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Chapter 1

Bounded Block Operator Matrices

A block operator matrix is a matrix the entries of which are linear oper-

ators. Every bounded linear operator can be written as a block operator

matrix if the space in which it acts is decomposed in two or more compo-

nents. In this chapter we present methods that allow us to use information

on the entries in such a representation to investigate the spectral properties

of the given operator. The key tool here is the quadratic numerical range

or, more generally, the block numerical range. Our main results include

a spectral inclusion theorem, an estimate of the resolvent in terms of the

quadratic numerical range, factorization theorems for the Schur comple-

ments, and a theorem about angular operator representations of spectral

invariant subspaces; the latter implies e.g. the existence of solutions of the

corresponding Riccati equations and a block diagonalization. Many of the

results are also of interest for partitioned matrices.

1.1 The quadratic numerical range

The numerical range is an important tool in the spectral analysis of bounded

and unbounded linear operators in Hilbert spaces. We begin by collecting

some if its useful properties (see e.g. [Hal82], [GR97], [Kat95], and [Ber62]).

LetH be a complex Hilbert space and letA be a bounded linear operator

in H. Then the numerical range of A is the set

W (A) :=
{
(Ax,x) : x ∈ SH

}

where SH := {x ∈ H : ‖x‖ = 1} is the unit sphere in H. By the well-known

Toeplitz-Hausdorff theorem, the numerical range is a convex subset of C
and it satisfies the so-called spectral inclusion property

σp(A) ⊂W (A), σ(A) ⊂W (A) (1.1.1)

1
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2 Spectral Theory of Block Operator Matrices

for the point spectrum σp(A) (or set of eigenvalues) and the spectrum σ(A)

of A; note that W (A) is closed if dimH <∞. Further, the resolvent of A
can be estimated in terms of the distance to the numerical range,

∥∥(A− λ)−1
∥∥ ≤ 1

dist
(
λ,W (A)

) , λ /∈ W (A). (1.1.2)

If a point λ ∈W (A) is a corner of the numerical range (i.e. W (A) lies in a

sector with vertex λ and angle less than π), then λ∈σ(A); if, in addition,

λ∈W (A), then λ ∈ σp(A). The estimate (1.1.2) implies that if λ∈σp(A)

is a boundary point of W (A), then there are no associated vectors at λ.

If the Hilbert space H is the product of two Hilbert spaces H1 and H2,

H = H1 ⊕H2, then every bounded linear operator A ∈ L(H) has a block

operator matrix representation

A =

(
A B

C D

)
(1.1.3)

with bounded linear operators A ∈ L(H1), B ∈ L(H2,H1), C ∈ L(H1,H2),

and D ∈ L(H2). The following generalization of the numerical range of A
takes into account the block structure (1.1.3) of A with respect to the

decomposition H = H1 ⊕H2.

Definition 1.1.1 For f ∈ SH1 , g ∈ SH2 we define the 2× 2 matrix

Af,g :=

(
(Af, f) (Bg, f)

(Cf, g) (Dg, g)

)
∈M2(C). (1.1.4)

Then the set

W 2(A) :=
⋃

f∈SH1 ,g∈SH2

σp(Af,g) (1.1.5)

is called the quadratic numerical range of A (with respect to the block

operator matrix representation (1.1.3)).

For two different decompositions of the Hilbert spaceH, the correspond-

ing quadratic numerical ranges may differ considerably:

Example 1.1.2 The quadratic numerical ranges of the 4× 4 matrix

A0 :=




−2 −1 1 0

−1 −2 0 1

−2 −1 0 −3i

−1 −2 3i 0




with respect to the two decompositions C4 = C2 ⊕ C2 and C4 = C3 ⊕ C1

are shown in Fig. 1.1; the black dots mark the eigenvalues of A0.
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Bounded Block Operator Matrices 3

Figure 1.1 Quadratic numerical ranges of A0 for C4 = C2 ⊕ C2 and C4 = C3 ⊕ C1.

Sometimes it is more convenient to use an equivalent description of the

quadratic numerical range which uses non-zero elements f, g that need not

have norm one.

Proposition 1.1.3 For f ∈ H1, g ∈ H2, f, g 6= 0, we define

Af,g :=




(Af, f)

‖f‖2
(Bg, f)

‖f‖ ‖g‖
(Cf, g)

‖f‖ ‖g‖
(Dg, g)

‖g‖2


 ∈M2(C) (1.1.6)

and

∆(f, g;λ) := det

(
(Af, f)− λ(f, f) (Bg, f)

(Cf, g) (Dg, g)− λ(g, g)

)
. (1.1.7)

Then

W 2(A) =
⋃

f∈H1,g∈H2
f,g 6=0

σp(Af,g)

=
{
λ ∈ C : ∃ f ∈H1, g∈H2, f, g 6= 0 det

(
Af,g − λ

)
= 0
}

=
{
λ ∈ C : ∃ f ∈H1, g∈H2, f, g 6= 0 ∆(f, g;λ) = 0

}
.

Proof. The claims are immediate if we observe that the definition of

Af,g in (1.1.6) coincides with the one in (1.1.4) if f ∈ SH1 , g ∈ SH2 , i.e.

‖f‖ = ‖g‖ = 1, and that ∆(f, g;λ) = ‖f‖2‖g‖2 det
(
Af,g − λ

)
. �

In the special case that W 2(A) is real, it can also be described by means

of the formulae for the roots of the quadratic equation det
(
Af,g− λ

)
= 0.
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4 Spectral Theory of Block Operator Matrices

In the following, we choose a branch of the square root such that
√
z ≥ 0

if z ≥ 0 and Im
√
z > 0 if z < 0.

Corollary 1.1.4 For f ∈ H1, g ∈ H2, f, g 6= 0, we define

disA(f, g) :=

(
(Af, f)

‖f‖2 −
(Dg, g)

‖g‖2
)2

+ 4
(Bg, f)(Cf, g)

‖f‖2 ‖g‖2

and, if disA(f, g) ≥ 0, we set

λ±

(
f

g

)
:=

1

2


(Af, f)

‖f‖2 +
(Dg, g)

‖g‖2 ±
√(

(Af, f)

‖f‖2 −
(Dg, g)

‖g‖2
)2

+4
(Bg, f)(Cf, g)

‖f‖2 ‖g‖2


.

Further we let

Λ±(A) :=

{
λ±

(
f

g

)
: f ∈ H1, g ∈ H2, f, g 6= 0, disA(f, g) ≥ 0

}
. (1.1.8)

Then W 2(A) ⊂ R if and only if disA(f, g) ≥ 0 for all f ∈ H1, g ∈ H2,

f, g 6= 0, and in this case

W 2(A) = Λ−(A) ∪ Λ+(A).

For convenience, we also use the notation λ±(f, g) in the following.

Proof. The claim is immediate from the fact that λ±(f, g) are the solu-

tions of the quadratic equation

λ2−λ
(

(Af, f)

‖f‖2 +
(Dg, g)

‖g‖2
)

+
(Af, f)(Dg, g)

‖f‖2‖g‖2 − (Bg, f)(Cf, g)

‖f‖2‖g‖2 = 0, (1.1.9)

that is, of det
(
Af,g − λ

)
= 0. �

Like the numerical range, the quadratic numerical range of a bounded

block operator matrix A is a bounded subset of C,

W 2(A) ⊂
{
λ ∈ C : |λ| ≤ ‖A‖

}
,

and it is closed if dimH < ∞. In contrast to the numerical range, it

consists of at most two (connected) components. This follows from the

fact that the set of all matrices Af,g , f ∈ SH1 , g ∈ SH2 , is connected and

from a continuity argument for the eigenvalues of matrices (see [Kat95,

Theorem II.5.14] and [Wag00]). If, for example, A is upper or lower block

triangular, then W 2(A) = W (A) ∪W (D). Hence the quadratic numerical

range is, in general, not convex; the following example shows that even its

components need not be so (see Fig. 1.2).
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Bounded Block Operator Matrices 5

Example 1.1.5 Consider the 4× 4 matrices

A1 :=




1 0 1 i

0 1 0 1

i 0 0 0

1 i 0 0


 , A2 :=




2 i 1 3 + i

i 2 3 + i 1

1 3 + i −2 i

3 + i 1 i −2




with respect to the decomposition C4 = C2⊕C2. Figure 1.2 shows that in

both cases the quadratic numerical range consists of two disjoint non-convex

components.

Figure 1.2 Quadratic numerical ranges of A1 and A2.

Remark 1.1.6 The fact that all matrices Af,g , f ∈ SH1 , g ∈ SH2 , have

two different eigenvalues does not imply that W 2(A) consists of two disjoint

components.

In fact, there exist self-adjoint block operator matrices A such that

for all f ∈ SH1 , g ∈ SH2 the two eigenvalues λ+(f, g), λ−(f, g) of the

matrix Af,g are different, that is, λ−(f, g) < λ+(f, g), but there exist

f, f ′ ∈ SH1 , g, g′ ∈ SH2 such that λ−(f, g) = λ+(f ′, g′). To this

end, consider a self-adjoint block operator matrix A as in (1.1.3) with

H1 = H2, dimH1 ≥ 2, C = B∗, and self-adjoint operators A, D such

that minW (A) = maxW (D) = β. Assume further that β is a simple

eigenvalue of A and D with a common eigenvector f0 ∈ H1, ‖f0‖ = 1, and

(Bf0, f0) 6= 0. Then it is easy to see that for f ∈ SH1 , g ∈ SH2

λ+(f, g)− λ−(f, g) = 2

√(
(Af, f)− (Dg, g)

2

)2

+ |(Bg, f)|2 > 0.
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6 Spectral Theory of Block Operator Matrices

On the other hand, if we choose f ′
0 ∈ H1, g

′
0 ∈ H1 so that ‖f ′

0‖ = ‖g′0‖ = 1,

(Bf0, f
′
0) = 0 and (B∗f0, g

′
0) = 0, then, by the definition of λ± in Corol-

lary 1.1.4, we have λ+(f0, g
′
0) = λ−(f ′

0, f0) = β.

The following elementary properties of the quadratic numerical range

with respect to certain transformations of the block operator matrix A are

easy to check.

Proposition 1.1.7 We have

i) W 2(αA+ β) = αW 2(A) + β for α, β ∈ C,

ii) W 2(U−1AU) =W 2(A) for U = diag
(
U1, U2

)
, U1 ∈L(H1), U2 ∈L(H2)

unitary.

Proof. Claim i) follows from the fact that (αA + β)f,g = αAf,g + β for

f ∈ SH1 , g ∈ SH2 . The assertion in ii) is a consequence of the equivalence

(f g)t ∈ SH1 ⊕ SH2 ⇐⇒ (U1f U2g)
t ∈ SH1 ⊕ SH2 and of the relation

(U−1AU)f,g = AU1f,U2g for f ∈ SH1 , g ∈ SH2 . �

The first non-trivial property of the quadratic numerical range is that

it is contained in the numerical range.

Theorem 1.1.8 W 2(A) ⊂W (A).

Proof. Let λ0 ∈ W 2(A). Then, by definition (1.1.5), there exist f ∈ SH1 ,

g ∈ SH2 , and (α1 α2)
t ∈ C2, |α1|2 + |α2|2 = 1, such that

Af,g

(
α1

α2

)
= λ0

(
α1

α2

)
.

Taking the scalar product with (α1 α2)
t and observing the definition of

Af,g in (1.1.4), we obtain
(
A
(
α1f

α2g

)
,

(
α1f

α2g

))
= λ0.

Since ‖α1f‖2 + ‖α2g‖2 = 1, this implies that λ0 ∈W (A). �

Another feature of the quadratic numerical range is that the numerical

ranges of the diagonal elements W (A) and W (D) are contained in W 2(A)

if the dimensions of H1 and H2 are at least two, more exactly:

Theorem 1.1.9 We have

i) dimH2 ≥ 2 =⇒ W (A) ⊂W 2(A),

ii) dimH1 ≥ 2 =⇒ W (D) ⊂W 2(A).
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Proof. Let f ∈ SH1 be arbitrary. If dimH2 ≥ 2, then there exists a

g ∈ SH2 such that (Cf, g) = 0. Thus

Af,g =

(
(Af, f) (Bg, f)

0 (Dg, g)

)

and hence (Af, f) ∈ σp(Af,g) ⊂W 2(A). The proof for W (D) is similar. �

Corollary 1.1.10 Suppose that dimH1 ≥ 2 and dimH2 ≥ 2.

i) If W 2(A) consists of two disjoint components, W 2(A) = F1 ∪̇ F2, they

can be enumerated such that

W (A) ⊂ F1, W (D) ⊂ F2.

ii) If W (A) ∩W (D) 6= ∅, then W 2(A) consists of only one component.

Proof. By the assumptions on the dimensions of H1 and H2, there exist

f ∈ SH1 , g ∈ SH2 with (Cf, g) = 0. The eigenvalues of the corresponding

matrix Af,g are (Af, f) and (Dg, g); they belong to different components of

W 2(A) if the latter consists of two disjoint components. Theorem 1.1.9 and

the fact that the numerical ranges W (A) and W (D) are connected (even

convex) now imply claims i) and ii). �

The inclusions in Theorem 1.1.9 need not be true if dimH1 = 1 or

dimH2 = 1:

Example 1.1.11 Consider the 4 × 4 matrix from Example 1.1.2 with

respect to the decomposition C4 = C3 ⊕ C1,

A0 :=




−2 −1 1 0

−1 −2 0 1

−2 −1 0 −3i

−1 −2 3i 0


 .

Figure 1.3 illustrates that the numerical range of the left upper corner of

A0 is not contained in W 2(A).

The property that W 2(A) (or even its closure W 2(A)) consists of two

disjoint components will be of particular interest in the following sections.

In this respect, the following results are useful.

Proposition 1.1.12 If W (A) ∩W (D) = ∅ and

2
√
‖B‖ ‖C‖ < dist

(
W (A),W (D)

)
,

then W 2(A) consists of two disjoint components.
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8 Spectral Theory of Block Operator Matrices

Figure 1.3 Numerical range of left upper corner and quadratic numerical range of A0.

Proof. Set β := dist
(
W (A),W (D)

)
and assume that λ belongs to the

line that separates the convex sets W (A) and W (D) and has distance β/2

to both of them. Then, for all f ∈ SH1 , g ∈ SH2 ,
∣∣det (Af,g − λ)

∣∣ =
∣∣(λ− (Af, f)

)(
λ− (Dg, g)

)
− (Bg, f)(Cf, g)

∣∣

≥
∣∣λ− |(Af, f)|

∣∣ ∣∣λ− |(Dg, g)|
∣∣− ‖B‖ ‖C‖

≥ β2

4
− ‖B‖ ‖C‖ > 0,

which shows that λ /∈ W 2(A). �

The numerical range W (A) of a bounded linear operator A is real if and

only if A is self-adjoint. For the quadratic numerical range, we only have

the following property.

Proposition 1.1.13 If A∗ denotes the adjoint of A, then

i) W 2(A∗) =
{
λ ∈ C : λ ∈W 2(A)

}
=: W 2(A)∗,

ii) A = A∗ =⇒ W 2(A) ⊂ R.

Proof. Assertion i) follows from (Af,g)
∗ = (A∗)f,g for f ∈ SH1 , g ∈ SH2 ;

claim ii) is obvious since in this case all matrices Af,g are symmetric. �

If the quadratic numerical range is real, then, in the generic case, only

self-adjointness with respect to a possibly indefinite inner product holds.

The corresponding notion of J -self-adjointness plays a role in a number

of other subsections and also in the next chapter on unbounded block oper-

ator matrices; therefore we give the definition for the unbounded case here.
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Definition 1.1.14 Let H = H1 ⊕H2 and let J ∈ L(H) have the corre-

sponding block operator representation

J :=

(
I 0

0 −I

)
. (1.1.10)

A densely defined linear operator A in H is called J -self-adjoint if JA is

self-adjoint in H; it is called J -symmetric if JA is symmetric in H.

Clearly, every bounded J -symmetric operator is J -self-adjoint. If we

define the indefinite inner product [·, ·] := (J ·, ·) on H, then A ∈ L(H) is

J -self-adjoint if and only if

[Ax,y] = [x,Ay], x,y ∈ H.

The Hilbert space H equipped with the indefinite inner product [·, ·] is

a Krein space; every J -self-adjoint operator is a self-adjoint operator in

this Krein space. For the definition of Krein spaces and properties of linear

operators therein we refer to [Bog74], [AI89], [Lan82]. We only mention

that the spectrum of a J -self-adjoint operator is symmetric to R.

