 1.10.1 For all (z1 y1)t, (w2 y2)* € H1 ® Ha, z1,22,91,y2 # 0,
there exists a curve (x(t) (t))t, t €10,1], such that

Y
i)~ G Go) =)
Co) =) ()= (). st tena
Proof. There exist at most two different points ¢ € C, say (1, (s, such
that Cz1 + (1 —Q)z2 = 0 or Cy1 + (1 — {)y2 = 0. Let ((t), ¢t € [0,1], be a

curve in the complex plane with ((0) =0, {(1) = 1 not passing through (;
and (2 . Then a curve with the required properties is given by

¢(t) (:;;1) +(1-¢@) ("”2) teo,1]. 0

Y1 Y2

In the following we always assume that dimH > 2; otherwise, A is a
2 x 2 matrix and the questions considered here are trivial.

Proposition 1.10.2  Suppose dimH > 2 and let A be J-self-adjoint.
i) If W2(A)\ R # 0, then W2(A) is connected.

it) If W2(A) consists of two components, then o(A) C R.

Proof. i) Let 29 € W2(A) \ R. Then z € 0,(Ay, 4,) for some z; € Hy,
y1 € Ha, x1,y1 # 0, with dis4(x1,y1) < 0. Since dim H > 2, we either have
dimH; > 2 or dimHy > 2 and thus, by Theorem 1.1.9, either W (D) C
W2(A) or W(A) C W2(A). Because A and D are self-adjoint, this implies
that there exists a 20 € W?(A) NR. Hence 22 € 0p(Ay,.,y,) for some
To € Hy, yo € Ha, T2,y # 0 with diSA(JZQ,yQ) > 0.

Let (z(t) y(t))t, t € [0,1], be a curve in H as in Lemma 1.10.1 connecting
(z1 y1)" and (22 y2)'. Since t — disa (z(t), y(t)) is continuous, there exists
a to € [0,1] such that disa(z(t),y(to)) = 0. This means that the matrix
Az (to),y(to) has a double eigenvalue, which we denote by 2.

Now let z, 2" € W2(A) be arbitrary, z € op(Ayy), 2’ € op(Au ) for
some z,z’ € H1, 4,y € He, x,2',y,y # 0. By Lemma 1.10.1, there exists
a curve (z(t) y(t))t, t € [0,1], in H connecting (zy)" with (z(to) y(to))t. If
z = At (z,y), then Ai(2(t),y(t)), t € [0,1], is a curve in W2(A) from z to
z0. A curve from zq to 2’ in W?2(A) is constructed analogously.

ii) Since W2(A) consists of at most two components and o(A) C W2(A),
the claim is immediate from i). 0
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64 Spectral Theory of Block Operator Matrices

In the following, we investigate the sets AL in greater detail. As in
Proposition 1.3.9, we use the notations

a_ :=inf W(A), aq :=supW(A),
d_ :=inf W(D), dy:=supW(D).

Proposition 1.10.3  Let A be J-self-adjoint.

i) Then conv(A_ UA,) C conv(W(A) UW (D)) or, equivalently,
inf A_ >min{a_,d_}, supA; <max{ay,di},
and equality holds if dimH; > 2 and dimHy > 2.
i) If inf Ay <supA_, then
(infA_,infAy]C A, J[supA_,supA;) C Ay

Proof. We prove the second statements in i) and ii); the proof of the first
claims is similar.
i) For all x € Hy, y € Ha, x,y # 0, with dis4(z,y) > 0, we have
. <x) <1 ((A:v,:zt) (Dy,Qy) N ‘ (Az,z) (Dy,y) D
y) 2\ | lyll

EEENTE
(Az, x) (Dy,y)}

=max< ——> ~—2 b < max{ay,d;}
{ " Tl {apde

and thus sup A} < max{a,d;}. Since dimH; > 2, dim Hy > 2, we have
W (A)CcW?2(A), W(D)cW?2(A) by Theorem 1.1.9, and so equality follows.

ii) Assume to the contrary that there exists a A\g € [supA_,supAy)
with Ag ¢ Ay. Since A\g < sup Ay, there is a A\; € Ay with Ay < A;.
By assumption, there exists Aa € A_ N A;. Then Ao < Ay < A; and
there exist z1,z0 € Hi and y1,y2 € Ho, T1,y1,T2,y2 # 0, with A\ =
A (z1,y1) and Ao := Ay (w2,y2). Let (z(t) y(t))t, t € [0,1], be a curve in H
connecting (z1 y1)' and (22 y2)* as in Lemma 1.10.1. Then Ay (z(t), y(t)),
t € [0,1], is a curve in W?(A) connecting A\; and Ap. This curve cannot
stay in R since A2 < Ao < A1 and Ao ¢ Ay; hence disa(z(t),y(t)) < 0
for some t € [0,1]. Let to € [0,1] be the minimal zero of dis4 (z(:),y(-)).
Then A4 (2(to),y(to)) = A—(x(to),y(to)) € Ay NA_. On the other hand,
A (z(t),y(t)) € Ay, t € [0,t0], and A4 (x(0),y(0)) = A1 > Xo; hence
A+ (2(t0),y(to)) > Ao =sup A_, a contradiction to Ay (z(to), y(to)) €A—. O

In the following we identify a subinterval [v, u] € W2(A) NR such that
outside of this interval A possesses a local spectral function. The interval is
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Bounded Block Operator Matrices 65

defined such that its complement lies outside of the intersection of A_ and

A, and does not contain accumulation points of the non-real spectrum.

Proposition 1.10.4 Let A be J-self-adjoint. Define
Ao :={AeR:I(\,)F° C WA\ R, lim \, = A} (1.10.1)
and

v := min{inf Ay, inf Ay, max{a_,d_}},
{inf A ° ,{ }} (1.10.2)
JTRES max{sup A_, sup Ay, mln{a.,.,d_,.}}.

Then the interval [v, ] satisfies the inclusions

a_ +d_ a+—|—d+
2 ’ 2 ’

i) [max{a_,d_} min{ay,dy}] C [v,p] C
i) ANAy C [infAy,supA_] C [,y

Proof. The left inclusion in i) and the right inclusion in ii) are immediate
from the definition of v and p. The left inclusion in ii) is obvious from the
inequalities inf Ay > inf A_, sup Ay > sup A_. For the right inclusion in i),
we observe that e.g. min{ay,dy} < (a4 +d4)/2, A_(z,y) < (a4 +dy)/2

for all z € Hy, y € Ha, z,y # 0, by definition of A_, and Re (W?2(A)\R) C
[(a—+d_)/2,(as++ dy)/2] by Proposition 1.3.9 ii). O

Remark 1.10.5 The interval [v, u] was defined differently in [LLMTO05,
(2.4)], not taking into account the accumulation of the non-real points
of W2(A). Tt was assumed, but not proved there, that non-real points
of W?2(A) can accumulate at the real axis only within A_ N A;. This
question is still open and hence the definition of v, u had to be modified
here to ensure the completeness of the proof of [LLMTO05, Theorem 3.1]
(presented as Theorem 1.10.9 below).