Obviously, if A ∈ L(H) has a block operator representation (1.1.3), then

A is self-adjoint ⇐⇒ A = A∗, D = D∗, C = B∗,

A is J -self-adjoint ⇐⇒ A = A∗, D = D∗, C = −B∗.

Theorem 1.1.15 Let either dimH1 ≥ 2 or dimH2 ≥ 2. If W 2(A) ⊂ R,

then A = A∗, D = D∗, and A is either block triangular (i.e. B = 0 or

C = 0) or there exists a γ ∈ R, γ 6= 0, such that

A =

(
A B

γB∗ D

)
;

in the latter case, A is similar to the block operator matrix

Ã =

(
A B̃

(sign γ) B̃∗ D

)
, B̃ :=

√
|γ|B;

Ã is self-adjoint in H if sign γ = 1 and J -self-adjoint if sign γ = −1.

In the proof of Theorem 1.1.15 we use the following lemma; in view of

the next chapter, we formulate it for unbounded operators.

Lemma 1.1.16 If B and C are closed densely defined linear operators

from H2 to H1 and from H1 to H2, respectively, such that

(By, x)(Cx, y) ∈ R for all x ∈ D(C), y ∈ D(B), (1.1.11)

then B= 0, C= 0, or C⊂γB∗ with γ∈R (C=γB∗ if B, C are bounded ).
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10 Spectral Theory of Block Operator Matrices

Proof. If x ∈ D(C), y ∈ D(B) are such that (By, x) 6= 0, then condition

(1.1.11) implies that

(Cx, y)

(x,By)
=

(By, x)(Cx, y)

(By, x)(x,By)
∈ R. (1.1.12)

Assume that B 6= 0. Then, because C is densely defined, there exist ele-

ments x0 ∈ D(C), y0 ∈ D(B) such that (x0, By0) 6= 0. For u ∈ D(C),

v ∈ D(B), we consider the function

fu,v(z) :=

(
C(x0 + zu), y0 + z v

)
(
x0 + zu,B(y0 + z v)

)

=
(Cx0, y0) + z

(
(Cx0, v) + (Cu, y0)

)
+ z2(Cu, v)

(x0, By0) + z
(
(x0, Bv) + (u,By0)

)
+ z2(u,Bv)

, z ∈ C.

Since (x0, By0) 6= 0, the denominator is not identically zero and hence the

function fu,v is rational in C with at most two poles, say ζ1, ζ2. Because

of (1.1.12), it is real on its domain of holomorphy and thus constant there:

fu,v(z) = fu,v(0) = (Cx0, y0)/(x0, By0) =: γ ∈ R, or

(Cx0, y0) + z
(
(Cx0, v) + (Cu, y0)

)
+ z2(Cu, v)

= γ
(
(x0, By0) + z

(
(x0, Bv) + (u,By0)

)
+ z2(u,Bv)

)

for z ∈ C \ {ζ1, ζ2}. Comparing coefficients, we find (Cu, v) = γ(u,Bv) for

all u ∈ D(C), v ∈ D(B) and hence γB ⊂ C∗ or, taking adjoints, C ⊂ γB∗.

The last claim is obvious. �

Proof of Theorem 1.1.15. Without loss of generality, let dimH2 ≥ 2.

Then, by Theorem 1.1.9, W (A) ⊂W 2(A) ⊂ R and hence A is self-adjoint.

This and the equality

(Af, f) + (Dg, g) = λ+

(
f

g

)
+ λ−

(
f

g

)
∈ R, f ∈ SH1 , g ∈ SH2 ,

show that D is self-adjoint as well. Since

detAf,g = (Af, f)(Dg, g)− (Bg, f)(Cf, g) = λ+

(
f

g

)
λ−

(
f

g

)
∈ R

for all f ∈ SH1 , g ∈ SH2 , we have (Bg, f)(Cf, g) ∈ R for all f ∈ H1,

g ∈ H2. Now Lemma 1.1.16 yields the second claim. The last assertion

about the similarity of A follows from the identity

A =

(
I 0

0
√
|γ|

)(
A B̃

(sign γ) B̃∗ D

)(
I 0

0
√
|γ| −1

)
.



SPECTRAL THEORY OF BLOCK OPERATOR MATRICES AND APPLICATIONS 
© Imperial College Press
http://www.worldscibooks.com/mathematics/p493.html

3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

Bounded Block Operator Matrices 11

Obviously, Ã is self-adjoint in H if sign γ = 1; if sign γ = −1, then J Ã is

self-adjoint in H since

J Ã =

(
A B̃

B̃∗ −D

)
. �

1.2 Special classes of block operator matrices

A major advantage of the quadratic numerical range is that it reflects sym-

metries and other properties of the entries of a block operator matrix. Some

of the results obtained here also play a role in the unbounded case consid-

ered in the next chapter. Therefore special emphasis is placed on structures

occurring in applications e.g. from mathematical physics or systems theory.

Theorem 1.2.1 Let the block operator matrix A be of the form

A =

(
A B

B∗ D

)
.

For ω ∈ [0, π), define the sector Σω :=
{
reiφ : r ≥ 0, |φ| ≤ ω

}
. If there

exist α, δ > 0 and angles ϕ, ϑ ∈ [0, π/2] such that

W (D) ⊂
{
z ∈ −Σϕ : Re z ≤ −δ

}
, W (A) ⊂

{
z ∈ Σϑ : Re z ≥ α

}

and θ := max{ϕ, ϑ}, then

W 2(A) ⊂
{
z ∈ −Σθ : Re z ≤ −δ

}
∪
{
z ∈ Σθ : Re z ≥ α

}

consists of two components separated by the strip {z ∈ C : −δ < Re z < α}.

For the proof of this theorem we use the following elementary lemma

for the eigenvalues of 2× 2 matrices (see [LT98, Lemma 3.1]).

Lemma 1.2.2 Let a, b, c, d ∈ C be complex numbers with Re d < 0 < Re a

and bc ≥ 0. Then the matrix

A =

(
a b

c d

)

has eigenvalues λ1, λ2 such that:

i) Reλ2 ≤ Re d < 0 < Re a ≤ Reλ1,

ii) min
{
Im a, Im d

}
≤ Imλ1, Imλ2 ≤ max

{
Im a, Im d

}
,

iii) λ1,−λ2 ∈
{
z ∈ C : | arg z| ≤ max{| arga|, π − | arg d|}

}
.

Proof. We suppose that Im a ≥ 0 (otherwise we consider A∗) and

arga ≥ π − | arg d| (1.2.1)
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12 Spectral Theory of Block Operator Matrices

(otherwise we start from d instead of a in the following). Assumption (1.2.1)

implies that
∣∣∣∣
Im (a− d)
Re (a− d)

∣∣∣∣ ≤ tan(arg a). (1.2.2)

The eigenvalues λ1, λ2 satisfy the equation

(a− λ)(d− λ)− t = 0, t := bc ≥ 0.

We consider them as functions λ1,2 of t and write

λ1,2(t)−
a+ d

2
= ±

√
(a− d)2

4
+ t, t ≥ 0. (1.2.3)

Now we decompose λi(t) =: xi(t) + iyi(t), i = 1, 2, and (a+ d)/2 =: β + iγ

into real and imaginary parts. Squaring equation (1.2.3) and taking real and

imaginary parts, we see that x1(t), y1(t) and x2(t), y2(t) satisfy the relations

(
x(t)− β

)2 −
(
y(t)− γ

)2
=

1

4
Re (a− d)2 + t, (1.2.4)

(
x(t)− β

)(
y(t)− γ

)
=

1

8
Im (a− d)2. (1.2.5)

The last equation shows that the eigenvalues λ1(t), λ2(t) lie on a hyper-

bola with centre β+iγ = (a+d)/2 and asymptotes Im z = γ and Re z = β

parallel to the real and imaginary axis, the right hand branch passing

through a and the left hand branch through d. From the identity (1.2.4)

it follows that for 0 ≤ t ≤∞ the eigenvalues λ1(t) fill the part of the right

hand branch which extends from a to ∞ + iγ, and the eigenvalues λ2(t)

fill the part of the left hand branch from d to −∞ + iγ. This implies i)

and ii). In order to prove iii), it is sufficient to show that the derivatives

of the hyperbola at d and at a are in modulus less than tan(arg a). For

example, for the derivative at d, it follows from (1.2.5) that

ẏ(0)

ẋ(0)
= − y(0)− γ

x(0)− β = − Im d− 1
2 Im (a+ d)

Re d− 1
2Re (a+ d)

= − Im (d− a)
Re (d− a) ,

which is in modulus less than tan(arga) by (1.2.2). �

Proof of Theorem 1.2.1. All assertions follow by applying Lemma 1.2.2

to the 2× 2 matrices Af,g defined in (1.1.4) for f ∈ SH1 , g ∈ SH2 . �

For self-adjoint block operator matrices, the following corollary is obvi-

ous from Theorem 1.2.1.
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Corollary 1.2.3 Let A = A∗ and suppose that

supW (D) < inf W (A).

Then W 2(A) = Λ−(A) ∪̇Λ+(A) consists of two components satisfying

sup Λ−(A) ≤ supW (D) < infW (A) ≤ inf Λ+(A).

In the following proposition we generalize this estimate to non-separated

diagonal entries and we derive two-sided estimates for the outer end-points

inf Λ−(A) and sup Λ+(A) of the quadratic numerical range (see [KMM07]).

Proposition 1.2.4 If A = A∗, then the quadratic numerical range

W 2(A) = Λ−(A) ∪ Λ+(A) satisfies the estimates

inf Λ+(A) ≥ max
{
inf W (A), inf W (D)

}
,

supΛ−(A) ≤ min
{
supW (A), supW (D)

}
,

and

min
{
infW (A), inf W (D)

}
−δ−B ≤ inf Λ−(A)≤ min

{
infW (A), inf W (D)

}
,

max
{
supW(A), supW(D)

}
≤ sup Λ+(A)≤ max

{
supW(A), supW(D)

}
+δ+B ,

where

δ−B := ‖B‖ tan

(
1

2
arctan

2‖B‖
| infW (A) − infW (D)|

)
,

δ+B := ‖B‖ tan

(
1

2
arctan

2‖B‖
| supW (A) − supW (D)|

)
;

if inf W (A)=inf W (D) or supW (A)=supW (D), we set arctan∞ :=π/2.

Proof. Since A = A∗, we have C = B∗. Then the definition of λ+ in

Corollary 1.1.4 shows that, for f ∈ SH1 , g ∈ SH2 ,

λ+

(
f

g

)
=

(Af, f)+(Dg, g)

2
+

√(
(Af, f)−(Dg, g)

2

)2

+|(Bg, f)|2 (1.2.6)

≥ (Af, f) + (Dg, g)

2
+

∣∣∣∣
(Af, f)− (Dg, g)

2

∣∣∣∣

= max
{
(Af, f), (Dg, g)

}
.

From this estimate we obtain

inf Λ+(A) ≥ max
{
inf W (A), inf W (D)

}
,

sup Λ+(A) ≥ max
{
supW (A), supW (D)

}
.

The proof of the second inequality and of the right part of the third inequal-

ity is analogous.
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14 Spectral Theory of Block Operator Matrices

For the proof of the remaining inequalities, we observe that the solutions

(1.2.6) of the quadratic equations det(Af,g − λ) = 0 defining the quadratic

numerical range can also be written in the form

λ−

(
f

g

)
= min

{
(Af, f), (Dg, g)

}
−|(Bg,f)| tan

(
1

2
arctan

2|(Bg,f)|
|(Af, f)−(Dg, g)|

)
,

λ+

(
f

g

)
= max

{
(Af, f), (Dg, g)

}
+|(Bg,f)| tan

(
1

2
arctan

2|(Bg,f)|
|(Af, f)−(Dg, g)|

)
.

Without loss of generality, we assume that inf W (A) ≥ inf W (D); otherwise

we reverse the components in the decomposition H = H1 ⊕ H2. Suppose

that (Af, f) ≥ (Dg, g); then

λ−

(
f

g

)
= (Dg, g)− |(Bg,f)| tan

(
1

2
arctan

2|(Bg,f)|
(Af, f)−(Dg, g)

)
.

We define the auxiliary function

h(t) := t− |(Bg,f)| tan

(
1

2
arctan

2|(Bg,f)|
(Af, f)−t

)
, t ∈ R.

It is easy to see that h is strictly monotonically increasing (with a jump

of height 2|(Bg,f)| at the singularity (Af, f)); in fact, we have h′ ≥ 1/2.

Hence

λ−

(
f

g

)
≥ inf W (D)− |(Bg,f)| tan

(
1

2
arctan

2|(Bg,f)|
(Af, f)−infW (D)

)

≥ inf W (D)− ‖B‖ tan

(
1

2
arctan

2‖B‖
inf W (A)−infW (D)

)

if (Af, f) ≥ (Dg, g). If (Af, f) < (Dg, g), then we have the estimates

(Af, f) ≥ inf W (A) ≥ inf W (D) and (Dg, g) > (Af, f) ≥ inf W (A). Thus,

in the same way as above, we obtain

λ−

(
f

g

)
= (Af, f)− |(Bg,f)| tan

(
1

2
arctan

2|(Bg,f)|
(Dg, g)−(Af, f)

)

≥ inf W (D)− |(Bg,f)| tan

(
1

2
arctan

2|(Bg,f)|
(Dg, g)−infW (D)

)

≥ inf W (D)− ‖B‖ tan

(
1

2
arctan

2‖B‖
inf W (A)−infW (D)

)
.

The estimate for λ+ is proved analogously. �
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In the following, for a self-adjoint operator T in a Hilbert space H and

a subinterval I ⊂ R, we denote by ET (I) the spectral projection and by

LI(T ) = ET (I)H the spectral subspace, respectively, corresponding to I .

Remark 1.2.5 Suppose that A = A∗ and inf W (A) 6= inf W (D) with

dimL(−∞,inf W (A)](D) ≥ 2 if inf W (D) < inf W (A),

dimL(−∞,inf W (D)](A) ≥ 2 if inf W (A) < infW (D).

Then

inf Λ+(A) = max
{
inf W (A), inf W (D)

}
.

In general, the strict inequality inf Λ+(A) > max
{
inf W (A), inf W (D)

}

may occur. Analogous statements hold for sup Λ−(A).

Proof. Let inf W (D) < infW (A) and dimL(−∞,inf W (A)](D) > 1. Since

inf W (A) ∈ σ(A), there exists a sequence (xn)∞1 ⊂ D(A), ‖xn‖ = 1, such

that
∥∥(A − inf W (A)

)
xn

∥∥ → 0, n → ∞. Due to the dimension condition,

for each n ∈ N there exists yn ∈ L(−∞,inf W (A)](D), ‖yn‖ = 1, such that

(B∗xn, yn) = 0. Then (Dyn, yn) ≤ (Axn, xn) and hence, by (1.2.6),

λ+

(
xn

yn

)
= (Axn, xn) −→ inf W (A), n→∞.

This implies inf W (A) ∈ Λ+(A). Together with Proposition 1.2.4, the first

assertion follows. An example for strict inequality is furnished by the matrix

A :=




1 0 0 0

0 −1 0 1

0 0 0 0

0 1 0 −2


 ;

here max
{
inf W (A), inf W (D)

}
= inf W (A) = −1 and

min Λ+(A) = λ+

(
e2
e2

)
= −3

2
+

1

2

√
5 > −1 with e2 :=

(
0

1

)
. �

Next we consider block operator matrices for which C = −B∗ and, more

specifically, J -self-adjoint block operator matrices (see Definition 1.1.14).

We estimate their quadratic numerical range in the case when the off-

diagonal element B is sufficiently small. In the J -self-adjoint case, the qua-

dratic numerical range is real for small B, but it may become complex if B

is sufficiently large; more detailed estimates are given in Proposition 1.3.9.
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16 Spectral Theory of Block Operator Matrices

Proposition 1.2.6 Let the block operator matrix A be of the form

A =

(
A B

−B∗ D

)

and define

a− := inf ReW (A), a+ := supReW (A),

d− := inf ReW (D), d+ := supReW (D).

Then the quadratic numerical range of A satisfies the following estimates:

i) min
{
a−, d−

}
≤ ReW 2(A) ≤ max

{
a+, d+

}
.

ii) If d+ < a− and ‖B‖ < (a−− d+)/2, then W 2(A) = Λ−(A) ∪̇Λ+(A)

consists of two components satisfying

ReΛ−(A) ≤ d+ + ‖B‖ < a−− ‖B‖ ≤ Re Λ+(A).

iii) If A = A∗, D = D∗, then W 2(A) is symmetric to R, |ImW 2(A)| ≤ ‖B‖;
if, in addition, d+< a−, then

‖B‖≤(a−− d+)/2 =⇒ W 2(A)⊂R,

‖B‖>(a−− d+)/2 =⇒
∣∣ImW 2(A)

∣∣ ≤
√
‖B‖2 − (a−− d+)2

4
.

The case a+< d− in ii) and iii) is analogous.

For the proof of Proposition 1.2.6, we use the following simple lemma

(see [Tre08, Lemma 5.1 ii)]).

Lemma 1.2.7 Let a, b, c, d ∈ C be complex numbers with Re d < Re a

and bc ≤ 0. Then the matrix

A =

(
a b

c d

)

has eigenvalues λ1, λ2 such that

i) Re d ≤ Reλ2 ≤ Reλ1 ≤ Re a,

ii) Reλ2 ≤ Re d+
√
|bc| < Re a−

√
|bc| ≤ Reλ1 if

√
|bc|<(Rea−Re d)/2,

and λ1, λ2 ∈ R if, in addition, a, d ∈ R,

iii) Reλ1 = Reλ2 = (a + d)/2, |Imλ1| = |Imλ2| =
√
|bc|−(a− d)2/4 if√

|bc|≥(a−d)/2 and a, d ∈ R.

Proof. i) If Reλ<Re d (<Re a) or Reλ>Re a (>Re d), then the eigen-

value equation (a−λ)(d−λ) = bc ≤ 0 cannot hold. In fact, decomposing all

numbers therein into real and imaginary parts, one can show that Im a−Imλ

and Im d−Imλ have different signs and Re
(
(a−λ)(d−λ)

)
> 0.
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ii) If Re d+
√
|bc| < Reλ < Re a−

√
|bc|, then

∣∣det(A− λ)
∣∣ ≥ |a− λ| |d− λ| − |bc| ≥ |Re a−Reλ| |Re d−Reλ| − |bc| > 0,

hence λ is not an eigenvalue of A. The relation Reλ1 +Reλ2 = Re a+Re d

excludes the possibility that e.g. Reλ1,Reλ2 ≤ Re d+
√
|bc|.

The claims in ii) for a, d ∈ R and in iii) are immediate from the formula

λ1/2 =
a+ d

2
±
√

(a− d)2
4

+ bc . �

Proof of Proposition 1.2.6. If A = A∗, D = D∗, then det
(
Af,g − λ

)
=

det
(
Af,g − λ

)
for f ∈ SH1 , g ∈ SH2 , which implies W 2(A) = W 2(A)∗ and

hence the first claim in i). All other claims follow by applying Lemma 1.2.7

to the 2× 2 matrices Af,g defined in (1.1.4) for f ∈ SH1 , g ∈ SH2 . �

Proposition 1.2.8 Let H1 = H2 and suppose that

A =

(
A B

C A∗

)

is such that either B = B∗ and C = C∗ or B = −B∗ and C = −C∗. Then

W 2(A) is symmetric to R.

Proof. For f, g ∈ SH1 and λ ∈ C, it is easy to see that

det
(
(A∗)g,f − λ

)
= det

(
(A∗g, g)− λ (C∗f, g)

(B∗g, f) (Af, f)− λ)

)

= det

(
(Af, f)− λ ±(Bg, f)

±(Cf, g) (A∗g, g)− λ

)
= det

(
Af,g − λ

)
,

which implies that W 2(A) = W 2(A∗). On the other hand, by Proposi-

tion 1.1.13 i), we have W 2(A∗) = W 2(A)∗ and hence W 2(A) = W 2(A)∗. �

Proposition 1.2.9 Let H1 = H2 and suppose that

A =

(
A B

C −A∗

)

is such that either B = B∗ and C = C∗ or B = −B∗ and C = −C∗. Then

W 2(A) is symmetric to iR.

Proof. The assertion follows since iA satisfies the assumptions of Propo-

sition 1.2.8 and W 2(iA) = iW 2(A) by Proposition 1.1.7 i). �
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1.3 Spectral inclusion

The most important feature of the quadratic numerical range is that, like

the numerical range, it has the spectral inclusion property (see (1.1.1)).

Since the quadratic numerical range is always contained in the numerical

range (see Theorem 1.1.8), it furnishes a possibly tighter spectral enclosure.

Theorem 1.3.1 σp(A) ⊂W 2(A), σ(A) ⊂W 2(A).

For the proof of Theorem 1.3.1 we need a simple lemma about 2 × 2-

matrices, which we prove for the convenience of the reader.

Lemma 1.3.2 If for M∈M2(C) there exists a vector x ∈ C2 such that

‖x‖ = 1 and ‖Mx‖ < ε, (1.3.1)

then dist
(
0, σ(M)

)
≤
√
‖M‖ ε.

Proof. Only the case that the matrix M is invertible has to be consid-

ered. Then the inverse matrixM−1 can be written as

M−1 =
1

detM (J tMJ)t

with J :=

(
0 1

−1 0

)
. Thus

‖M−1‖ =
‖M‖
| detM| =

‖M‖
|λ1λ2|

, (1.3.2)

where λ1, λ2 are the eigenvalues ofM. The assumption (1.3.1) implies that

‖M−1‖ > ε−1. (1.3.3)

From (1.3.2) and (1.3.3) we obtain min
{
|λ1|, |λ2|

}
≤
√
‖M‖ ε. �

In the following, for a bounded or unbounded linear operator T in H,

we define its approximate point spectrum σapp(T ) as

σapp(T ) :=
{
λ∈C : ∃ (xn)∞1 ⊂D(T ), ‖xn‖=1, (T−λ)xn→0, n→∞

}
.(1.3.4)

Proof of Theorem 1.3.1. First we consider λ ∈ σp(A). Then there exists

a nonzero element (f g)t ∈ H such that

(A− λ)f +Bg = 0,

Cf + (D − λ)g = 0.

We write f = ‖f‖ f̂ , g = ‖g‖ ĝ with elements f̂ ∈ SH1 , ĝ ∈ SH2 (here, if

e.g. f = 0, then f̂ can be chosen arbitrarily). It follows that
(
Af, f̂

)
− λ
(
f, f̂

)
+
(
Bg, f̂

)
= 0,

(
Cf, ĝ

)
+
(
Dg, ĝ

)
− λ

(
g, ĝ
)

= 0,
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and, consequently,

Af̂ , ĝ

(‖f‖
‖g‖

)
= λ

(‖f‖
‖g‖

)
. (1.3.5)

Hence λ ∈ σp(Af̂ , ĝ) ⊂W 2(A).

If λ ∈ σ(A) \ σp(A), then λ ∈ σp(A∗) or λ ∈ σapp(A). If λ ∈ σp(A∗),

then, according to what was shown above, we have λ ∈ W 2(A∗) and hence

λ ∈ W 2(A) by Proposition 1.1.13 i). If λ ∈ σapp(A), then there exists a

sequence of elements (fn gn)t ∈ H, n = 1, 2, . . . , such that

‖fn‖2 + ‖gn‖2 = 1,

∥∥∥∥A
(
fn

gn

)
− λ
(
fn

gn

)∥∥∥∥ −→ 0, n→∞.

Then, with f̂n ∈ SH1 , ĝn ∈ SH2 as in the first part of the proof, we obtain

Af̂n, ĝn

(‖fn‖
‖gn‖

)
− λ
(‖fn‖
‖gn‖

)
−→ 0, n→∞.

Since ‖Af̂n, ĝn
‖ ≤ ‖A‖, n ∈ N, we have dist

(
λ, σp(Af̂n, ĝn

)
)
→ 0 for n→∞

by Lemma 1.3.2. Thus λ ∈ ⋃n∈N
σp(Af̂n, ĝn

) ⊂W 2(A). �

Altogether, in Theorem 1.3.1 and Theorem 1.1.8, we have shown that

σp(A) ⊂W 2(A) ⊂W (A), σ(A) ⊂W 2(A) ⊂W (A).

Therefore, and because of its non-convexity, the quadratic numerical range

W 2(A) may give better information about the localization of the spectrum

σ(A) than the numerical range W (A).

Example 1.3.3 Consider the 4× 4 matrix

A3 :=




0 0 1 0

0 0 0 1

−2 −1 i 5i

−1 −2 −5i i




with respect to the decomposition C4 = C2 ⊕ C2. Figure 1.4 shows its

numerical range, quadratic numerical range, and the four different eigen-

values marked by black dots, two in each component of W 2(A3).

If A is self-adjoint, Theorems 1.3.1 and 1.1.9 allow to characterize the

quadratic numerical range more explicitly.

Proposition 1.3.4 Suppose that A = A∗ and dimH1 ≥ 2, dimH2 ≥ 2.

i) If W (A) ∩W (D) 6= ∅, then W 2(A) is the single interval

W 2(A) =
[
minσ(A),max σ(A)

]
= W (A). (1.3.6)
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20 Spectral Theory of Block Operator Matrices

Figure 1.4 Numerical range, quadratic numerical range, and eigenvalues of A3.

ii) If W (A) ∩W (D) = ∅, then W 2(A) consists of two disjoint intervals

W 2(A) =
[
minσ(A), d

]
∪̇
[
a,maxσ(A)

]
(1.3.7)

where

d := min
{
supW (A), supW (D)

}
, (1.3.8)

a := max
{
inf W (A), infW (D)

}
. (1.3.9)

Proof. Theorem 1.1.8 implies that

W 2(A) ⊂W (A) =
[
minσ(A),maxσ(A)

]
.

Since A is self-adjoint and W 2(A) satisfies the spectral inclusion property

by Theorem 1.3.1, we have

minσ(A), maxσ(A) ∈ σ(A) ⊂W 2(A).

Because W 2(A) consists of at most two connected sets, it follows that it is

either of the form (1.3.6) or of the form (1.3.7).

Without loss of generality, we may assume that inf W (D) ≤ inf W (A);

otherwise we reverse the enumeration of the components in H=H1⊕H2.

Then W (A) ∩W (D) = ∅ means that supW (D) < inf W (A). By Proposi-

tion 1.2.4, we conclude that

sup Λ−(A) ≤ supW (D) < infW (A) ≤ inf Λ+(A).

Since dimH1 ≥ 2, Theorem 1.1.9 applies and shows that supW (D) ∈
W (D) ⊂ W 2(A) = Λ−(A) ∪̇Λ+(A). Hence d = sup Λ−(A) = supW (D).
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In the same way, it follows that a = inf Λ+(A) = inf W (A) if dimH2 ≥ 2.

This proves ii).

In order to show i), suppose to the contrary that W 2(A) consists of two

disjoint intervals. Then, by Corollary 1.1.10 i), one of them contains W (A)

and the other one W (D) so that W (A) ∩W (D) = ∅, a contradiction. �

Remark 1.3.5 If A = A∗ and dimH1 = 1, we only obtain “≤” in (1.3.8);

analogously, if dimH2 = 1, we only obtain “≥” in (1.3.9).

Note that if dimH1 = 1 and dimH2 = 1, then W 2(A) = W 2(A) =

σp(A) consists of the eigenvalues of A.

In the sequel, we present two theorems on the classical problem of per-

turbation of spectra of bounded self-adjoint operators (see [Dav63], [Dav65],
[DK70]). The key tool is the spectral inclusion theorem for the quadratic

numerical range, combined with the estimates given for it in Section 1.2.

First we consider arbitrary bounded self-adjoint operators subject to

perturbations that are off-diagonal with respect to a certain decomposition

H = H1 ⊕H2 of the underlying Hilbert space (see [KMM07, Lemma 1.1],
[LT98, Theorem 3.2]); the case that the spectrum of the unperturbed oper-

ator splits into two parts separated by a point is crucial in the following.

Theorem 1.3.6 If A = A∗, then σ(A) satisfies the following estimates.

i) Define δ±B as in Proposition 1.2.4. Then

min
{
minσ(A),min σ(D)

}
− δ−B ≤ minσ(A) ≤ min

{
minσ(A),min σ(D)

}
,

max
{
maxσ(A),max σ(D)

}
≤ maxσ(A)≤ max

{
maxσ(A),maxσ(D)

}
+δ+B .

ii) If maxσ(D) < minσ(A), then

σ(A) ∩
(
maxσ(D),min σ(A)

)
= ∅

independently of the norm of B.

0-1

W (D)δ
−

B

1 4

W (A) δ
+

B

R

R

Figure 1.5 Enclosures for the spectra of
(

A 0

0 D

)
and of

(
A B
B∗ D

)
.

Proof. By Theorem 1.3.1 it is sufficient to prove that W 2(A) satisfies

the estimates claimed in i) and ii). This was proved in Proposition 1.2.4
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for i) (observe that infW (A) = minσ(A), supW (A) = maxσ(A), and

analogously for D) and in Corollary 1.2.3 for ii). �

Next we consider the case that the spectra of the diagonal entries A

and D are disjoint, i.e. their distance δA,D is positive. Classical perturba-

tion theory yields that the spectrum of the perturbed operator A remains

separated into two disjoint parts as long as ‖B‖<δA,D/2 (see [Kat95, The-

orem V.4.10]). By means of Theorem 1.3.6, we are able to improve this

result and derive an optimal bound on ‖B‖ (see [KMM07, Theorem 1.3]).

Theorem 1.3.7 Let A =A∗, δA,D := dist
(
σ(A), σ(D)

)
> 0, and set

δB := ‖B‖ tan

(
1

2
arctan

2‖B‖
δA,D

)
.

i) Then

σ(A) ⊂
{
λ ∈ R : dist

(
λ, σ(A) ∪̇ σ(D)

)
≤ δB

}
.

ii) If ‖B‖ <
√

3

2
δA,D, then δB <

1

2
δA,D and σ(A) = σ1 ∪̇σ2, σ1, σ2 6= ∅,

with

σ1 ⊂
{
λ∈ R : dist

(
λ, σ(A)

)
≤ δB

}
⊂
{
λ∈ R : dist

(
λ, σ(A)

)
< δA,D/2

}
,

σ2 ⊂
{
λ∈ R : dist

(
λ, σ(D)

)
≤ δB

}
⊂
{
λ∈ R : dist

(
λ, σ(D)

)
< δA,D/2

}
.

iii) If
(
conv σ(A)

)
∩ σ(D) = ∅ and ‖B‖ <

√
2 δA,D, then δB < δA,D and

σ(A) = σ1 ∪̇ σ2, σ1, σ2 6= ∅, with

σ1 ⊂
{
λ ∈ R : dist

(
λ, σ(A)

)
≤ δB

}
⊂
{
λ ∈ R : dist

(
λ, σ(A)

)
< δA,D

}
,

σ2 ⊂
{
λ ∈ R : dist

(
λ, σ(A)

)
≥ δA,D

}
.

Proof. i) Let λ ∈ R be such that dist
(
λ, σ(A) ∪̇ σ(D)

)
> δB and set

I− := (−∞, λ), I+ := (λ,∞). If we write

A = T + S, T :=

(
A 0

0 D

)
, S :=

(
0 B

B∗ 0

)
,

then λ /∈ σ(T ) and hence H = LI−(T ) ⊕ LI+(T ). If we denote P± :=

ET (I±), then LI±(T ) = P±H and P−T P+ = 0. Hence, with respect to the

decomposition H = LI−(T )⊕LI+(T ), the operator A can be written as

A =

(
P−AP− P−AP+

(P−AP+)∗ P+AP+

)
=

(
P−AP− P−SP+

(P−SP+)∗ P+AP+

)
. (1.3.10)

If we further decompose LI±(T ) = LI±(A) ⊕ LI±(D), then the diagonal

elements in (1.3.10) have block operator representations
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P−AP− =

(
A− B−

B∗
− D−

)
, P+AP+ =

(
A+ B+

B∗
+ D+

)

with

A± :=EA(I±)AEA(I±), B± :=EA(I±)BED(I±), D± :=ED(I±)DED(I±).