In the following we introduce the notions of spectral points of definite
type of J-self-adjoint operators and of [J-nonnegative and [J-nonpositive
subspaces (see [Lan82, Sections I1.4, I.1]).

Definition 1.10.6 Let A € L(H) be J-self-adjoint and let [-, -] := (T, -).
i) An eigenvector xg at an eigenvalue Ag of A is called of J-positive type if
[0, X0] > 0;

an eigenvalue )y of A is called of J-positive type if all corresponding

eigenvectors are of J-positive type.

iii) A spectral point A\g € gapp(A) NR is called of J-positive type if

[xa]l =1, lim [[(A—Xo)Xn|| =0 = liminf [xy,xn] > 0.
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66 Spectral Theory of Block Operator Matrices

The definition of eigenvectors, eigenvalues, and spectral points of [J-
negative type is analogous.

Definition 1.10.7 A subspace £L C H is called J-nonnegative (J -
positive, uniformly J -positive, respectively) if [z, 2] > O forallz € £, x £ 0
(> 0 or > ~||z||* with some v > 0, respectively). A J-nonnegative sub-
space L is called mazimal J-nonnegative if it is not properly contained in
another J-nonnegative subspace.

If for an interval (a, ) C R the points of (o, ) N o(A) are all of J-
positive or all of J-negative type for A, then A has a local spectral function
E4(A) on (o, ) (see [LMM97, Theorem 3.1]); the spectral function is
defined for all A belonging to the semi-ring M («, 3) generated by all closed,
open or semi-closed intervals whose closure is contained in (a, 3).

The subspace LaA(A) := EA(A)H is called the spectral subspace of A
corresponding to A. If A € M(«, §) is so that ANo(A) # 0 and consists of
points of J-positive type, then the corresponding spectral subspace L4 (A)
is a uniformly J-positive subspace of H (see [Lan82, Remark 1]).

A wuseful property of [J-definite subspaces is that they admit angular
operator representations (see e.g. [Lan82], [Bog74, Theorem I1.11.7]).

Remark 1.10.8 A closed subspace £ C H is J-nonnegative if and only
if there is a closed subspace HY C H; and a contraction K : H¥ — Hy with

e (i) oo

The subspace L is J-positive if and only if K is a strict contraction (i.e.
|Kz| < ||z|| for all z € H¥, z # 0), and £ is uniformly J-positive if and
only if K is a uniform contraction on H¥ (i.e. | K|| < 1); the subspace £ is
maximal J-nonnegative if and only if H{ = H;.

Now we are ready to classify spectral points of J-self-adjoint block
operator matrices according to their types.

Theorem 1.10.9 Let A be J-self-adjoint and let v, p be defined as
in (1.10.2). Then

i) the spectral points of A in (u,00) are of
J -positive type if dy < a4,
J -negative type if ay < dy;
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Bounded Block Operator Matrices 67

ii) the spectral points of A in (—oo,v) are of
J-negative type if d_ < a_,
J -positive type if a_ < d_;

iii) A has a local spectral function E 4 on (—oo,v) and (u,00).
Remark 1.10.10 From Proposition 1.10.3 i) it follows that

ay =dy = o(A)N(u,00) =0,
a_=d- = o(A)N(—oo,v) =10.

Proof. 1), ii) We restrict ourselves to the interval (i, c0) and to the case
dy < ay; all other cases are analogous.

Let A € o(A) N (u,00). Then there exists a sequence (x,)° C H,
Xn = (2, yn)t, such that || xn||? = ||z ||? + [|yn]|? = 1 and

Up = (A—-AN)xp — 0, n— 0. (1.10.3)

Without loss of generality, we assume that lim,_ .o [|z,| exists. In
order to prove that A is of [J-positive type, it suffices to show that
limn oo [[2al|* > 1/2 since [Xn,Xn] = [lzall® = yal® = 2fznl* - L.
Evidently, if lim, . |lyn]| = 0, the claim is trivial. Otherwise, we let
un = (up vp)Y, take inner products of the rows in (1.10.3) with =, and y,,
respectively, and arrive at

(Azy, xy,) — /\||acn||2 + (Byn,Tn) = (un,zn), (1.10.4)
—(B*2n,Yn) + (DYn, yn) — )‘||yn||2 = (Vn,Yn)- (1.10.5)

Iflim, oo ||| =0, then (1.10.5) would imply (Dyn, yn)/||ynl|?> — X, n— o0,
a contradiction to A > d;. So, in the following, we may assume without
loss of generality that x,,y, # 0 and 0 < lim,,—, o ||z,| < 1. If we set

B ny4n -D nyJn
p = ——————, bnzzi(y x), dnzzi(y yz),
[znl lynll lynll
then (1.10.4), (1.10.5), and (1.10.3) imply that
_ (“narn)

||’In||) an=A bn <||$n||)
Az yn—A ( = = Jel ) — 0, n— 0.
( Y ) ”ynH —b, d,—A\ ”yn” w

[ynl

Therefore dist (A, 0(As,,4,)) — 0, n — oo, by Lemma 1.3.2. Because
A > p > max{sup A_,sup Ag}, neither points of A_ nor non-real points of
W?2(A) can accumulate at A; hence limy, oo Ay (T, yn) = A.

Adding (1.10.4) and the complex conjugate of (1.10.5), we see that
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an ||z ||*+ dn (1= |20]|?) = A = (Un, Zn) + (Yn,vn) =t €p — 0, 1 — 0.
Since A > p > dy > d,, there exists an ng € N such that, for n > ny,

A—d, +ep A

—p
—an—dy <a,—d_, ‘)\ A ‘ . (1.10.
O ez s (o)l <252 oo

Then we have, for all n > ng,

(=)

||a:n||2 )( —d) ot

Since ay > d4 > d_, we obtain the desired inequality lim,, o ||z, ||* > 1/2.
iii) The existence of the local spectral function on (—oo, v) and on (u, 00)
follows from ii) (see [LMM97, Theorem 3.1 and Lemma 1.4]). O

Corollary 1.10.11 Let A be an interval with A > pu and let La(A) =
E4(AYH. If dy < ay, then there exist a subspace HY C Hi and a strict
contraction K{* € L(H{, Ha) such that

La(A) = {(K”;x) ‘z€ Hf};

if ay < d, then there exist a subspace H5 C Ho and a strict contraction
K$ e L(HQA,Hl) such that

csn= (2 vers).