Now Theorem 1.3.6 i), applied to the block operator matrices P−AP− and

P+AP+, shows that

maxσ(P−AP−) ≤ max
{
maxσ(A−),maxσ(D−)

}
+ δ+B−

, (1.3.11)

minσ(P+AP+) ≥ min
{

minσ(A+), min σ(D+)
}
− δ−B+

(1.3.12)

where

δ+B−
:= ‖B−‖ tan

(
1

2
arctan

2 ‖B−‖
| supW (A−)− supW (D−)|

)
,

δ−B+
:= ‖B+‖ tan

(
1

2
arctan

2 ‖B+‖
| inf W (A+)− inf W (D+)|

)
.

Obviously, σ(A±) ⊂ σ(A), σ(D±) ⊂ σ(D) so that
∣∣supW (A−)− supW (D−)

∣∣ =
∣∣maxσ(A−)−maxσ(D−)

∣∣
≥ dist

(
σ(A−),maxσ(D−)

)

≥ dist
(
σ(A),max σ(D)

)
= δA,D;

analogously, we see that
∣∣inf W(A+)−infW(D+)

∣∣≥δA,D. Since the function

h(t) := t tan

(
1

2
arctan(2t)

)
, t ∈ [0,∞), (1.3.13)

is strictly monotonically increasing and ‖B±‖ ≤ ‖B‖, we conclude that

δ+B−
≤ δB and δ−B+

≤ δB . Furthermore, we have dist
(
λ, σ(A) ∪̇ σ(D)

)
>δB

by assumption and

max
{
maxσ(A−),maxσ(D−)

}
,min

{
minσ(A+),min σ(D+)

}
∈σ(A) ∪̇ σ(D).

This and the inequalities (1.3.11), (1.3.12) imply that

maxσ(P−AP−) < λ < min σ(P+AP+).

Applying Theorem 1.3.6 ii) to A with respect to the block operator matrix

representation (1.3.10), we conclude that

λ ∈
(
(maxσ(P−AP−),minσ(P+AP+)

)
⊂ ρ(A).

For the proof of ii) and iii), we note that for the function h defined in

(1.3.13), we have h(
√

3/2) = 1/2, h(
√

2) = 1. Hence

‖B‖<
√

3

2
δA,D =⇒ δB<

δA,D

2
, ‖B‖<

√
2 δA,D =⇒ δB<δA,D. (1.3.14)
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Then ii) is immediate from i) and the first implication in (1.3.14). For

the proof of iii), we observe that for σ(A) ∩
(
convσ(A)

)
, the claim follows

from i). For σ(A) ∩
(
R \

(
convσ(A)

))
, the claim follows if we show that

(
maxσ(A) + δB ,maxσ(A) + δA,D

)
⊂ ρ(A), (1.3.15)

(
minσ(A)− δA,D,minσ(A) − δB

)
⊂ ρ(A). (1.3.16)

We prove (1.3.15); the proof of (1.3.16) is similar. We let λ=maxσ(A)+δB

and proceed as in the proof of i). Then EA(I+) = 0 and thus

P+AP+ =

(
0 0

0 D+

)
.

Using analogous estimates as in the proof of i) and the second implication

in (1.3.14), we arrive at

maxσ(P−AP−) < λ = maxσ(A) + δB < maxσ(A) + δA,D

≤ minσ(D+) = minσ(P+AP+).

Now Theorem 1.3.6 ii) shows that (1.3.15) holds. �

The following example illustrating Theorem 1.3.7 shows that the norm

bounds therein are sharp.

Example 1.3.8 Consider the family of 3× 3 matrices

Aε :=




0
√

2 ε 0√
2 ε −1 0

0 0 1


 , 0 ≤ ε ≤ 1,

with respect to the decomposition C3 = C ⊕ C2. Then the spectra of the

diagonal elements, {0} and {−1, 1}, are disjoint and have distance 1. The

eigenvalues of Aε are given by

λε
1 = −1

2
−
√

2 ε2 +
1

4
, λε

2 = −1

2
+

√
2 ε2 +

1

4
, λε

3 = 1.

If ε <
√

3/(2
√

2), then the norm of the off-diagonal entry satisfies the

assumption in Theorem 1.3.7 ii) which yields the inclusions

σ1 = {λε
2} ⊂

(
−1/2, 1/2

)
, σ2 = {λε

1, λ
ε
3} ⊂

(
−3/2,−1/2

)
∪
(
1/2, 3/2

)
;

if ε =
√

3/(2
√

2) and hence the norm of the off-diagonal entry reaches the

critical value of the norm bound, then λε
2 = 1/2 and λε

1 = −3/2 reach the

boundaries of the above inclusion intervals.

Since conv{0} ∩ {−1, 1} = ∅, Theorem 1.3.7 iii) applies as well. If

ε < 1, then the norm of the off-diagonal entry satisfies the assumption in

Theorem 1.3.7 iii) which yields the inclusions
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σ1 = {λε
2} ⊂

(
−1, 1

)
, σ2 = {λε

1, λ
ε
3} ⊂

(
−∞,−1

]
∪
[
1,∞

)
;

if ε = 1, then the norm of the off-diagonal entry reaches the critical value

and we have λε
2 = 1 = λε

3 and hence σ1 and σ2 are no longer disjoint.

If A is J -self-adjoint, the spectral inclusion by the quadratic numerical

range yields the following estimate for σ(A) (see [LLMT05, Theorem 2.1]

and [Tre08, Theorem 5.4]).

Proposition 1.3.9 Let the block operator matrix A be of the form

A =

(
A B

−B∗ D

)

with A = A∗, D = D∗ and define

a− := infW (A), a+ := supW (A),

d− := infW (D), d+ := supW (D).

Then the spectrum of A, which is symmetric to R, satisfies the following

estimates:

i) σ(A) ∩ R ⊂ conv
(
W (A) ∪W (D)

)
=
[
min{a−, d−},max{a+, d+}

]
.

ii) σ(A) \ R ⊂
{
z ∈ C :

a−+ d−
2

≤ Re z ≤ a++ d+

2
, |Im z| ≤ ‖B‖

}
.

iii) If δ := dist
(
W (A),W (D)

)
= min

{
a−− d+, d−− a+

}
> 0, then

‖B‖≤δ/2 =⇒ σ(A)⊂R,

‖B‖>δ/2 =⇒ σ(A) \ R ⊂
{
z ∈ C : |Im z| ≤

√
‖B‖2 − δ2/4

}
.

Proof. Since the block operator matrix A is J -self-adjoint (see Defini-

tion 1.1.14), the symmetry of σ(A) to R is clear. All claims in i), ii), and iii)

follow from the spectral inclusion in Theorem 1.3.1 and from the estimates

for the quadratic numerical range in Proposition 1.2.6. �

Example 1.3.10 The 4× 4 matrix

A4 :=




0 0 0 1

0 1 2 3

0 −2 −1 0

−1 −3 0 0




satisfies the assumptions of Proposition 1.3.9 with a− = 0, a+ = 1 and

d− = −1, d+ = 0; the inclusion in ii) therein yields that the non-real part

of W 2(A4) is confined to the strip −1/2 ≤ Re z ≤ 1/2 (see Fig. 1.6) .
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Figure 1.6 Quadratic numerical range of A4.

1.4 Estimates of the resolvent

The norm of the resolvent (A−λ)−1 of a bounded linear operator A can be

estimated in terms of the numerical range as (see [Kat95, Theorem V.3.2])

∥∥(A− λ)−1
∥∥ ≤ 1

dist
(
λ,W (A)

) , λ /∈ W (A).

The quadratic numerical range yields an analogous estimate in which the

distance of λ to W 2(A) enters quadratically, not linearly.

Theorem 1.4.1 The resolvent of A admits the estimate

∥∥(A− λ)−1
∥∥ ≤ ‖A‖+ |λ|

dist
(
λ,W 2(A)

)2 , λ /∈W 2(A). (1.4.1)

In the proof of this theorem we use the following lemma.

Lemma 1.4.2 If there exists a δ > 0 such that for all f ∈SH1 , g∈SH2

‖Af,gα‖ ≥ δ ‖α‖, α ∈ C2, (1.4.2)

then

‖Ax‖ ≥ δ ‖x‖, x ∈ H. (1.4.3)

Proof. Let x ∈ H. Then x = (α1f α2g)
t with elements f ∈ SH1 , g ∈ SH2

and α1, α2 ∈ C. For α = (α1 α2)
t ∈ C2 we have

Af,gα =

(
(Af, f)α1 + (Bg, f)α2

(Cf, g)α1 + (Dg, g)α2

)
=

( (
A(α1f) +B(α2g), f

)
(
C(α1f) +D(α2g), g

)
)
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and hence

‖Af,gα‖2 =
∣∣(A(α1f)+B(α2g), f

)∣∣2+
∣∣(C(α1f)+D(α2g), g

)∣∣2

≤ ‖A(α1f)+B(α2g)‖2+‖C(α1f)+D(α2g)‖2 =‖Ax‖2.
(1.4.4)

Since ‖x‖2 = |α1|2+|α2|2 =‖α‖2, (1.4.3) follows from (1.4.2) and (1.4.4). �

Proof of Theorem 1.4.1. Let λ /∈ W 2(A). Then the relation (1.3.2)

implies that, for f ∈ SH1 , g ∈ SH2 ,

∥∥(Af,g − λ)−1
∥∥ =

‖Af,g − λ‖
| det (Af,g − λ) |

=
‖Af,g − λ‖∣∣λ− λ1

(
f
g

)∣∣∣∣λ− λ2

(
f
g

)∣∣

where λ1,2

(
f
g

)
∈ W 2(A) are the eigenvalues of Af,g . Since ‖Af,g‖ ≤ ‖A‖

and
∣∣λ−λ1,2

(
f
g

)∣∣ ≥ dist
(
λ, W 2(A)

)
, we find that, for all f ∈ SH1 , g ∈ SH2 ,

∥∥(Af,g − λ)−1
∥∥ ≤ ‖A − λ‖

dist
(
λ,W 2(A)

)2 ≤
‖A‖+ |λ|

dist
(
λ,W 2(A)

)2 .

According to Lemma 1.4.2, this gives

‖(A− λ)x‖ ≥ dist
(
λ,W 2(A)

)2

‖A‖+ |λ| ‖x‖, x ∈ H.

Since λ /∈ W 2(A) implies λ ∈ ρ(A) by Theorem 1.3.1, (1.4.1) follows. �

The following example shows that, in general, the resolvent estimate in

Theorem 1.4.1 cannot be improved.

Example 1.4.3 Let A = C = D = 0 and B ∈ L(H2,H1), B 6≡ 0. Then

A =

(
0 B

0 0

)
, W 2(A) = {0},

and, for λ /∈W 2(A) = {0},
∥∥(A− λ)−1

∥∥ =
1

|λ|2
∥∥∥∥
(−λ −B

0 −λ

)∥∥∥∥ =
1

|λ|2
(
‖B‖+ |λ|

)
=

1

|λ|2
(
‖A‖+ |λ|

)
.

In a similar way as Theorem 1.4.1, the next two theorems can be proved.

Theorem 1.4.4 Suppose that there exists a subset F ⊂W 2(A) such that

for all f ∈ SH1 , g ∈ SH2 the matrix Af,g has at most one eigenvalue in F .

Then, for all λ /∈ W 2(A) such that dist
(
λ,W 2(A) \ F

)
≥ δ with some

δ > 0, there exists a constant γ(δ) > 0 (independent of λ) such that

∥∥(A− λ)−1
∥∥ ≤ γ(δ)

dist(λ,F)
.
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Theorem 1.4.5 If W 2(A) = F1 ∪̇ F2 consists of two components, then

∥∥(A− λ)−1
∥∥ ≤ ‖A‖+ |λ‖

dist(λ,F1) dist(λ,F2)
, λ /∈ W 2(A).

Remark 1.4.6 The situation described in Theorem 1.4.4 occurs e.g. for

J -self-adjoint block operator matrices as in Proposition 1.3.9 provided that

the numbers a± and d± defined therein satisfy a− < d− < a+ < d+. Then

each matrix Af,g , f ∈ SH1 , g ∈ SH2 has at most one eigenvalue in each of

the intervals
[
a−, (a−+ d−)/2

]
and

[
(a++ d+)/2, d+

]
.

The resolvent estimate in terms of the numerical range implies that the

length of a Jordan chain at an eigenvalue lying on the boundary of the

numerical range is at most one, i.e. there are no associated vectors. As

a corollary of Theorem 1.4.1, we obtain an analogue for boundary points

of the quadratic numerical range. Since the latter is no longer convex, we

need the following definition.

Definition 1.4.7 Let W ⊂ C. A boundary point λ0 ∈ ∂W is said to have

the exterior cone property if there exists a closed cone K (having positive

aperture) with vertex λ0 such that, for some r > 0,

K ∩
{
λ ∈ C : |λ− λ0| ≤ r

}
∩W = {λ0}.

Corollary 1.4.8 Let λ0 ∈ σp(A). If λ0 ∈ ∂W 2(A) has the exterior cone

property, then the length of a Jordan chain at λ0 is at most two.

If, in the situation of Theorem 1.4.4, λ0 ∈ ∂F has the exterior cone

property and dist
(
λ,W 2(A)\F

)
> 0, or, in the situation of Theorem 1.4.5,

λ0 ∈ ∂F1 ∪̇ ∂F2 has the exterior cone property, then the length of a Jordan

chain at λ0 is at most one, i.e. there are no associated vectors at λ0.

Proof. Assume that there exists a Jordan chain {x0, x1, x2} of length 3

at λ0 ∈ ∂W 2(A). Then, for λ /∈W 2(A),

∥∥(A− λ)−1x2

∥∥ =

∥∥∥∥
1

(λ0 − λ)3
x0 +

1

(λ0 − λ)2
x1 +

1

λ0 − λ
x2

∥∥∥∥ ≥ C
1

|λ0 − λ|3

for |λ0−λ| sufficiently small. If λ0 has the exterior cone property and λ lies

on the axis of the cone K, |λ0 − λ| ≤ r, then |λ0 − λ| ≤ C ′ dist
(
λ,W 2(A)

)

with some constant C ′ > 0 and hence
∥∥(A− λ)−1x2

∥∥ ≥ C ′′ 1

dist
(
λ,W 2(A)

)3 ,

a contradiction. The proof of the other two assertions is similar. �
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The following example shows that Jordan chains of length two may

occur at boundary points of the quadratic numerical range.

Example 1.4.9 In Example 1.4.3, the point 0 lies on the boundary of

W 2(A) = {0} and has the exterior cone property. If we choose g ∈ H2 such

that Bg 6= 0, then (Bg 0)t, (0 g)t is a Jordan chain of A at 0 of length two.

1.5 Corners of the quadratic numerical range

For a bounded linear operator T in a Hilbert space it is well-known that

a corner λ0 ∈ W (T ) of the numerical range W (T ) is an eigenvalue of T .

Moreover, every corner of λ0 ∈ W (T ) belongs to the spectrum of T (see
[Kat95], [HJ91], [GR97, Theorem 1.5-5, Corollary 1.5-6]).

For the quadratic numerical range these statements do not generalize

in a straightforward way; this can be seen e.g. from the quadratic numer-

ical range of the 4 × 4 matrix A2 in Example 1.1.5 which has 8 corners

(see Fig. 1.2). It turns out that here not only the spectrum of the block

operator matrix itself but also the spectra of its diagonal elements come

into play.

We begin by giving the precise definition of a corner of a subset of C.

Definition 1.5.1 Let W ⊂ C. A boundary point α ∈ ∂W is called corner

of W if there exist ψ ∈ [0, π), ϕ ∈ [0, 2π), and ε > 0 so that

ϕ ≤ arg (λ− α) ≤ ϕ+ ψ, λ ∈W, |λ− α| < ε, (1.5.1)

where arg( · ) is suitably defined. The infimum ψ0 of all ψ ∈ [0, π) such that

there exist ϕ ∈ [0, 2π) and ε > 0 with (1.5.1) is called angle of the corner α.

Theorem 1.5.2 Let λ0 ∈ W 2(A) and let x0 ∈ SH1 , y0 ∈ SH2 be such

that λ0 is a zero of

∆(x0, y0;λ) = det

(
(Ax0, x0)− λ (By0, x0)

(Cx0, y0) (Dy0, y0)− λ

)
. (1.5.2)

If λ0 is a corner of W 2(A), then at least one of the following holds:

i) λ0 is an eigenvalue of A with eigenvector x0,

ii) λ0 is an eigenvalue of D with eigenvector y0,

iii) λ0 is an eigenvalue of A with eigenvector
(
x0 γy0

)t
where

γ = − (Cx0, y0)(
(D − λ0)y0, y0

) or γ = −
(
(A− λ0)x0, x0

)

(By0, x0)
.
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Proof. Without loss of generality, we assume that λ0 = 0. First we

consider the case of a simple zero. For y ∈ SH2 and z ∈ C we define

gy(λ, z) :=
(
(Ax0, x0)− λ

)((
D(y0 + zy), y0 + zy

)
− λ(y0 + zy, y0 + zy)

)

−
(
B(y0 + zy), x0

)(
Cx0, y0 + zy

)
.

Then gy(λ, 0) = ∆(x0, y0;λ) and gy(·, z) is a quadratic polynomial in λ.

The latter has a zero λy(z) such that λy is analytic in a neighbourhood U

of 0 with λy(0) = λ0 = 0 and which is given by

λy(z) =
(Ax0, x0)

2
+

(
D(y0+zy), y0+zy

)

2(y0+zy, y0+zy)
(1.5.3)

+

√√√√
(
(Ax0, x0)

2
−
(
D(y0+zy), y0+zy

)

2(y0 + zy, y0 + zy)

)2
+

(
B(y0+zy), x0

)(
Cx0, y0+zy

)

4(y0 + zy, y0 + zy)
;

here the branch of the square root is chosen such that λy(0) = 0. Obviously,

λy(t)∈σp(Ax0,y0+ty)⊂W 2(A) for real t∈U and, by assumption, λy(0) = 0

is a corner of W 2(A). This implies that the curve λy(t), t ∈ U ∩ R, does

not have a tangent in the point 0 and hence

d

dt
λy(t)

∣∣∣∣
t=0

= 0. (1.5.4)

On the other hand, gy

(
λy(z), z

)
= 0 for all z ∈ C and hence, for t ∈ U ∩R,

0 =
d

dt
gy

(
λy(t), t

)

=− d

dt
λy(t)

((
D(y0 + ty), y0 + ty

)
− λy(t)

(
y0 + ty, y0 + ty

))

+
(
(Ax0, x0)− λy(t)

)(
(Dy, y0 + ty) + (D(y0 + ty), y)

− d

dt
λy(t)

(
y0 + ty, y0 + ty

)
− λy(t)

(
(y, y0 + ty) + (y0 + ty, y)

))

−
(
By, x0

)(
Cx0, y0 + ty

)
−
(
B(y0 + ty), x0

)(
Cx0, y

)
.

For t = 0 we obtain, together with (1.5.4) and λy(0) = 0,

0 = (Ax0, x0)
(
(Dy, y0)+(Dy0, y)

)
−(By, x0)(Cx0, y0)−(By0, x0)(Cx0, y)

=
(
y, (Ax0, x0)D

∗y0−(Cx0, y0)B
∗x0

)
+
(
(Ax0, x0)Dy0−(By0, x0)Cx0, y

)
.

Since y ∈ SH2 was arbitrary, the above relation also holds with iy instead

of y and so it follows that
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(Ax0, x0)Dy0 − (By0, x0)Cx0 = 0, (1.5.5)

(Ax0, x0)D
∗y0 − (Cx0, y0)B

∗x0 = 0. (1.5.6)

In a similar way, for x ∈ SH1 and z ∈ C we consider the polynomial

hx(λ, z) :=
((
A(x0 + zx), x0 + zx

)
− λ(x0 + zx, x0 + zx)

)(
(Dy0, y0)− λ

)

−
(
By0, x0 + zx

)(
C(x0 + zx), y0

)

and arrive at

(Dy0, y0)Ax0 − (Cx0, y0)By0 = 0, (1.5.7)

(Dy0, y0)A
∗x0 − (By0, x0)C

∗y0 = 0. (1.5.8)

The numerical range W (A) of A is contained in W 2(A) if dimH2 ≥ 2 (and

analogously for D, see Theorem 1.1.9). We distinguish the following cases:

a) dimH1 = dimH2 = 1: In this case W 2(A) consists only of the two

eigenvalues of A, and the assertion is trivial.

b) dimH1 = 1 or dimH2 = 1: Let dimH2 = 1; the case dimH1 = 1 is

analogous. Then D is the multiplication by a constant, say d. If Ax0 = 0

or d = 0, the corner 0 is an eigenvalue of A or of D, respectively. If Ax0 6= 0

and d 6= 0, relation (1.5.7) yields that (Cx0, y0) 6= 0 and

Ax0 +B

(
− (Cx0, y0)

d
y0

)
= 0.

Moreover, in fact y0 = 1 and Dy0 = d, so that we also have

Cx0 +D

(
− (Cx0, y0)

d
y0

)
= 0.

Hence 0 is an eigenvalue of A with eigenvector



x0

− (Cx0, y0)

(Dy0, y0)
y0


 =




x0

−1

d
Cx0


 .

Note that since dimH2 = 1, we cannot conclude from Ax0 6= 0 that

(Ax0, x0) 6= 0 and hence (By0, x0) 6= 0; the reason for this is that

(Ax0, x0) = 0 shows that 0 ∈ W (A), but we cannot conclude that 0 is

a corner of W (A) because the numerical range of A need not be contained

in W 2(A) (see Theorem 1.1.9). Therefore, in this case we can only use the

first form of the constant γ in the eigenvectors in iii).

c) dimH1 ≥ 2, dimH2 ≥ 2: First let (Ax0, x0) = 0. By Theorem 1.1.9, it

follows that W (A) ⊂ W 2(A) since dim H2 ≥ 2. Hence 0 ∈ W (A) is also a
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corner of W (A). The well known theorem on corners of the numerical range

(see [GR97, Theorem1.5-5]) now implies that Ax0 = 0. If (Dy0, y0) = 0, a

similar reasoning yields that Dy0 = 0. If (Ax0, x0) 6= 0 and (Dy0, y0) 6= 0,

then also (By0, x0) 6= 0 and (1.5.5), (1.5.7) imply that

Ax0 +B

(
− (Cx0, y0)

(Dy0, y0)
y0

)
= 0,

Cx0 +D

(
− (Ax0, x0)

(By0, x0)
y0

)
= 0.

Using the relation (Ax0, x0)(Dy0, y0)−(By0, x0)(Cx0, y0) = 0, we conclude

that 0 is an eigenvalue of A with an eigenvector of the asserted form.

If λ0 is a double zero, then, for every y ∈ SH2 , there are two root functions

λ
(1)
y (t), λ

(2)
y (t), t∈R, such that gy

(
λ

(j)
y (t), t

)
= 0 near t=0 and λ

(j)
y (0) = 0,

j = 1, 2, with Puiseux expansions (see e.g. [Kat95, Section II.1.2])

λ(j)
y (t) = α1e

πijt1/2 + α2e
2πijt+ . . . , j = 1, 2.

If α1 6= 0, the four one-sided tangents of the functions λ
(1)
y (t), λ

(2)
y (t),

λ
(1)
y (−t), and λ

(2)
y (−t), t ≥ 0, divide the plane into four sectors of angle π/2.

This contradicts the fact that 0 is a corner of W 2(A). If α1 = 0, then λ
(j)
y (t)

are differentiable at 0 and the claim follows in the same way as in the case

of a simple zero. �

Remark 1.5.3 From equations (1.5.6) and (1.5.8), it follows that in

case iii) of Theorem 1.5.2 the point λ0 is an eigenvalue of A∗ with eigen-

vector (x0 γ̃y0)
t where

γ̃ = − (B∗x0, y0)(
(D∗ − λ0)y0, y0

) or γ̃ = −
(
(A∗ − λ0)x0, x0

)

(C∗y0, x0)
.

Remark 1.5.4 In order to prove relation (1.5.5), it is sufficient to con-

sider roots λy1(t), λy2(t) (for real t) with

y1 = (Ax0, x0)Dy0 − (By0, x0)Cx0 and y2 = iy1,

and, for the proof of relation (1.5.7),

y1 = (Dy0, y0)Ax0 − (Cx0, y0)By0 and y2 = iy1.

Example 1.5.5 Consider the 4× 4 matrices

A5 :=




1 3 + i 2 i

3 + i 1 i 2

−2 i 1 3 + i

i −2 3 + i 1


 , A6 :=




1 0 2 0

0 −1 0 2

−2 0 1 0

0 −2 0 −1


 .
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Their quadratic numerical ranges, displayed in Fig. 1.7, both have 6 corners:

For A5 the four corners −2 − i(1 −
√

5), −2 − i(1 +
√

5), 4 + i(1 +
√

5),

4 + i(1−
√

5) are the eigenvalues of A5 (marked by black dots), the corners

4 + i, −2 − i are the eigenvalues of the left upper corner A (and, at the

same time, of the right lower corner D). For A6 the four corners −1 + 2i,

−1− 2i, 1 + 2i, 1− 2i are the eigenvalues of A6 (marked by black dots), the

corners −1, 1 are the eigenvalues of A (and, at the same time, of D).

Figure 1.7 Quadratic numerical ranges of A5 and A6.

Next we consider corners of the quadratic numerical rangeW 2(A) which

do not belong to W 2(A), but only to its closure. For this purpose, we use

the well-known method of Banach limits (see [Ber62]). By passing to a

Hilbert space formed by bounded sequences of H, we convert points of the

spectrum into eigenvalues of a corresponding linear operator and apply the

previous Theorem 1.5.2 to the latter.

Definition 1.5.6 Let H be an arbitrary Hilbert space, fix a Banach

limit LIM on the space of bounded sequences in C with values in C (that

is, a linear mapping which coincides with the usual limit for convergent

sequences and is non-negative for non-negative sequences), let R be the

linear space of all bounded sequences x = (xn)∞1 ⊂ H with the (non-

negative, but degenerate) inner product

[x, y] := LIM
n→∞

(xn, yn), x = (xn)∞1 , y = (yn)∞1 ∈ R,

and let R0 be the subspace of all x = (xn)∞1 ∈ R with

LIM
n→∞

(xn, xn) = 0.

Then we define the Hilbert space H̃ as the completion of the quotient space

R/R0 with respect to the norm generated by the inner product [ · , · ]. For
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Hilbert spaces H1, H2, we associate with T ∈ L(H1,H2) the operator

T̃ ∈ L(H̃1, H̃2), T̃ x̃ :=
[
(Txn)∞1

]
, x̃ = (xn)∞1 ∈ H̃1,

where [ · ] denotes the equivalence class in R/R0.

The following observations are easy to check (see [Ber62]).

Remark 1.5.7 Let H, H1, and H2 be Hilbert spaces.

i) The mapping T 7→ T̃ is an isometry from L(H1,H2) into L(H̃1, H̃2).

ii) For T ∈ L(H), we have σ
(
T̃
)

= σp

(
T̃
)

= σapp(T ).

Theorem 1.5.8 If λ0∈W 2(A) is a corner of W 2(A), then

λ0 ∈ σ(A) ∪ σ(D) ∪ σ(A).

Proof. Since λ0 ∈ W 2(A), there exist a sequence (λn)∞1 ⊂ W 2(A) with

λn → λ0, n→∞, and sequences (x0
n)∞1 ⊂ SH1 , (y0

n)∞1 ⊂ SH2 such that

∆(x0
n, y

0
n;λn) = det

(
(Ax0

n, x
0
n)− λ (By0

n, x
0
n)

(Cx0
n, y

0
n) (Dy0

n, y
0
n)− λ

)
= 0.

We may assume that, for some neighbourhood V of λ0, all quadratic poly-

nomials ∆(x0
n, y

0
n; · ), n ∈ N, have either one zero or two zeroes in V .

By means of a Banach limit, we construct the space H̃ = H̃1 ⊕ H̃2 and

the operator

Ã =

(
Ã B̃

C̃ D̃

)
: H̃1 ⊕ H̃2 → H̃1 ⊕ H̃2

according to Definition 1.5.6. First we consider the case of a simple zero.

Since the sequences (x0
n)∞1 and (y0

n)∞1 are bounded, we may assume without

loss of generality (by passing to suitable subsequences) that all sequences

of the form (
(Fun, vn)

)∞
1

(1.5.9)

converge where F is one of the operators A, B, C, D, A∗, B∗, C∗, D∗ or

a product of two or three of them, and un, vn are the elements x0
n or

y0
n, whenever the inner products in (1.5.9) are defined. Now let x̃ 0 =

(x0
n)∞1 ∈ H̃1, ỹ

0 = (y0
n)∞1 ∈ H̃2. From Hurwitz’s Theorem (see e.g. [Tit68,

Chapter III, 3.45], it follows that λ0 is a simple root of

det

(
(Ãx̃ 0, x̃ 0)− λ (B̃ỹ 0, x̃ 0)

(C̃x̃ 0, ỹ 0) (D̃ỹ 0, ỹ 0)− λ

)
= 0.

Hence λ0 ∈ W 2(Ã).
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Following the lines of the proof of Theorem 1.5.2, we derive the ana-

logues of equalities (1.5.5), (1.5.7) for the operators Ã, B̃, C̃, and D̃. We

introduce the quadratic polynomial gỹ(λ, z) with its root λỹ(z) given by a

formula analogous to (1.5.3). By Remark 1.5.4, for the proof of the ana-

logues of (1.5.5), (1.5.7), it is sufficient to consider e.g. elements ỹ = (yn)∞1
which are certain linear combinations of the four vectors Ãx̃ 0, B̃ỹ 0, C̃x̃ 0,

and D̃ỹ 0. Since all sequences of the form (1.5.9) converge, we can use the

ordinary limit instead of the Banach limit in the construction of the qua-

dratic forms occurring in the formula for the root λỹ(z). This means that

the root λỹ(z) is a limit of the corresponding roots λyn(z). By assumption,

all roots λy(t) for real t ∈ U lie in a (closed) sector with vertex λ0 and

angle < π. Hence the roots λỹ(t) lie in the same sector, and we obtain

the analogues of (1.5.5) and (1.5.7) for Ã, B̃, C̃, D̃, x̃ 0, and ỹ 0. Now the

proof for the case of a simple zero can be completed in a similar way as in

the proof of Theorem 1.5.2; note that here we only have to consider case c)

since dim H̃1 = dim H̃2 =∞.

As a result of this and of Remark 1.5.7, we have λ0 ∈ σp(Ã) = σapp(A) ⊂
σ(A) or λ0 ∈ σp(D̃) = σapp(D) ⊂ σ(D) or λ0 ∈ σp(Ã) = σapp(A) ⊂ σ(A).

If λ0 is a double zero, the proof is analogous to the corresponding part

of the proof of Theorem 1.5.2. �

1.6 Schur complements and their factorization

In the spectral theory of block operator matrices an important role is played

by the so-called Schur complements. For a 2 × 2 block operator matrix

(1.1.3), there exist two Schur complements, one associated with each of the

diagonal elements A and D. The Schur complements are analytic operator

functions defined outside of the spectrum of D and of A, respectively.

First we prove that the numerical ranges of these analytic operator func-

tions are contained in the quadratic numerical range. Further, we show that

if the closure of the quadratic numerical range consists of two components,

then a linear operator factor can be split off the Schur complements.

Definition 1.6.1 For a block operator matrix A given by (1.1.3) the

analytic operator functions S1 : C\σ(D)→L(H1) and S2 : C\σ(A)→L(H2),

S1(λ) := A− λ−B(D − λ)−1C, λ /∈ σ(D),

S2(λ) := D − λ− C(A − λ)−1B, λ /∈ σ(A),

are called Schur complements of A.
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If H is a Hilbert space, Ω ⊂ C is open, and S : Ω→ L(H) is an analytic

operator function, the resolvent set ρ(S), the spectrum σ(S), and the point

spectrum σp(S) are defined as (see e.g. [Mar88, § 11.2])

ρ(S) := {λ ∈ Ω : S(λ) bijective in H},
σ(S) := Ω \ ρ(S),

σp(S) := {λ ∈ Ω : S(λ) not injective in H}.

The numerical range W (S) is defined as the set (see e.g. [Mar88, § 26.2])

W (S) =
{
λ ∈ Ω : ∃ f ∈ H, f 6= 0,

(
S(λ)f, f

)
= 0
}
. (1.6.1)

Obviously, in the special case S(λ) = T − λ, λ ∈ C, with a linear opera-

tor T ∈ L(H), all these notions coincide with the usual definitions of the

resolvent set, spectrum, point spectrum, and numerical range of the linear

operator T .