Proof. Theorem 1.10.9 shows that LA (A) = E4(A)H is uniformly posi-
tive if d4 < a4 and A No(A) # 0, and uniformly negative if a4 < d4 and
AnNo(A) # 0. Now both claims follow from Remark 1.10.8. O

As in the self-adjoint case (see Theorem 1.8.7), we call the subspaces H%
and H% A-spectral supporting subspaces of A in H; and Ha, respectively;
for the following description in terms of the Schur complements, we restrict
ourselves to the case dy < a4.

Theorem 1.10.12  Suppose that A is J-self-adjoint. Let A = [a, 5] > p
and let T'a be a simply closed Jordan curve that surrounds A, but no point
of o(A)\ A, and intersects R orthogonally in o and (3. Define
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1 i
Qp = —— S1(z)7tdz,

2mi Ta

where f’ denotes the Cauchy principal value at R. Then the range of Qa
is given by R(QA) =HP.

Proof. The proof follows the lines of the proof of Theorem 1.8.7 if we use
the local spectral function E 4 of A according to Theorem 1.10.9, introduce
1 1 !
Ea(A) = = (EA(A) + EA(AO)) ——— ¢ (A—z)dz
2 2mi Jr,
instead of Pa (A) and use the symmetries e.g. of E4(A) with respect to the
indefinite inner product [-,] (see [LLMTO05, Theorem 3.3]). O

The next theorem is the J-self-adjoint analogue of Theorem 1.8.8.

Theorem 1.10.13 Let A be J-self-adjoint with dy < a4 and let A =
[, B] > p be an interval such that o, 3 € p(A). Then

Hi = L(—000)(S1()) +HE + L(0,00) (S1(B)).

Proof. The proof is similar to the proof of Theorem 1.8.8 if we observe
that, although the Schur complement need not be decreasing in the J-self-
adjoint case, the following weaker statement can be proved: If p < A1 < Az
and (S1(A2)x,z) > 0 for some x € Hy, = # 0, then (S1(A\)z,x) > 0. For
more details we refer to [LLMTO5, Section 4]. O

We conclude this section by investigating the corners of the zones A _
and Ay of the quadratic numerical range. If a_ # d_ and ay # dyi,
respectively, then the outer corners inf A_ and sup A, are corners of W?2(A)
and hence, by Theorems 1.5.8 and 1.5.2, they belong to o(A), or even to
op(A) if inf A_ =min A_ and sup AL = max A, respectively.

In the following theorem, we prove analogous statements for the interior
corner sup A_ of A_; the formulation of the analogue for inf A is obvious.

Theorem 1.10.14  Let A be J-self-adjoint. Suppose that supA_ > d4
and that there exists a neighbourhood of sup A_ containing no mon-real
points of W2(A). Then supA_ € o(A).

If, in addition, sup A_ = maxA_, then supA_ € op(A). In the latter
case, if supA_ = A_(xo,y0) for some xg € H1, yo € Ha, To,y0 # 0, then
there is a v € C so that (o Yyyo)® is an eigenvector of A corresponding
to supA_.

Proof. The proofis very similar to the proofs of Theorems 1.5.2 and 1.5.8;
for details we refer the reader to the proof of [LLMTO05, Theorem 2.7]. O
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1.11 The block numerical range

The concept of quadratic numerical range for 2 x 2 block operator matri-
ces has an obvious generalization to n x n block operator matrices. For
this so-called block numerical range, we prove results on spectral inclusion,
estimates of the resolvent, and inclusion theorems between block numerical
ranges under refinements of the decomposition of the space (see [TWO03]).
Let n € N, let Hq,...,H, be complex Hilbert spaces, and consider
H=H1 P - B H, With respect to this decomposition, every operator
A € L(H) has an n x n block operator matrix representation
App oo A
A= : (1.11.1)
Anl o Ann
with entries A;; € L(H;, H;), i,j =1,...,n. In the following we denote by
SHI@'”@Hn :ZSH1>< s XSHnZ {(xl . xn)t eH: ||5Cl|| =1,i=1, 2, .. .,n}

the product of the unit spheres Sy, in H,;; we also writeS™ or Sy instead of
SH,@--@H, if the decomposition H = H; & - - ®H,, is clear (note the slight
difference in notation between Sy, ...¢7, and the unit sphere Sy, @...omH,,
inHy & - ®Hy).

Definition 1.11.1 For z = (z1...2,)" € Sy ...en, we introduce the
n X n matrix

(Allxlaml) (Alnmn,ml)
Ay = : : € M,(C), (1.11.2)
(A’I’lela xn) T (Annxna xn)
that is, (As)ij == (Aixj,2:), 4,5 =1,...,n. Then the set
Wioeam, (A) = | op(Ae) (1.11.3)
TeS”

is called block numerical range of A (with respect to the block opera-
tor matrix representation (1.11.1)). For a fixed decomposition of H, we
also write

Wn(A) = WHI@...@Hn (./4)
Clearly, since o,(A;) = {A € C : det (A, —A) = 0} for all z € 8",
W™(A) has the equivalent representation
W'A)={AeC:3z eS8 det (A4, — ) =0}. (1.11.4)
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Remark 1.11.2 For n = 1 the block numerical range is just the usual
numerical range, for n = 2 it is the quadratic numerical range introduced
in Section 1.1. For n = 3, the block numerical range is also called cubic
numerical range and for n = 4 quartic numerical range. If A € M, (C) is
an n X n matrix, then W™ (A) coincides with the set of eigenvalues of A.

Like the numerical range and the quadratic numerical range, the block
numerical range of a bounded block operator matrix A is bounded,

Wn(A) C {reC: [ < [All},
and closed if dim H < co. The former follows if we let © = (z1...3,)" € 8",

z=(21...2,)' €C", |Iz|| = 1, set yj:=z;xj, 5 = L,...,n, y:i=(y1...Yn)"
so that ||y|| = 1, and observe that

||Azz||2=f; \i(mm,xi)zjfs Z H_Zn; Ay Thasl12= 14912 < AP,
i=1 j= =1 j=

IfH=H1® - ®H, is decomposed into n components, then the cor-
responding block numerical range consists of at most n (connected) com-
ponents; as in the case n = 2, this follows from the fact that the set of all
matrices A,, x € 8", is connected and from a continuity argument for the
eigenvalues of matrices (see [Kat95, Theorem I1.5.14] and [Wag00)). If, for
example, A is upper or lower block triangular, then

Wn(.A) = W(All) y---u W(Ann)

This shows that, like the quadratic numerical range, W"(A) need not be
convex; the next example shows that its components need not be so either.