It is well-known (see e.g. [Mar88, Theorem 26.6]) that σ(S) ⊂ W (S) if

there exists a λ0 ∈ Ω so that 0 /∈ W (S(λ0)). For the Schur complements,

this condition is always satisfied for λ0 large enough since

‖A‖+ ‖B(D − λ0)
−1C‖ < |λ0| =⇒ 0 ∈ ρ

(
S1(λ0)

)
.

Hence σ(S1) ⊂W (S1) and σ(S2) ⊂W (S2).

The following Frobenius-Schur factorization of the block operator

matrix A ties its spectral properties closely to those of its Schur comple-

ments.

Proposition 1.6.2 For λ /∈ σ(D) and λ /∈ σ(A), respectively, we have

A− λ =

(
I B(D−λ)−1

0 I

)(
S1(λ) 0

0 D−λ

)(
I 0

(D−λ)−1C I

)
, (1.6.2)

A− λ =

(
I 0

C(A−λ)−1 I

)(
A−λ 0

0 S2(λ)

)(
I (A−λ)−1B

0 I

)
, (1.6.3)

and hence

σ(A) \ σ(D) = σ(S1), σ(A) \ σ(A) = σ(S2).

Theorem 1.6.3 W (S1) ∪W (S2) ⊂W 2(A).

Proof. Let λ ∈ W (S1). Then there exists an f ∈ H1, f 6= 0, such

that
(
S1(λ)f, f

)
= 0. If Cf = 0, then

(
S1(λ)f, f

)
=
(
(A − λ)f, f

)
and

∆(f, g;λ) =
(
(A − λ)f, f

)(
(D − λ)g, g

)
. Thus ∆(f, g;λ) = 0 for every
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g ∈ H2, g 6= 0, and so λ ∈W 2(A). If Cf 6= 0, then (D − λ)−1Cf 6= 0 and

∆
(
f, (D − λ)−1Cf ;λ

)
=
(
(A− λ)f, f

)(
Cf, (D − λ)−1Cf

)

−
(
B(D − λ)−1Cf, f

)(
Cf, (D − λ)−1Cf

)

=
(
S1(λ)f, f

) (
Cf, (D − λ)−1Cf

)
. (1.6.4)

Hence
(
S1(λ)f, f

)
= 0 implies that ∆

(
f, (D − λ)−1Cf ;λ

)
= 0 and thus

λ ∈ W 2(A). The proof for W (S2) is similar. �

Theorem 1.6.4 Suppose that dimH1 ≥ 2, dimH2 ≥ 2, and assume

that W 2(A) = F1 ∪̇ F2 consists of two components. Then F1, F2 can be

enumerated such that

W (S1) ∩ F1 6= ∅, W (S2) ∩ F2 6= ∅.

Proof. Due to the dimension conditions, Corollary 1.1.10 i) shows that

we can enumerate the components F1, F2 such that

W (A) ⊂ F1, W (D) ⊂ F2. (1.6.5)

The claim is trivial if either B = 0 or C = 0; in this case W (S1) = W (A)

and W (S2) = W (D). So we may assume that B 6= 0 and C 6= 0.

Both components F1 and F2 of W 2(A) are connected disjoint compact

subsets of C. Hence there exists a piecewise smooth simply closed Jordan

curve Γ1 such that one of the components is located inside of Γ1 while the

other one is located outside of Γ1 (see [LMMT01, Lemma 4.2]).

First we consider the case that F1 lies in the bounded component U1 of

C \ Γ1. Then U1 is a bounded simply connected domain with

F1 ⊂ U1, F2 ∩ U1 = ∅
and the boundary Γ1 of U1 is a piecewise smooth simply closed Jordan

curve. We choose an element f ∈ H1 such that Cf 6= 0 and set

g(λ) := (D − λ)−1Cf, λ ∈ U1.

For fixed λ ∈ U1, we consider the function

ϕλ(µ) := ∆
(
f, g(λ);µ

)
, µ ∈ C.

By Proposition 1.1.3, every zero of the quadratic polynomial ϕλ lies in

W 2(A). Since W 2(A) = F1 ∪̇ F2, it follows that ϕλ has exactly one zero

µ(λ) ∈ F1. The function µ : U1 → F1 is continuous and maps U1 into itself.

Since U1 is simply connected and its boundary is a piecewise smooth simply

closed Jordan curve, U1 is homeomorphic to the closed unit disc (see e.g.

[Hur64], Chapter III.6.4). Hence the Brouwer fixed point theorem (see e.g.



SPECTRAL THEORY OF BLOCK OPERATOR MATRICES AND APPLICATIONS 
© Imperial College Press
http://www.worldscibooks.com/mathematics/p493.html

3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

38 Spectral Theory of Block Operator Matrices

[DS88a, Sections V.10, V.12]) applies and yields that there exists at least

one point λ1 ∈ F1 such that µ(λ1) = λ1. Then ∆
(
f, g(λ1);λ1

)
= 0. On

the other hand, (see (1.6.4)),

∆
(
f, g(λ1);λ1

)
=
(
S1(λ1)f, f

)(
Cf, (D − λ1)

−1Cf
)

=
(
S1(λ1)f, f

)(
(D − λ1)g(λ1), g(λ1)

)
. (1.6.6)

The second factor is non-zero since g(λ1) 6= 0 and λ1 /∈ W (D) (note that

W (D)∩F1 = ∅). Thus (1.6.6) implies
(
S1(λ1)f, f

)
= 0, that is, λ1∈W (S1).

Now consider the component F2 and the second Schur complement S2.

If there also exists a piecewise smooth simply closed Jordan curve Γ2 such

that F2 lies in the interior of Γ2 and F1 in its exterior, then the proof of

W (S2) ∩ F2 6= ∅ is analogous to the above reasoning. Otherwise, we let

V1 := C \ U1, where C = C ∪ {∞} is the extended complex plane, and we

suppose for simplicity that 0 ∈ U1. Since B 6= 0, there exists an element

g ∈ H2 such that Bg 6= 0. Set

f(λ) := (A− λ)−1Bg, λ ∈ C \ U1.

If λ ∈ C \ U1

(
= V1 \ {∞}

)
is fixed, the function

ψλ(η) := ∆
(
f(λ), g; η

)
, η ∈ C,

has exactly one zero η(λ) ∈ F2. Evidently, the same holds for the function

ψ̃λ(η) := |λ|2ψλ(η), η ∈ C, which we can consider also for λ = ∞. More

exactly, let ψ̃∞(η) := limλ→∞ ψ̃λ(η). Since limλ→∞ λ(A− λ)−1 = −I , it is

easy to see that ψ̃∞(η) = ∆(Bg, g; η). Hence the function ψ̃∞ has exactly

one zero η(∞) ∈ F2. The function η : V1 → F2 is continuous on V1 and

maps V1 into itself. Since the boundary of V1 is a piecewise smooth simply

closed Jordan curve, it follows that there exists at least one point λ2 ∈ F2

such that η(λ2) = λ2, that is, ∆
(
f(λ2), g;λ2

)
= 0. Using the equality

∆
(
f(λ2), g;λ2

)
=
(
S2(λ2)g, g

)(
(A− λ2)f(λ2), f(λ2)

)

instead of (1.6.6), we obtain that
(
S2(λ2)g, g

)
= 0, that is, λ2 ∈W (S2).

In the second case that F2 lies in the bounded component of C \Γ1, we

consider the functions f on U1 and g on C \ U1 and proceed in the same

way as above. �

Remark 1.6.5 It is an open question whether the components of W 2(A)

are simply connected, and, if no, one component may lie in a “hole” of the

other one.

In the latter case, the second part of the above proof involving the con-

struction with ∞ necessary. In fact, then there do not exist two piecewise
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smooth simply closed Jordan curves Γi, i = 1, 2, such that Fi lies in the

interior of Γi and in the exterior of the other curve. One of these curves,

say Γ2, can only be chosen to be a Cauchy contour; in fact, it may be chosen

as the union of two piecewise smooth simply closed Jordan curves, one of

them being the curve Γ1 with opposite orientation, the other one being the

positively oriented circle {z ∈ C : |z| = R} of radius R > 0 so that ‖A‖<R.

Theorem 1.6.6 Let H1, H2 be separable Hilbert spaces with dimH1≥2,

dimH2 ≥ 2. Suppose that W 2(A) = F1 ∪̇ F2 consists of two components,

enumerated so that W (S1) ∩ F1 6= ∅, W (S2) ∩ F2 6= ∅. Then:

i) for f ∈ H1, f 6= 0, the function
(
S1(·)f, f

)
has exactly one zero in F1,

for g ∈ H2, g 6= 0, the function
(
S2(·)g, g

)
has exactly one zero in F2;

ii) the Schur complements S1 and S2 admit factorizations

Sj(λ) = Mj(λ)(Zj − λ), λ ∈ Fj , (1.6.7)

for j = 1, 2 where Mj : Fj → L(Hj) is an analytic operator function

such that Mj(λ) is boundedly invertible for all λ ∈ Fj and Zj ∈ L(Hj)

is such that σ(Zj) ⊂ Fj .

Proof. Let the bounded set U1 and the curve Γ1 parametrizing its bound-

ary be chosen as in the proof of Theorem 1.6.4 with F1 ⊂ U1, F2 ∩ U1 = ∅
(the case F2 ⊂ U1, F1 ∩ U1 = ∅ is treated analogously).

i) We prove the claim for S1; the proof for S2 is completely analogous.

First we assume that dimH1 =: n1 < ∞, dimH2 =: n2 < ∞. From
[KMM93, Lemma 6] it follows that for arbitrary f ∈ H1, f 6= 0,

indΓ1 det S1(·) = n1 indΓ1

(
S1(·)f, f

)
=: n1l1, (1.6.8)

where indΓ1

(
S1(·)f, f

)
denotes the number l1 of zeroes of

(
S1(·)f, f

)
in F1.

The factorization (1.6.2) implies that

det(A− λ) = detS1(λ) det(D − λ), λ /∈ σ(D).

Since F2 ∩ U1 = ∅ and σ(D) ⊂ W (D) ⊂ F2, the function λ 7→ det(D − λ)
does not have zeroes in the interior U1 of Γ1, and hence

indΓ1 det(A− ·) = indΓ1 detS1(·).
Therefore the operator A has exactly n1l1 eigenvalues in F1, counted

according to their algebraic multiplicities. Analogously, if for g ∈ H2, g 6= 0,

we denote by l2 the number of zeroes of the function (S2(·)g, g) in the set F2,

then the operator A has exactly n2l2 eigenvalues in F2, again counted



SPECTRAL THEORY OF BLOCK OPERATOR MATRICES AND APPLICATIONS 
© Imperial College Press
http://www.worldscibooks.com/mathematics/p493.html

3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

40 Spectral Theory of Block Operator Matrices

according to their algebraic multiplicities. Since the total number of eigen-

values of A is equal to dimH = n1 + n2, we obtain the equality

n1l1 + n2l2 = n1 + n2.

Due to Theorem 1.6.4, we have l1 ≥ 1, l2 ≥ 1 and hence l1 = l2 = 1. This

proves i) in the finite-dimensional case.

In the general case, we choose sequences of orthogonal projections

Pn ∈ L(H1) and Qn ∈ L(H2), n ∈ N, that converge strongly to the respec-

tive identity operators and have finite-dimensional ranges, dimR(Pn)≥ 1,

dimR(Qn)≥1. For n ∈ N, we set

An := PnAPn, Bn := PnBQn, Cn := QnCPn, Dn := QnDQn

and consider the matrix

An :=

(
An Bn

Cn Dn

)

in the space R(Pn)⊕R(Qn). It is easy to see that, for all n ∈ N,

W 2(An) ⊂W 2(A)

and that also W 2(An) = W 2(An) consists of two components, W 2(An) =

Fn
1 ∪̇ Fn

2 with W (An) ⊂ Fn
1 ⊂ F1 and W (Dn) ⊂ Fn

2 ⊂ F2. Set

S
(n)
1 (λ) := An − λ−Bn(Dn − λ)−1Cn, λ /∈ F2.

If we prove that, for every f ∈ H1,

sup
λ∈Γ1

∣∣(S1(λ)f, f
)
−
(
S

(n)
1 (λ)f, f

)∣∣ −→ 0, n→∞, (1.6.9)

then, according to what was shown in the first part of the proof for the

finite-dimensional case,

indΓ1

(
S1(·)f, f

)
= indΓ1

(
S

(n)
1 (·)f, f

)
= 1

for every f ∈ H1, f 6= 0; this completes the proof of claim i) for S1 in the

general case.

In order to prove (1.6.9), let f ∈ H1 be arbitrary and write
((
S1(λ)− S(n)

1 (λ)
)
f, f

)

=
(
(A−An)f, f

)
−
(
Bn(Dn − λ)−1(C − Cn)f, f

)

−
(
Bn

(
(D − λ)−1 − (Dn − λ)−1

)
Cf, f

)
−
(
(B −Bn)(D − λ)−1Cf, f

)

=
(
(A−An)f, f

)
−
(
Bn(Dn − λ)−1(C − Cn)f, f

)

−
(
Bn(Dn−λ)−1(Dn−D)(D−λ)−1Cf, f

)
−
(
(B−Bn)(D−λ)−1Cf, f

)
.

Now An → A (strongly) for n→∞ implies that
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(
(A−An)f, f

)
−→ 0, n→∞.

Since W (Dn) ⊂W (D) ⊂ F2 and F2 ∩ Γ1 ⊂ F2 ∩ U1 = ∅, we have

∥∥(Dn − λ)−1
∥∥,
∥∥(D − λ)−1

∥∥ ≤ 1

dist (Γ1, F2)
, λ ∈ Γ1, n ∈ N.

Together with ‖Bn‖ ≤ ‖B‖ and Cn → C (strongly) for n→∞, we obtain

sup
λ∈Γ1

∣∣(Bn(Dn − λ)−1(C − Cn)f, f
)∣∣ ≤ ‖B‖ 1

dist(Γ1, F2)

∥∥(C − Cn)f
∥∥ ‖f‖

−→ 0, n→∞.
Further, since also B∗

n → B∗ (strongly) for n→∞, it follows that

sup
λ∈Γ1

∣∣((B −Bn)(D − λ)−1Cf, f
)∣∣ ≤ 1

dist(Γ1, F2)
‖Cf‖

∥∥(B∗ −B∗
n)f
∥∥

−→ 0, n→∞.
Finally, the facts that Dn → D (strongly) for n → ∞ and that the set{
(D − λ)−1Cf : λ ∈ Γ1

}
⊂ H2 is compact imply that

sup
λ∈Γ1

∥∥(Dn −D)(D − λ)−1Cf
∥∥ −→ 0, n→∞.

Hence
∥∥Bn(Dn − λ)−1(Dn −D)(D − λ)−1Cf

∥∥

≤ ‖B‖ 1

dist(Γ1, F2)

∥∥(Dn −D)(D − λ)−1Cf
∥∥ −→ 0, n→∞,

uniformly for λ ∈ Γ1. This proves (1.6.9).

ii) Since U1 is simply connected, we obtain the factorization (1.6.7) for

S1 from the factorization theorem [MM75, Theorem 2, Remark 1)]. If

also for F2 there exists a bounded simply connected domain U2 such that

F2 ⊂ U2, F1 ∩ U2 = ∅, the second relation in (1.6.7) follows from the

same factorization theorem. If this is not the case, we consider the domain

U2 := C\U1 which is simply connected in the extended plane C = C∪{∞}.
Let V2 be the image of U2 under the inversion µ = λ−1 and set

W (µ) := µS2(µ
−1), µ ∈ V2, µ 6= 0. (1.6.10)

If we define W (0) := limµ→0 W (µ) = −I , then W is an analytic operator

function in V2. It is easy to check that for f ∈ H1, f 6= 0, the function(
W (·)f, f

)
has exactly one zero in V2. Therefore, by [MM75, Theorem 2,

Remark 1)], the operator function W admits a factorization

W (µ) = Q(µ) (Y − µ), µ ∈ V2, (1.6.11)



SPECTRAL THEORY OF BLOCK OPERATOR MATRICES AND APPLICATIONS 
© Imperial College Press
http://www.worldscibooks.com/mathematics/p493.html

3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

42 Spectral Theory of Block Operator Matrices

where Q : V2 → L(H2) is an analytic operator function on V2 with bound-

edly invertible values and Y ∈ L(H2) with σ(Y ) ⊂ V2. The operator Y is

invertible since Q(0)Y = W (0) = −I . Moreover, formula (1.6.11) implies

that

S2(λ) = λW (λ−1) = λQ(λ−1)
(
Y − λ−1

)
= −Q(λ−1)Y

(
Y −1 − λ

)
.

If we set M2(λ) := −Q(λ−1)Y , λ ∈ U2, and Z2 := Y −1, the factorization

(1.6.7) for S2 follows. �

Remark 1.6.7 In Theorem 1.6.6 ii), the operator function M1 is even

analytic on ρ(D) and M2 is analytic on ρ(A).

This follows by analytic continuation from the identity (1.6.7) since S1 is

analytic on ρ(D) and S2 is analytic on ρ(A).

1.7 Block diagonalization

In this section we show that the quadratic numerical range yields a criterion

for the block diagonalizability of a block operator matrix: If the closure of

the quadratic numerical range consists of two components, then the block

operator matrix can be transformed into diagonal form.

In order to prove this, we show that the two spectral subspaces corre-

sponding to the two disjoint parts of the spectrum admit so-called angu-

lar operator representations. The diagonalizing matrix is constructed by

means of the angular operators which, in addition, turn out to be solutions

of Riccati equations associated with the block operator matrix.

In the following, a subset σ ⊂ σ(A) is called an isolated part of σ(A)

if both σ and σ(A) \ σ are closed. Associated with an isolated part σ of

σ(A) is a spectral subspace Lσ which is defined as the range of the Riesz

projection

Pσ := − 1

2πi

∫

Γ

(A− z)−1dz

of A corresponding to σ; here Γ is a Cauchy contour (that is, the finite union

of simply closed rectifiable Jordan curves) such that σ lies in its interior and

σ(A) \ σ in its exterior. The spectral subspace Lσ is an invariant subspace

of A, i.e. ALσ ⊂ Lσ , and σ
(
A|Lσ

)
= σ (see e.g. [GGK90, Chapter I.2]).

Theorem 1.7.1 Let H1, H2 be separable Hilbert spaces with dimH1≥2,

dimH2 ≥ 2. Suppose that W 2(A) = F1 ∪̇ F2 consists of two components,

enumerated such that W (S1) ∩ F1 6= ∅, W (S2) ∩ F2 6= ∅.
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Then the spectrum σ(A) separates into two parts, σ(A) = σ1 ∪̇σ2 with

σ1 := σ(A) ∩ F1 6= ∅, σ2 := σ(A) ∩ F2 6= ∅,
and there exist bounded linear operators K1 ∈ L(H1,H2), K2 ∈ L(H2,H1)

such that the following hold:

i) the spectral subspaces L1 and L2 corresponding to σ1 and σ2, respec-

tively, have angular operator representations

L1 =

{(
x

K1x

)
: x ∈ H1

}
, L2 =

{(
K2y

y

)
: y ∈ H2

}
; (1.7.1)

ii) the angular operators K1 and K2 satisfy the Riccati equations

K1BK1 +K1A−DK1 − C = 0, K2CK2 +K2D −AK2 −B = 0;

iii) if Γj , j = 1, 2, is a Cauchy contour such that Fj lies in its interior

and the other component W 2(A) \Fj in its exterior and if Zj , Mj are

the operators and operator functions, respectively, in the factorization

(1.6.7) of the Schur complement Sj , j = 1, 2, then

K1 =
1

2πi

∫

Γ1

(D − λ)−1C(Z1 − λ)−1dλ, (1.7.2)

K2 =
1

2πi

∫

Γ2

(A− λ)−1B(Z2 − λ)−1dλ, (1.7.3)

and

Z1 = A+BK1, M1(λ) = I −B(D − λ)−1K1, λ ∈ ρ(D),

Z2 = D + CK2, M2(λ) = I − C(A− λ)−1K2, λ ∈ ρ(A).

Proof. Let P and Q be the Riesz projections of A corresponding to σ1

and σ2, respectively. With respect to H = H1 ⊕H2, we write them as

P =

(
P11 P12

P21 P22

)
, Q =

(
Q11 Q12

Q21 Q22

)
.

By [LMMT01, Lemma 4.2], at least one of the contours Γ1 and Γ2, say Γ1,

can be chosen to be a piecewise smooth simply closed Jordan curve. First

we prove the statements for K1.

i) The Frobenius-Schur factorization (1.6.2) implies that, for λ ∈ Γ1,

(A− λ)−1 (1.7.4)

=




S1(λ)
−1 −S1(λ)

−1B(D−λ)−1

−(D−λ)−1CS1(λ)
−1 (D−λ)−1+ (D−λ)−1CS1(λ)

−1B(D−λ)−1


.
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As the resolvent of D is holomorphic inside Γ1, the matrix entries of the

Riesz projection P are given by

P11 = − 1

2πi

∫

Γ1

S1(λ)
−1dλ,

P12 =
1

2πi

∫

Γ1

S1(λ)
−1B(D − λ)−1dλ,

P21 =
1

2πi

∫

Γ1

(D − λ)−1CS1(λ)
−1dλ,

P22 = − 1

2πi

∫

Γ1

(D − λ)−1CS1(λ)
−1B(D − λ)−1dλ.

We define the operator K1 by (1.7.2). By [DK74a, Theorem I.3.2] (see also
[GGK90, Theorem I.4.1]), it is the unique solution of the operator equation

K1Z1 −DK1 = C

with Z1 = A + BK1. By (1.6.7) and Remark 1.6.7, we have S1(λ)
−1 =

(Z1−λ)−1M1(λ)
−1, λ ∈ C \ ρ(D). This and [DK74a, Lemma I.2.1] lead to

P22 =− 1

2πi

∫

Γ1

(D − λ)−1C(Z1 − λ)−1M1(λ)
−1B(D − λ)−1dλ

=

(
1

2πi

∫

Γ1

(D − λ)−1C(Z1 − λ)−1dλ

)

·
(

1

2πi

∫

Γ1

(Z1 − λ)−1M1(λ)
−1B(D − λ)−1dλ

)
= K1P12,

P21 =
1

2πi

∫

Γ1

(D − λ)−1C(Z1 − λ)−1M1(λ)
−1dλ

=

(
1

2πi

∫

Γ1

(D − λ)−1C(Z1 − λ)−1dλ

)

·
(
− 1

2πi

∫

Γ1

(Z1 − λ)−1M1(λ)
−1dλ

)
= K1P11.

These relations yield

P =

(
P11 P12

K1P11 K1P12

)
=

(
I

K1

)(
P11 P12

)
.

Since Γ1 is a piecewise smooth simply closed Jordan curve, P11 is bijective

(see [MM75, Theorem 3]). Therefore the range R
(
(P11 P12)

)
is H1 and so

L1 = R(P ) = R

((
I

K1

))
,

which proves the representation of L1 in (1.7.1).
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ii) Let x ∈ H1 be arbitrary. Since the spectral subspace L1 is invariant

for A, there exists a z ∈ H1 such that
(
A B

C D

)(
x

K1x

)
=

(
z

K1z

)
⇐⇒ Ax+BK1x = z,

Cx+DK1x = K1z.

Inserting the first equation into the second, we find that
(
C +DK1 −K1A−K1BK1

)
x = 0.

iii) By the definition of K1 in (1.7.2), we have

BK1 =
1

2πi

∫

Γ1

B(D − λ)−1C(Z1 − λ)−1dλ

=
1

2πi

∫

Γ1

(
A− λ− S1(λ)

)
(Z1 − λ)−1dλ

=
1

2πi
A

∫

Γ1

(Z1 − λ)−1dλ− 1

2πi

∫

Γ1

λ(Z1 − λ)−1dλ− 1

2πi

∫

Γ1

M1(λ)dλ

=−A+ Z1;

here we have used that, according to Theorem 1.6.6 ii), the spectrum of Z1

lies in the interior of Γ1 and that M1 is analytic on ρ(D) and hence in the

interior of Γ1 by Remark 1.6.7.

To prove the representation of M1(λ), we use the relation Z1 = A+BK1

and the Riccati equation for K1 to obtain that, for λ ∈ ρ(D),
(
I −B(D − λ)−1K1

)
(Z1 − λ)

=
(
I −B(D − λ)−1K1

)
(A+BK1 − λ)

= A− λ−B(D − λ)−1
(
K1(A+BK1)− (D − λ)K1 − λK1

)

= A− λ−B(D − λ)−1C

= S1(λ).

This completes the proof of all statements involving K1.

The proofs of the statements for K2 in i) to iii) are analogous if the

contour Γ2 can also be chosen to be a piecewise smooth simply closed

Jordan curve.

Otherwise, for the Riesz projection Q of A corresponding to σ2, the

bijectivity of Q22 remains to be proved. In this case the contour Γ2 can be

chosen to consist of the two simply closed Jordan curves −Γ1 (i.e. Γ1 with

opposite orientation) and the positively oriented circle {λ ∈ C : |λ| = M}
where M > 0 is such that F2 is in its interior. The (piecewise smooth)

contour Γ2 is the boundary of a domain U2 such that F2 ⊂ U2. Without

loss of generality, we assume that 0 lies inside Γ1. Denote by Λ2 the image
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of Γ2 and by V2 the image of U2 under the inversion µ = λ−1. Then Λ2

consists of the Jordan curves Λ+
2 = {µ ∈ C : |µ| = 1/M} (inner boundary)

and Λ−
2 (outer boundary, the image of −Γ1), and their orientation is again

positive with respect to the image of F2. Then

Q22 =− 1

2πi

∫

Γ2

S2(λ)
−1dλ =

1

2πi

∫

Λ2

S2(µ
−1)−1µ−2dµ =

1

2πi

∫

Λ2

W (µ)−1µ−1dµ,

where W (µ) = µS2(µ
−1) for µ ∈ V2 as in (1.6.10). By (1.6.11),

µ−1W (µ)−1 − Y −1W (µ)−1 = µ−1Y −1Q(µ)−1.

The operator function on the right hand side is analytic on V2 since 0 /∈ V2.

It follows that

Q22 =
1

2πi
Y −1

∫

Λ2

W (µ)−1dµ =
1

2πi
Y −1

(∫

Λ+
2

W (µ)−1dµ+

∫

Λ−
2

W (µ)−1dµ

)
.

The operator function W (·)−1 is analytic in the circle {µ ∈ C : |µ| ≤ 1/M},
therefore the first integral equals 0. In the proof of Theorem 1.6.6 it was

already used that the operator functionW fulfils the assumptions of [MM75,

Theorem 2] with respect to Λ−
2 . By [MM75, Theorem 3], the operator

1

2πi

∫

Λ−
2

W (µ)−1dµ

is bijective and hence so is the operator Q22. �

Corollary 1.7.2 Under the assumptions of Theorem 1.7.1, the block oper-

ator matrix A is similar to the block diagonal operator matrix
(
Z1 0

0 Z2

)
=

(
A+BK1 0

0 D + CK2

)
;

in fact,
(

I K2

K1 I

)−1(
A B

C D

)(
I K2

K1 I

)
=

(
A+BK1 0

0 D + CK2

)
.

Proof. The operator

(
I

K1

)
maps H1 isomorphically on L1 and, by The-

orem 1.7.1 ii) and iii),

A
(
I

K1

)
=

(
I

K1

)
Z1, A

(
K2

I

)
=

(
K2

I

)
Z2. (1.7.5)

Therefore the restriction of the operator A to L1 is an operator which is

similar to Z1. Similarly, the restriction of the operator A to L2 is similar

to Z2. The second statement is immediate from (1.7.5). �
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Corollary 1.7.3 If dim H1 = n1 < ∞, then F1 contains exactly n1

eigenvalues of A (counting multiplicities), and the first components of the

corresponding eigenvectors and associated vectors form a basis in H1.

Corollary 1.7.4 If A = A∗ in Theorem 1.7.1, then

L1 =

{(
x

Kx

)
: x ∈ H1

}
, L2 =

{(−K∗y

y

)
: y ∈ H2

}
(1.7.6)

with a uniform contraction K ∈ L(H1,H2) (i.e. ‖K‖ < 1).

Proof. Since A is self-adjoint, we have L1 ⊥ L2 and hence K2 = −K∗
1 .

The strict inequality ‖K1‖ < 1 cannot be proved with the methods used

in this section; later, in Theorem 2.7.7, this is shown even for unbounded

diagonal elements A, D (see also [AL95, Lemma 2.2]). �

1.8 Spectral supporting subspaces

If a self-adjoint block operator matrix A has separated diagonal elements,

supW (D) < α < inf W (A) for some α ∈ R, then W 2(A) consists of two

components. Then, by (1.7.1) (see also (1.7.6) above), the spectral subspace

L(α,∞)(A) is the graph of a bounded linear operator K1 ∈ L(H1,H2).

In this section we drop the separation condition for the diagonal ele-

ments. We show that for intervals ∆ ⊂ ρ(D), the corresponding spectral

subspace L∆(A) is the graph of a closed linear operator K∆
1 : H1 → H2

which may only be defined on a subspaceH∆
1 := D(K∆

1 ) ofH1; the operator

K∆
1 is bounded if ∆ ⊂ ρ(D).

The main results of this section concern a description of the so-called

spectral supporting subspace H∆
1 in terms of the Schur complement S1.

Analogous results hold for intervals ∆ ⊂ ρ(A) and the corresponding spec-

tral supporting subspaces H∆
2 (see [LMMT03]).

Theorem 1.8.1 Suppose that A = A∗. Let ∆ ⊂ R be an interval such

that ∆ ⊂ ρ(D). Then there exists a subspace H∆
1 ⊂ H1 and a bounded

linear operator K∆
1 : H∆

1 → H2 such that

L∆(A) =

{(
x

K∆
1 x

)
: x ∈ H∆

1

}
. (1.8.1)

Proof. A subspace L ⊂ H1⊕H2 is the graph of a linear operator if it con-

tains no elements of the form (0 y)t with y 6= 0; it is the graph of a bounded

linear operator if there is a γ ≥ 0 with ‖y‖ ≤ γ‖x‖ for all (x y)t ∈ L.
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Let α := inf ∆, β := sup ∆ and set λ0 := (α + β)/2, δ := (β − α)/2.

Then, for every h = (x y)t ∈ L∆(A), we have ‖(A− λ0)h‖ ≤ δ ‖h‖. Thus

‖(D − λ0)y +B∗x‖ ≤ ‖(A− λ0)h‖ ≤ δ
(
‖x‖2 + ‖y‖2

)1/2 ≤ δ (‖x‖+ ‖y‖).
Denote % := dist

(
λ0, σ(D)

)
(> δ). Then

‖(D − λ0)y‖ ≥
1∥∥(D − λ0)−1

∥∥‖y‖ ≥ % ‖y‖,

and hence

% ‖y‖ − ‖B‖ ‖x‖ ≤
∥∥(D − λ0)y +B∗x

∥∥ ≤ δ (‖x‖+ ‖y‖),

or ‖y‖ ≤ δ + ‖B‖
%− δ ‖x‖. �

Definition 1.8.2 If ∆ is an interval as in Theorem 1.8.1, then H∆
1 is

called the ∆-spectral supporting subspace of A in H1.

Together with the analogue of Theorem 1.8.1 for intervals ∆ ⊂ R with

∆ ⊂ ρ(A), we obtain the following corollary.

Corollary 1.8.3 Suppose that A = A∗. Let ∆ ⊂ R be an interval such

that ∆ ⊂ ρ(A) ∩ ρ(D). Then there exist subspaces H∆
1 ⊂ H1, H∆

2 ⊂ H2

and a bijective bounded linear operator K∆
1 : H∆

1 → H∆
2 such that

L∆(A) =

{(
x

K∆
1 x

)
: x ∈ H∆

1

}
=

{((
K∆

1

)−1
y

y

)
: y ∈ H∆

2

}
. (1.8.2)

If we only assume that ∆ ⊂ ρ(D), then the operator K∆
1 is no longer

bounded, but still closed:

Theorem 1.8.4 Suppose that A = A∗. Let ∆ ⊂ R be an open or half-

open interval such that ∆ ⊂ ρ(D). Then there exists a closed linear operator

K∆
1 : H1 → H2 with domain H∆

1 := D(K∆
1 ) such that

L∆(A) =

{(
x

K∆
1 x

)
: x ∈ H∆

1

}
. (1.8.3)

Proof. Let e.g. ∆ = (α, β) ⊂ ρ(D) with α ∈ σ(D). We use the same

reasoning and notations as in the proof of Theorem 1.8.1. Assume that

an element h := (0 y)t with y 6= 0 belongs to L∆(A). Then we have

‖(D − λ0)y‖ = ‖(A− λ0)h‖ < δ ‖h‖ = δ ‖y‖ and, at the same time,

‖(D − λ0)y‖ ≥
1∥∥(D − λ0)−1

∥∥‖y‖ ≥ δ ‖y‖ > ‖(D − λ0)y‖,

a contradiction. This shows that L∆(A) is the graph of a linear operatorK1.