Example 1.11.3 Consider the 4 x 4 matrix

2 01]1
0 —2[1] 1
A7_1110
i i]0]-1

with respect to C* = C2@ C@ C. The corresponding cubic numerical range
has 3 components and none of them is convex (see Fig. 1.8).

Proposition 1.11.4 If A* denotes the adjoint of A, then

) Wr(A*) ={XAeC:xe W"(A)} = W"(A)*.
i) A=A = W"(A) CR.
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\‘

Figure 1.8 Cubic numerical range W3(A7) = Weagege(A7) of Az

Proof. For assertion i) we observe that (A;)* = (A*),; assertion ii) is

obvious since in this case all matrices A, are symmetric. O

In Fig. 1.8 the eigenvalues of A7, which are marked by black dots,
are obviously contained in W3(A7). In order to prove a general spectral
inclusion theorem, we need the following generalization of Lemma 1.3.2.

Lemma 1.11.5 Let M € M, (C). If M is invertible, then
M

e |
M= Taea

(1.11.5)

For all x € C", ||z|| = 1, we have
dist (0,0(M)) < /M= M|

Proof. The first estimate was proved in [Kat60, Lemma 1] (see also [Kat95,
Section 1.4.2, (4.12)] and note that C" is a unitary space). The second
statement is trivial if M is not invertible. If M is invertible and x € C",
||z]| = 1, then ||[Mz| > [|[M~]|7! > 0. Denoting by A1,...,\, the eigen-
values of M and using (1.11.5), we obtain

(dist (0, 0(M)))" = (nﬁ{lm)"g AL An| = | det M|

n—1
I
M

The next theorem generalizes the spectral inclusion property of the

< [IMI T Me]). O

numerical range (n =1, see (1.1.1)) and of the quadratic numerical range
(n=2, see Theorem 1.3.1).
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Theorem 1.11.6 o,(A) C W"(A), o(A) C Wn(A).
Proof. First let A € 0,(A). Then there exists z = (z1...2,)" € H, z # 0,

such that Az — Az = 0. If we write x; = ||z;|| Z; with Z; € H,, ||Z] = 1,

i=1,...,n, then T:= (T1...7,)* € S", (2;,7;) = ||z4||, i = 1,...,n, and
|21l (AuZ1,21) = A -+ (A0, 71) |21l

(A-N| )= : : :
[l (An1Z1,Zn) -+ (Ann@n, Tn) — A (e

(Anz,21) + -+ (Apzn, T1) — AM(z1,21)

(Ap1x1,Zn) + -+ + (A,mmn, Tn) — Man, Tn)
(Z?:l Az — Ay, fl)

= : = (Ax—)\x,f) = 0.
(E?Zl Apjz; — Aoy, in)

Hence A € o,(Az) C W"(A) by definition (1.11.3).

Now let A € o(A). Then we either have A € g, (A*)* or A € gapp(A)
(the approximate point spectrum of A, see (1.3.4)). If A € o,(A*)*, then
the inclusion already proved and Proposition 1.11.4 i) yield A € o, (A*) C
Wm(A*) = W™(A)* and hence A € W™ (A). If A € gapp(A), then there is a
sequence (z("))°C H, [|2®)|| = 1, so that Az)—Az(") — 0, v — co. If we
) (V||A(VW1thx EH“HAV)H—IZ—I n,v=12,.
then E(”) = (fgy). .. Af(lu)) € 8™ and, in a similar way as above7 we obtam

write x; = ||

[
(Az0) — A) 1 = (Aa:(”) — /\a:(”),’m\(”)) — 0, v — oo
[
thus we have €, = || (Az0) — ) (||;vlu)|| . ||(E,(1V)||)tH — 0, v — o0. Since
||(Hx§y)|\ ||x£f')||)t|| = ||z®|| = 1, Lemma 1.11.5 implies that

dist (X, 0 (Auw ) = dist (0,0 (Aper — A)) < V[ Apor — A" ey

< AL+ )" te — 0, v — o0,

and therefore

re Jo(Aw) C | o(Ax) =Wn(A). O

veN TES™
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Example 1.11.7 As an illustration of Theorem 1.11.6, we consider the
block operator matrices

21i 110 —2l-1]1 o0
il2 01 “1l—2]0 1
As=1 10 ol 1 |0 M= = —1]0 —3i
01 1 [-2 —1l-2|3i 0

Figure 1.9 shows their eigenvalues marked by black dots and their cubic
numerical ranges. Note that the horizontal line in the right picture is part
of the cubic numerical range.

Figure 1.9  Cubic numerical ranges Wegc2qc(As), Wegegez(Ag), and eigenvalues.

The next theorem generalizes Theorem 1.1.9; it shows that the block
numerical range of a principal minor of an n x n block operator matrix A
is contained in W™ (A) if a certain dimension condition holds.

Theorem 1.11.8 Letk e N1 <k <n,1<i; < - < i <n, and
denote by P : H1 @ --- @ H,, — Hi, @ --- @ H;, the projection onto the
components i1, ...,i of H.

If there exists an enumeration iy,...,1, _, of the elements of the set
{1,...,n}\ {i1,..., i} with dim H%Zn—(j—l), j=1,...,n—k, then

WHil D BHiy, (PAP) - W'H1€B"'®'Hn (A)

Proof. For k = n, the statement is trivial. For & = n — 1 there is
an ¢ € {1,...,n} such that {i1,...,ix} U {i} = {1,...,n}. If we denote
Hg =H1®--- BHi-1DHiy1D--- P H, and .A; := PAP, then
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A o Ao Ay 0 Ay
A — A o Aisticr A o Aicin
¢ Aiv11 - Aig1im1 Aivrivr 0 Aivin
Anl e An,i—l An,i+l e Ann

Now let A € Wi a...omi_1 @M1 0--@H,. (Aj). Then there exists an element
= (x1... i1 Tiy1...7n)" € Sy with det ((A;)wz — /\) = 0. Since

dim span{A“ml, . )Ai,’i—lm’i—17A’i,i+1m’i+1) . ,Aznl‘n} S n—1< dlmHz
by assumption, there is an z; € H;, ||z = 1, with (Az)i; = (Ayxj, 2) =0
forj=1,...,4—1,i+1,...,n. Then we have x := (z1...2,)" € Sy and
(Az)in - (Ao)iicr (Ao)e (Ao)rivr - (Az)in

(Az)i—11 -+ (Aw)i—ti—1 (Az)i—1 (Ae)i—1,i+1 -+ (Az)i—1n
A, = 0 0 (Az)ii 0 0
(Az)iv1,1 - (Az)igrio1 (Az)igri (Az)ittirr - (Az)irin

At At (A (Admsrs - (A)un

Thus det(A; — A) = ((Az)ii — A) det ((A4})r — A) = 0 and, consequently,
A € Wi,y g-.em, (A). The case k < n — 1 follows by induction. O

The particular case k = 1 of Theorem 1.11.8 shows that, under a certain
dimension condition, the numerical ranges of the diagonal entries A;; of A
are contained in the block numerical range of A (compare Theorem 1.1.9
and Corollary 1.1.10 for the case n = 2).

Corollary 1.11.9 Letig € N. If there exists an enumeration iy, ... i _
of {1,...,i0—1,i0+1,...,n} with dim Hi;. >n—(j—-1),j=1,...,n—1,
then

W(Aioio) C Wn(A)7
in particular, if dim H; > n fori=1,...,n, then

W(A“) CWn(.A)7 1=1,...,n.

Corollary 1.11.10 Suppose that dimH; > n, i = 1,...,n, and that
Wn(A) = FLU---UF, consists of n disjoint components. Then there
exists a permutation w of {1,...,n} such that W(Ay) C Fray, i =1,...,n.
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Proof. Let x1 € Sy, be arbitrary. Then, by the dimension condition,
we can recursively choose zp € Sy,, k = 2,...,n, in such a way that
Tk 1 {Aklxl, . ,Ak,k_lxk_l}. Since W”(A) = .7:1 U ce U]:n, every
matrix A, x € Sy, has exactly one eigenvalue in each component of W™ (A).
In particular, if we let 2 := (21 ...2,)" € Sy, then

(Anml,ml) (Alnmnaml)

0 Tt (Annmn; mn)
hence there exists a permutation 7 of {1,...,n} with (A x;,x;) € Fr( for
i=1,...,n. By Corollary 1.11.9 we have W(A;;) C W"(A) fori=1,...,n;
since W (A;;) is convex, the assertion follows. O

The dimension condition in Theorem 1.11.8 cannot be dropped; this can
be seen from the following example.

Example 1.11.11 We reconsider the matrix As from Example 1.5.5,
now with the 3 x 3 block decomposition in C @ C? @ C, and its principal
minor Af given by
1 |3+1 2 i
3+i| 1 i 2 ,
A= ol 1 [sei |0 AT
i -2 3+i| 1

Figure 1.10 shows that the quadratic numerical range of A% is not contained
in the cubic numerical range of As; here n=3, k=2, i1 =2, i3 =3, ij =1
and so the dimension condition dim H; > 3 of Theorem 1.11.8 is violated.

Next we consider the behaviour of the block numerical range under
refinements of the decomposition Hy & --- ® H, of H. Theorem 1.11.13
below is a generalization of the fact that the quadratic numerical range is
contained in the numerical range (see Theorem 1.1.8).

Definition 1.11.12 Letn,ne€ Nand H = H1®-- - ®Hp = H1®- - H;
with Hilbert spaces Hi,...,H, and ﬁl, . ,ﬁﬁ. Then Hy & - & ﬁﬁ is
called a refinement of Hy @ --- @ H, if n < n and there exist integers
0=ig<---<ip=nwithHy="Hi ,41® - GH forallk=1,... 0.

Theorem 1.11.13 If Hi®- - ®H; is a refinement of H1®- - -@&Hy, then

Wﬂl@...@'ﬁﬁ ("4) - VVH1€B"'G§7‘ML ("4)7

or, briefly,
Wh(A) c W(A), 7>n.
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Figure 1.10 Wegc2ac(As) and Weege(A5)

Proof. It is sufficient to consider the case n = n + 1; the general case
easily follows by induction. If 7 = n + 1, there exists a k € {1,...,n} such
that the refinement ﬁl @ P ﬁﬁ of H=H1 P - D H, is of the form
H=H1® - - ®Hr_1 @Hllg@Hi@Hk+l ®---DH, where Hy = H}CEBH%
With respect to this refined decomposition, A has the representation

Ay - Al A2 . Ay,

1 11 12 1
Akl Akk Akk Akn

2 21 22 2
Ap - Al A AL

Apy oo AL, A2, o A,

with At € L(HL, HE), AL, € L(H;, HYL), €L, Hy), ki j=1,...,m,
s,t = 1,2. For the entries A;; € L(H;,H;), i, =1,...,n, of the represen-
tation (1.11.1) of A with respect to H = H1 & - - - ® H,, we have

All A12 Al.
Aka( o kk>, Aki:< k1>, Aj = (A A3,).
A% AL A, o
By Theorem 1.11.6 about the spectral inclusion, we conclude that
Wi, e enternze.-an, (A)
= U {o(As)z € Snlea---@H;@Hi@»»»@Hn}

- U {WC®~~~@C2@~~@C(A90)1 xGSHl@---@H;@Hi@---@Hn}
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The theorem is proved if we show that, for © € Sy, ¢..anten2e. 0.,

WLCX---X(C2><-- CU {O’ yESHl@ BHn } Wng; EBHn(A)
To this end, let = € SHl@»»»eaH;@Hi@---@Hm r=(v1...052%...2,)" €EH
with [|z1]| = -~ = [|z4]| = |l#§] = - - = [|&n]l = 1. Then

(Anizy, 1) |- | (Alpeg.x1) (Afas,z1) |- | (Arpen, 1)

A — (Allclml’xllc) (Allckxkvxllc) (Allckmkvxk) (Allcnxnaxllc)
(Afiwn, ) |- | (Afrrg. ) (AfRag,af) |- | (Af, 20, 77)
(Anlxlaxn) (A}ka]iaxn) (Aikx%w/r’n) (Annxnaxn)
By -+ Big -+ B,

= Bii -+ Bip -+ Bgn :;BGL((C@...@([?@...@(C)'

Now let z € Scg...¢c2¢...@c be arbitrary. If we find a y € Sy, g...9nH,, With
B, = A,, then a((Ar)z) =0(B,) = o(A,) and hence

Wee.-ac26--oc(A U {o((A4z)2) : 2 € Scaac2@--ac |
cU {‘7 1Y € Srya @, )
as required. To this end, let z = (zlz;@zn)t ceCo---aC?*q---aC,

2 = (2} z,%)t € C?, with 212 =+ =||z||* =+ = |2n|* = 1. Then
(Bi1z1,21) -+ (Bikzk,21) -+ (Binzn,21)
B.=| (Brizi,2k) -+ (Brk2k,2k) -+ (BrnZn,2k)
(B’I’lel7 Zn) e (Bnkzka Zn) e (B’I’an’na Zn)
Set

yi=ziwi, i=1.m i #k ye= (g vR)" = (e k).

Then it is not difficult to check that |y;|| = 1, ¢ = 1,...,n, and hence
y:=(1- Yk -Yn)" € Srye--emn,- With this choice of y, we obtain the
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desired equality B, = A,. For example, for k =1,...,n, the k-th diagonal
elements (B, )gr of B, and (A ki of Ay coincide since

(Azkxk, mk)zk (Agkmkv xk)zk 2k

= ((Akkykvxk) (Akkykvxk)) ((Akkyivxi) + (Aiiyi,mi))g
= (ALkus + Arvio uk) + (AL + AZvi vh)

Ay + ALY Yi
= y = A y = A ;
<( Afkyi + AR Yi (i i) = (A )ik
the proof for the other entries is similar. O

Example 1.11.14  As an illustration for Theorem 1.11.13, we reconsider
the matrix A3 from Example 1.3.3:

0 0 1 0
0 0 0 1

As=| 5 s (1.11.6)
—1 =2 —5i i

Its block numerical ranges with respect to the four successively refined
decompositions C*= C?® C?=C?2¢Cd C =C® C o Ca C (the first one
being the numerical range and the last one the spectrum) are displayed in
Fig. 1.11 below.

Remark 1.11.15 In [FHO8], K.-H. Férster and N. Hartanto considered
the block numerical range of (entrywise) nonnegative matrices. They devel-
oped a Perron-Frobenius theory for it, thus generalizing corresponding
results for the spectrum and the numerical range.

The estimate for the resolvent of a block operator matrix in terms of
the quadratic numerical range also generalizes to the block numerical range.
For the proof we need the following generalization of Lemma 1.4.2.

Lemma 1.11.16 Let Ar) : 8" — M,(C) be uniformly bounded from
below, i.e. assume there exists a § > 0 such that for all x € S™

|Azal >dlal, aecC". (1.11.7)

Then
[Ayll > dlyll, veH;

if, in addition, A is boundedly invertible, then || A71| < J~ 1.
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Figure 1.11  Wea(A3), Weege2 (A3), Wezgeac(As), and Wegeacac (As).

Proof. Let y = (y1...yn)" € H be arbitrary, write y; = |ly:]| 7: with
Ui € Hi, |l = 1,4 = 1,...,n, and set o = ([jga] ... lynll) € C".
Then § := (§1...Yn)" € 8™ and hence, by assumption (1.11.7), we have
Ay all? > 62||al|* = 62||y||*. Together with the equalities

. N 2
(Allyhyl)”yl” + (Alny’rwyl)”yn”
4G al* = :
(A G0, Un)llyrll + -+ - + (AnnYn, Un) [yl
=S A 3) | < 30|30 Avs | 1502
=1 j=1 i=1 j=1
= > [ 3 Ausw|| = 1w,
i=1 j=1
the desired estimate follows. The last claim is obvious. O
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The following theorem generalizes the resolvent estimate in terms of the
numerical range (n = 1, see (1.1.2)) and in terms of the quadratic numerical
range (n = 2, see Theorem 1.4.1).

Theorem 1.11.17  The resolvent of A admits the estimate

T (R
lA=n7 < dist (X, Wn(A))"

More exactly, if F1,...,Fs are the components of Wn(A), then there are

A Wn(A). (1.11.8)

integers ng, j =1,...,s, with Z§:1 n; =n such that
_ A=\t _—
A-N"1 < H T, AEWn(A); 1.11.9
(A= ey AR

in particular, if W™(A) consists of n components, then

A= A"
[T, dist(\ )’

(A= < A g Wn(A).

Proof. Let A ¢ Wn(A). If Fi,...,Fs are the components of Wn(A),
then there are integers n;, j = 1,...,s, with Z;:l n; = n such that each
matrix A;, x € 8™, has exactly n; eigenvalues in F; for all j = 1,...,s.
Now let x € 8™ and let A\1,..., A, be the eigenvalues of A,. Then there
exists a partition Iy U --- U Iy = {1,...,n} so that \; € F; if and only if
1t € I;. Then n; = #Ij,]—l ) S, and

|det(Ay —A)| = [A=X1] - [A= A, |—HH|)\ >\|>Hd1st A F)M >0

j=1liel;
for z € 8™ since A\ ¢ Wn(A); in particular, A, — X is 1nvert1ble This and

Lemma 1.11.5 now imply that

[A=Na " A=A
|det(A, —N)| — szl dist (A, F;)m™i
for all z € 8. Since A ¢ Wn(A), we have A € p(A) by Theorem 1.11.6
and hence A — X is invertible. Using this and (1.11.10), we obtain the
second assertion of the theorem from Lemma 1.11.16. The first and the
third estimate are immediate consequences of the second inequality. O

[(A=X < (1.11.10)

As for the numerical range and the quadratic numerical range, the esti-
mate of the resolvent yields an upper bound for the length of Jordan chains
at boundary points of the block numerical range (compare Corollary 1.4.8).

Proposition 1.11.18 Let \g € 0,(A). If Ao € OW™(A) has the exterior
cone property, then the length of a Jordan chain at Ay is at most n.
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More exactly, if Wn(A) = F1U...UF, consists of s disjoint components,
such that Ao € Fj,, and the integers nj, j =1,...,s, are as in the proof of
Theorem 1.11.17, then the length of a Jordan chain at Ao is at most nj,.

In particular, if W™(A) consists of n components, then the length of a Jor-
dan chain at \g is at most one, i.e. there are no associated vectors at Ag.

Proof. The proof is completely analogous to the proof of Corollary 1.4.8
for the quadratic numerical range (see [TWO03, Proposition 4.4]). g

Remark 1.11.19 The block diagonalization theorem (see Theorem 1.7.1
and Corollary 1.7.2) was generalized recently to the nxn case by M. Wagen-
hofer (see the PhD thesis [Wag07]). He did not only assume that W"(A) has
n disjoint components, but that they are separated in some stronger sense.

1.12 Numerical ranges of operator polynomials

A special class of n x n block operator matrices, so-called companion oper-
ators, arises as linearizations of operator polynomials of degree n. Here we
study the relation between the block numerical range of a companion oper-
ator and the numerical range of the corresponding operator polynomial.
Let Ho be a complex Hilbert space, let A; € L(Hy),i=0,...,n—1, and
set A:= (Aop,...,An—1). Consider the operator polynomial P4 given by

Pa(N) = NI+ A" A, + -+ XA+ Ap, N €EC.

The companion operator C4 of P4 is the n x n block operator matrix in
the Hilbert space H = H{ = Ho @ - - - @ Ho given by

0 I - .. 0
0 I
cA =
: 0 I
—Ao—A1 - —An 2 —An

It is well-known that the spectral properties of P4 and its companion oper-
ator C4 are intimately related (see [Miil56], [Mar88, §12.1]); in particular,
O'(PA) = U(CA) and o} (PA) =0op (CA).

The numerical range of the operator polynomial P4 is given by
W(Pa):={AeC:3 feH, f#0, (PaNf, f) =0} (see (1.6.1)). It is
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not difficult to check that W(Pa) C W (C*); in fact, if (Pa(\)f,f) =0,

then ((C4—N)x,x) = —A""Y(Pa(A)f, f) =0 for x := (f,Af,..., A" f)L.
The next theorem shows that W(Pj4) is even contained in the block

numerical range of its companion operator C4:

Theorem 1.12.1 W (P4) C W"(C4).

Proof. Let \g € W(P4). Then there exists an = € Hy, ||z|| = 1, such
that A\ is a zero of the scalar polynomial

(PaN)z,z) = A" + A" N (A2, 2) + -+ AMArz,2) + (Aoz,z) = 0.
The companion operator of the scalar polynomial (PA()\);U, x) is the n xn
matrix C{U‘E’_”x). Since the zeroes of (Pa(A\)z, z) coincide with the eigenval-
ues of Cé vvvvv 2)» 1t follows that A € oy (Cé,___,z)) cwr(cH). O
Example 1.12.2 To illustrate Theorem 1.12.1, we reconsider the matrix

Asin Example 1.3.3. It is the companion operator of the quadratic matrix
polynomial

—i —5i 2 1
Pg(A);:AQIQ+/\(5; _il>+<1 2), AeC.

Figure 1.12 shows the numerical range of P3 on the left. It is contained
in the quadratic numerical range of A3 with respect to the decomposition
C? @ C? on the right.

A
¢

Figure 1.12 W (P3) and We2gc2 (A3z).

Next we show that if H is finite-dimensional, Hy = CF, then, up to
the point 0, the numerical range of P4 coincides with a higher degree block
numerical range of its companion operator. To this end, we consider C#4
with respect to a refined decomposition of H = Hy = C"*.
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Theorem 1.12.3  If we consider the companion operator C* with respect

to the decomposition
(n—1)k

nk k
C"=Ceo.--&CaC" (1.12.1)
then

W(Pa) n=1

Wen CA — W(nfl)kJrl CA — ) b

Co @C@Ck( ) ( ) W(PA)U{O}, n>1.
Proof. For n =1 the assertion is immediate. For n > 1, with respect to

the decomposition (1.12.1), C4 has the block operator representation

0 0 0 1 -0 0 0 01
0 0 0 0 0 1 0 0 01
0 0 0 0 0 0 1 0 01,

(1) "'_A,(’Lk_)g_An—l

A Al A AR A AR g

Here 015 = (0---0) € L(C*,C) is the zero vector, e; = (0---1---0) €
L(CF,C) is the j-th row unit vector, j = 1,...,k, and

n—2

(e
AD = [ | er(c,C
o
is the j-th column of 4; = (ag?)’;t:l, i=0,....,n—=1,7=1,..., k. Now let

T = (xél)...xék)...x(l)z...xiklz (§1~-~fk))t€(CEB~-~@(C@(Ck

n—

with |xél)| =...= |x,(1k_)2| = |£|| = 1 where £ := (&1 ...&)". By similar
manipulations of determinants as in the proof of the previous theorem, one
can show that, for A # 0,

det (C2H — ) = (=1)" A= DED (P (N €).
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This implies W(n=Dk+1(C4)\ {0} = W (P4)\{0}. Finally, it is not difficult
to see that 0 € W (n—1k+1 (CA) for n > 1. O

Example 1.12.4 As an example for Theorem 1.12.3, we consider the
quadratic matrix polynomial (compare [LMZ98])

0 2.8i 21
. \2
Pll()\).—)\lg—i—)\(_z& 0 >+<12>, AeC,

with its companion operator 417 decomposed as

olol1 o0

ololo 1
An = | —1 0 —2.8i

—1|-2]28 0

In Fig. 1.13 the cubic numerical range of 417 with respect to this decompo-
sition and the numerical range of the operator polynomial P;; are displayed.
A closer look shows that the numerical range of P;; on the right does not
contain the point 0, whereas the cubic numerical range on the left does.

Figure 1.13  Wegege2 (A1) and W(P11).

Remark 1.12.5 In [Lin03] H. Linden applied the quadratic numerical
range to derive enclosures for the zeroes of monic polynomials in C of degree
n>3. He enclosed the quadratic numerical range of the companion matrix
C. with respect to the decompositions C"= C"~ !¢ C and C"= C" 2@ C?
(and thus the zeroes) in two circles of equal radius. Examples show that the
enclosures are tighter than those obtained from the numerical range of C 4.
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1.13 Gershgorin’s theorem for block operator matrices

Gershgorin’s circle theorem is a valuable tool to enclose the spectrum of
matrices (see [Ger31], [Bra58], [Var04]). Its generalization to partitioned
matrices and bounded block operator matrices (see [FV62], [Sal99]) is
straightforward. In general, there is no inclusion between the quadratic
or block numerical range and the Gershgorin sets; depending on the par-
ticular situation, one or the other may give a better spectral enclosure.
However, the quadratic or, more generally, block numerical range has the
advantage of not using norms of inverses.

The following Gershgorin theorem for bounded block operator matrices
is due to H. Salas (see [Sal99]). Its proof generalizes Householder’s proof
of Gershgorin’s theorem in the matrix case; it may even be generalized to
unbounded diagonally dominant block operator matrices.

Theorem 1.13.1 Let n € N, let Hy,...,Hy, be complex Hilbert spaces,
H=H1® - B Hn,, and let A € L(H),

A o A

Anl Ann
with A;; € L(H;,H;), 4,5 =1,...,n. If we define

G = O’(A“‘) @] {)\ S p(A“) : ||(A“ — )\)*1”71 < ZHA”H} (1].3].)

fori=1,... n, then n 7
o(A) c |G
i=1
Proof. Suppose that A ¢ J!_, 0(A4;;). Then we can write
A=A 0
A-)X= (I+M(N) (1.13.2)
0 Apn—A
where
0 (A=A "1Ap - (An—XN)"14;,
(Aza—A)"1 Ay 0 (Aza— )1 Ay,
M(N) =
(Ann—/\)_lAnl 0
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If || (A —)\)*1”71 > Z%; |Asj|| for i =1,...,n, then |[M(N)|| < 1. Hence
both factors in (1.13.2) are boundedly invertible and so A € p(A). O

Remark 1.13.2 For a self-adjoint diagonal entry A;;, the norms of the
inverses in (1.13.1) are known explicitly and we have

Gi = o(Ais) U { A € plAs) - dist ( ZIIAUH}
_7?51

for non-self-adjoint A;;, only the estimate in terms of the numerical range
is available and thus, in general, we only have the inclusion

Gi C o(Ai) U{X € p(Au) s dist (\, W (4 ZHA”H}
J#l

In the remaining part of this section we consider the case n = 2. For
a 2 x 2 block operator matrix A, the spectrum of A can be described in
terms of the spectra of the Schur complements as (see Proposition 1.6.2)

o(A)\o(Aiy) =0o(Si), i=1,2. (1.13.3)

This description and a spectral enclosure for the Schur complements allows
us to tighten the spectral enclosure (1.13.1) by the Gershgorin sets:

Proposition 1.13.3 Let n =2 and define
Nl = O'(All)U{)\Ep(All)ﬂ p(AQQ) : || (All—)\)iﬂlz(/lgg—)\)iﬂgl || > 1},
NQ = O'(AQQ)U{)\Ep(All)ﬂ p(AQQ) : || (AQQ—)\)_%Ql(All —)\)_{412” > 1}.

Then
o(A) C (J(All)UJ(Sl))U(G(AQQ)UJ(SQ)) CNUN; C G1UGs. (1.13.4)

Proof. The first inclusion in (1.13.4) is obvious from (1.13.3). For the
second inclusion, we observe that we have A ¢ N; U Ny if and only if
A € p(A11) N p(Azz2) and the two inequalities

[|(A1r — N) 7t Ara(Age — A) T An || < 1, (1.13.5)
H(AQQ — )\)_11421(1411 — /\)_1A12H <1 (1136)

hold. Since, for A € p(A11) N p(As2), we can write

S1(N) = (A1 = A) (I — (A1 — A) " Apa(Ase — A) "1 Asy),
Sa(N) = (A2 — A) (I — (Azz — A) " A9 (A1 — A) 1 Apa),
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we conclude that A ¢ N7 U N5 implies A € p(S1) N p(S2). Because S; is
defined on C \ o(Ay;), we have p(S;)Uc(S;) = C\ o(As), i = 1,2. Hence
X € p(S1) N p(Ss) is equivalent to A ¢ (o(A11) Ua(S1)) U (0(A22) Ua(S2)).

For the third inclusion in (1.13.4), we note that A ¢ G; UGs if and only
if A ¢ 0(A11) Uo(As22) and the two inequalities

(A1 =N 7Y A2l < 1, |[(A22 = N7 [[42a ]l < 1

hold; the latter imply the two inequalities (1.13.5), (1.13.6). Therefore
A ¢ G UG, implies A ¢ N7 UN,. O

To conclude this section, we compare the spectral enclosures by the
Gershgorin sets to those by the quadratic numerical range for self-adjoint
and J-self-adjoint 2 x 2 block operator matrices. In particular, we con-
sider situations where the quadratic numerical range yields estimates of
the spectrum that are independent of the size of the off-diagonal entries.

Remark 1.13.4 Let n = 2, A;; = A}, Asx = Aj,, and suppose that
either AQl = ATQ or AQl = —ATZ

i) The Gershgorin type Theorem 1.13.1 yields the inclusion
U(A) C {)\ € C: dist ()\,U(All) @] U(Agg)) < ||A12H}

ii) If dist (0(A11),0(A22)) > 0 and Ay = Aj,, then Theorem 1.3.7 i),
which uses the quadratic numerical range, gives the tighter inclusion

C {)\ € C: dist (/\,O'(All) U O’(AQQ)) < ||5A12||},

where

1 2| Asa|
1) = ||A12||tan | = arctan < ||A12]|;
Mz = [ Arzlf <2 e <diSt (O (A11), O(Azz)) s

if, in addition, max o(As2) < mino(A11), then, by Theorem 1.3.6 ii),
o(A) N (maxo(Az), mino(Arr)) =0
independently of the size of ||.A12]|-
iii) If Ay = —Aj7,, then Proposition 1.3.9 i) shows that
Re o (A) C[min{min o A1 ), min o( Ago) }, max{max o Ay ), max o{ As2) }|
independently of the size of ||.A12]|-

If the spectra of the diagonal elements are not disjoint, then the Gersh-
gorin enclosure in Remark 1.13.4 i) still applies, but the estimates in
Remark 1.13.4 ii) do not. The following example shows that, in some cases,
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a change of the decomposition of the space leads to a block operator matrix
with diagonal elements having disjoint spectra.

Example 1.13.5 Let H = H1 ® Hi, and let A1y = A, Az = Aiq,
A21 = ATQ be such that O’(All) = 01 UO’Q with ag; 75 @7 1 = ].,27 and
dist (01,02) > 2||A12]|. Then the two Gershgorin sets G1, G2 coincide and
consist of two components,

g1 = QQ = 21 OEQ, El' = {)\ € C: dist (/\,O'i) S ||A12||}, = 1,2,

whereas the quadratic numerical range with respect to the given decompo-
sition H = H; @ H; consists of a single component by Corollary 1.1.10 ii).

The inclusion by the quadratic numerical range may be improved by
using another decomposition of H. Since o(A11) = o1 Uos, there exist
invariant subspaces H1i, H? of Aj; such that

U(A11|H%) =01, U(A11|H§) = os.

We consider the new decomposition H = Hy & Ho with H; = H @ Hi
for i = 1,2. By a standard perturbation argument for self-adjoint opera-
tors (see [Kat95, Theorem V.4.10]), the assumption dist (o1, 02) > 2 || A2
implies that the new diagonal elements g“-, 1 = 1,2, have separated spectra
(they are contained e.g. in the two disjoint components ¥; of the Gersh-
gorin sets). Hence Remark 1.13.4 ii) applies to the block operator matrix
obtained with respect to this new decomposition.
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