Since the subspace L∆(A) is closed, K1 is a closed operator. �
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Note that H∆
1 is the first component of L∆(A). The subspace H∆

1 is

closed if ∆ ⊂ ρ(D); it is not necessarily closed if only ∆ ⊂ ρ(D).

Proposition 1.8.5 Suppose that A = A∗. Let ∆ = [α, β] ⊂ ρ(D),

γ ∈ (α, β), and ∆1 := [α, γ], ∆2 := (γ, β]. Then

H∆
1 = H∆1

1 +̇H∆2
1 ;

the subspaces H∆1
1 and H∆2

1 are orthogonal with respect to the inner product

〈x, y〉 :=

((
x

K∆
1 x

)
,

(
y

K∆
1 y

))
, x, y ∈ H∆

1 ,

where K∆
1 is the angular operator in the representation (1.8.1) of L∆(A).

Proof. Since A is self-adjoint, we have

L∆(A) = L∆1(A)⊕L∆2(A).

On the other hand, by Theorem 1.8.1,

L∆(A)=

{(
x

K∆
1 x

)
: x ∈H∆

1

}
, L∆j (A)=

{(
x

K
∆j

1 x

)
: x ∈H∆j

1

}
, j = 1, 2,

with bounded linear operators K∆
1 , K

∆1
1 , K∆2

1 : H1 → H2. By projection

onto the first component, L∆(A) is mapped isomorphically onto H∆
1 and

L∆j (A) isomorphically onto H∆j

1 , j = 1, 2. This implies the first state-

ment. The second statement follows if we observe that K∆1
1 , K∆2

1 are the

restrictions of K∆
1 to H∆1

1 and H∆2
1 , respectively. �

Proposition 1.8.6 Suppose that A = A∗. Let ∆ = [α, β] ⊂ ρ(D) and

denote by Ω the component of ρ(D) containing ∆. Let H∆
1 be the spectral

supporting subspace corresponding to ∆ and let P∆
1 : H1 → H∆

1 be the

projection of H1 onto H∆
1 . Then the block operator matrix

A∆ :=

(
P∆

1 AP
∆
1 P∆

1 B

B∗P∆
1 D

)
(1.8.4)

in H∆ := H∆
1 ⊕H2 satisfies

i) L∆(A∆) = L∆(A);

ii) σ(A∆) ∩ Ω ⊂ ∆.

Proof. i) The subspace L∆(A) ⊂ H∆ is invariant under A and hence

also under A∆. Moreover, A∆|L∆(A) = A|L∆(A) so that σ
(
A∆|L∆(A)

)
=

σ
(
A|L∆(A)

)
⊂ ∆. This shows that L∆(A) ⊂ L∆(A∆).
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Using this inclusion and applying Theorem 1.8.1 to the operator A∆

in H∆, we find that there exists a subspace H̃∆
1 ⊂ H∆

1 and a bounded

linear operator K̃∆
1 : H̃∆

1 → H2 so that

L∆(A∆) =

{(
x

K̃∆
1 x

)
: x ∈ H̃∆

1

}
⊃
{(

x

K∆
1 x

)
: x ∈ H∆

1

}
= L∆(A).

As a consequence, we obtain H̃∆
1 = H∆

1 , K̃∆
1 = K∆

1 , and hence the claim.

ii) It is sufficient to show that for every closed interval ∆̃ such that

∆ ⊂ ∆̃ ⊂ Ω, we have σ(A∆) ∩ ∆̃ = σ(A∆) ∩∆.

By i), L∆(A) = L∆(A∆) ⊂ L∆̃(A∆). By Theorem 1.8.1 applied to A∆

in H∆ and the interval ∆̃, there exists a subspace H̃∆̃
1 ⊂ H∆

1 and a bounded

linear operator K̃∆̃
1 : H̃∆̃

1 → H2 such that

L∆̃(A∆) =

{(
x

K̃∆̃
1 x

)
: x ∈ H̃∆̃

1

}
⊃
{(

x

K∆
1 x

)
: x ∈ H∆

1

}
= L∆(A).

As in part i), we find H̃∆̃
1 = H∆

1 , K̃∆̃
1 = K∆

1 , and hence L∆̃(A∆) =

L∆(A) = L∆(A∆). This proves σ(A∆) ∩ ∆̃ = σ(A∆) ∩∆. �

In the following we relate the spectral supporting subspace H∆
1 of the

block operator matrix A to its Schur complement S1. It turns out that H∆
1

is the maximal spectral subspace of S1 corresponding to the interval ∆.

Theorem 1.8.7 Suppose that A = A∗. Let ∆ = [α, β] ⊂ ρ(D) and

let Γ∆ be a simply closed Jordan curve surrounding ∆ and intersecting R
orthogonally in α and β. Define

Q∆ := − 1

2πi

∫ ′

Γ∆

S1(z)
−1 dz, (1.8.5)

where
∫ ′

denotes the Cauchy principal value at R. Then the range of Q∆

is given by R
(
Q∆

)
= H∆

1 .

Proof. Let P∆(A) ∈ L(H) denote the orthogonal projection onto L∆(A)

and set ∆◦ := (α, β). We introduce the operator

P̂∆(A) :=
1

2

(
P∆(A) + P∆◦(A)

)
= − 1

2πi

∫ ′

Γ∆

(A− z)−1 dz.

Evidently, R
(
P̂∆(A)

)
= L∆(A). The inclusion R

(
Q∆

)
⊂ H∆

1 follows from

P1P̂∆(A)

(
x

0

)
= Q∆x, x ∈ H1,

where P1 : H → H1 is the projection of H onto its first component H1.

In order to show that the range R
(
Q∆

)
is dense in H∆

1 , consider x0 ∈ H∆
1
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with x0 ⊥ P1P̂∆(A) (x 0)t = Q∆x, x ∈ H1. This implies
(
P̂∆(A)

(
x

0

)
,

(
x0

0

))
= 0, x ∈ H1.

Since the projection P̂∆(A) is non-negative, we conclude P̂∆(A)(x0 0)t = 0.

On the other hand,
(
x0 K

∆
1 x0

)t ∈ R
(
P̂∆(A)

)
and thus

‖x0‖2 =

((
x0

K∆
1 x0

)
,

(
x0

0

))
= 0.

This shows that R
(
Q∆

)
is dense in H∆

1 . The proof that R
(
Q∆

)
= H∆

1 uses

a similar reasoning: Suppose that R
(
Q∆

)
is not closed. Then there exists a

sequence (xn)∞1 ⊂ H∆
1 , ‖xn‖ = 1, such that ‖Q∆xn‖ → 0 if n→∞. Hence

∥∥∥∥P̂∆(A)1/2

(
xn

0

)∥∥∥∥
2

=

(
P̂∆(A)

(
xn

0

)
,

(
xn

0

))
=

(
P1P̂∆(A)

(
xn

0

)
, xn

)

= (Q∆xn, xn) −→ 0, n→∞.
Obviously, P̂∆(A)(xn 0)t → 0 implies that P∆(A)(xn 0)t → 0 for n → ∞.

Since
(
xn K∆

1 xn

)t ∈ L∆(A), we obtain the contradiction

1 = ‖xn‖2 =

((
xn

0

)
,

(
xn

K∆
1 xn

))
=

((
xn

0

)
, P∆(A)

(
xn

K∆
1 xn

))

=

(
P∆(A)

(
xn

0

)
,

(
xn

K∆
1 xn

))
−→ 0, n→∞. �

Next we describe a complementary subspace of the ∆-spectral support-

ing subspace H∆
1 in H1 in terms of certain spectral subspaces of the Schur

complement S1.

Theorem 1.8.8 Let A = A∗ and ∆ = [α, β] ⊂ ρ(D).

i) If there exists a γ > 0 such that one of the conditions

(α, α+ γ) ∪ (β − γ, β) ⊂ ρ(A), (1.8.6)

(α− γ, α) ∪ (β, β + γ) ⊂ ρ(A), (1.8.7)
is satisfied, then

H1 = L(−∞,0)

(
S1(α)

)
+̇H∆

1 +̇L(0,∞)

(
S1(β)

)
. (1.8.8)

ii) If, in addition, α and β are isolated points of σ(A) or in ρ(A), then

H1 = L(−∞,0)

(
S1(α)

)
+̇H∆

1 +̇L(0,∞)

(
S1(β)

)
(1.8.9)

and hence

dim (H1 	H∆
1 ) = dimL(−∞,0)

(
S1(α)

)
+ dimL(0,∞)

(
S1(β)

)
. (1.8.10)
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Remark 1.8.9 The dimension formula (1.8.10) can also be written as

dim
(
H1 	H∆

1

)
= dim

(
S1(α)

)
−

+ dim
(
S1(β)

)
+
,

where, for a bounded self-adjoint operator T , we denote by T± := 1
2

(
T±|T |

)

the positive and negative part of T , respectively.

Moreover, since we have H{α}
1 = L{0}

(
S1(α)

)
= kerS1(α), we can replace

L(−∞,0)

(
S1(α)

)
by L(−∞,0]

(
S1(α)

)
in the relations (1.8.8) and (1.8.9) and,

at the same time, H∆
1 by H(α,β]

1 . The same holds for the point β.

For the proof of Theorem 1.8.8, we provide a number of auxiliary lem-

mata concerning the monotonicity of the Schur complement S1. In fact,

S1 is a monotonically decreasing operator function on ρ(D) ∩ R with

S′
1(λ) = −I −B(D − λ)−2B∗ ≤ −I, λ ∈ ρ(D) ∩ R, (1.8.11)

and limλ→∞ S1(λ) = −∞. These observations are crucial in the following.

Lemma 1.8.10 Suppose that A = A∗ and let ∆ = [α, β] ⊂ ρ(D).

i) If x = u+ v where u∈H∆
1 and

(
S1(β)v, v

)
≥ 0, then

(
S1(α)x, x

)
≥ 0.

ii) If x = u+ v where u∈H∆
1 and

(
S1(α)v, v

)
≤ 0, then

(
S1(β)x, x

)
≤ 0.

Proof. We prove claim i); the proof of ii) is similar. Let Pj : H → Hj be

the projection of H onto Hj , j = 1, 2. For every x = (x y)t ∈ H, we have

S1(λ)x = (A− λ)x +By −B(D − λ)−1B∗x−By
= P1(A− λ)x −B(D − λ)−1

(
B∗x+ (D − λ)y

)

= P1(A− λ)x −B(D − λ)−1P2(A− λ)x.
Let γ := maxλ∈∆

(
1 + ‖B(D − λ)−1‖

)
≤ 1+‖B‖

(
dist

(
∆, σ(D)

))−1
. Then

‖S1(λ)x‖ ≤
(
1 + ‖B(D − λ)−1‖

)
‖(A− λ)x‖ ≤ γ ‖(A− λ)x‖. (1.8.12)

Now let x = u+ v with u ∈ H∆
1 and v ∈ H1 such that

(
S1(β)v, v

)
≥ 0. For

arbitrary n ∈ N, we decompose the interval ∆ into n subintervals

∆k :=

[
α+

(k − 1)(β − α)

n
, α+

k(β − α)

n

)
, k = 1, 2, . . . , n− 1,

∆n :=

[
α+

(n− 1)(β − α)

n
, β

]
.

Let EA(∆), EA(∆k) be the corresponding spectral projections of the oper-

ator A. Then, for u =
(
u K∆

1 u
)t ∈ L∆(A), we have EA(∆)u = u. If we set

uk := EA(∆k)u and uk := P1uk, k = 1, . . . , n, then u = P1u =
∑n

k=1 uk.

For k=1, 2, . . . , n, we choose arbitrary points λk∈∆k. By (1.8.12), we have
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∥∥S1(λk)uk

∥∥ ≤ γ
∥∥(A− λk)uk

∥∥ ≤ γ β − α
n
‖uk‖.

Since S1 is decreasing on [α, β] and all operators S1(λ) are self-adjoint for

λ ∈ R, it follows that
(
S1(α)x, x

)
=
(
S1(α)(u+ v), u+ v

)
≥
(
S1(λ1)(u+ v), u+ v

)

=
(
S1(λ1)

( n∑

k=2

uk + v
)
,

n∑

k=2

uk + v
)

+
(
S1(λ1)u1, u+ v

)

+
( n∑

k=2

uk + v, S1(λ1)u1

)

≥
(
S1(λ2)

( n∑

k=2

uk + v
)
,

n∑

k=2

uk + v
)
− ‖S1(λ1)u1‖ ‖u+ v‖

−
∥∥∥

n∑

k=2

uk + v
∥∥∥
∥∥S1(λ1)u1

∥∥.

Since u1, . . . ,un are pairwise orthogonal, we have
∥∥∥

n∑

j=k

uj

∥∥∥ ≤
∥∥∥

n∑

j=k

uj

∥∥∥ ≤ ‖u‖, k = 1, 2, . . . , n.

Hence, if we let γ′ := γ (‖u‖+ ‖v‖), then

(
S1(α)x, x

)
≥
(
S1(λ2)

( n∑

k=2

uk + v
)
,

n∑

k=2

uk + v
)
− 2γ′,

β − α
n
‖u1‖.

Repeating these considerations, we finally obtain

(
S1(α)x, x

)
≥
(
S1(λ3)

( n∑

k=3

uk+v
)
,

n∑

k=3

uk+v
)
− 2γ′

β−α
n

(
‖u1‖+‖u2‖

)

≥ . . .

≥
(
S1(λn)v, v

)
− 2γ′

β − α
n

n∑

k=1

‖uk‖

≥
(
S1(β)v, v

)
− 2γ′

β − α
n

n∑

k=1

‖uk‖

≥ − 2γ′
β − α
n

√
n
( n∑

k=1

‖uk‖2
)1/2

= −2γ′
β − α√

n
‖u‖.

Since n can be chosen arbitrarily large, it follows that
(
S1(α)x, x

)
≥ 0. �
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Corollary 1.8.11 Let A = A∗ and ∆ = [α, β] ⊂ ρ(D). Then
(
S1(α)x, x

)
≥ 0,

(
S1(β)x, x

)
≤ 0, x ∈ H∆

1 ;

if Ω denotes the component of ρ(D) containing ∆, then
(
S1(λ)x, x

)
≥ (α− λ) ‖x‖2, x ∈ H∆

1 , if λ ∈ Ω, λ < α,
(
S1(λ)x, x

)
≤ −(λ− β) ‖x‖2, x ∈ H∆

1 , if λ ∈ Ω, λ > β.

Proof. The first two claims are immediate from Lemma 1.8.10 ii) if we

set v = 0. The last claim follows from relation (1.8.11). �

Corollary 1.8.12 Let A = A∗ and ∆ = [α, β] ⊂ ρ(D). Then

x ∈ H∆
1 + L[0,∞)

(
S1(β)

)
=⇒

(
S1(α)x, x

)
≥ 0.

Proof. Since
(
S1(β)v, v

)
≥ 0 for v ∈ L[0,∞)

(
S1(β)

)
, the claim follows

immediately from Lemma 1.8.10. �

The next lemma is a well-known fact about the spectra of positive per-

turbations of self-adjoint operators (see e.g. [BS87, (9.4.4)]).

Lemma 1.8.13 Let T1, T2 be bounded self-adjoint operators in a Hilbert

space so that (µ, ν) ⊂ ρ(T1) and ‖T2 − T1‖ < ν − µ. Then

T1 ≤ T2 =⇒
(
µ+ ‖T2 − T1‖, ν

)
⊂ ρ(T2),

T2 ≤ T1 =⇒
(
µ, ν − ‖T2 − T1‖

)
⊂ ρ(T2).

Lemma 1.8.14 Suppose that A = A∗, [α, α+γ) ⊂ ρ(D) for some γ > 0,

and 0 ∈ ρ
(
S1(λ)

)
for all λ ∈ (α, α + γ). If, for such λ, we set

a(λ) := max
(
σ
(
S1(λ)

)
∩ (−∞, 0)

)
, b(λ) := min

(
σ
(
S1(λ)

)
∩ (0,∞)

)
,

then a and b are continuous non-increasing functions on (α, α + γ), and
(
0, b(λ0)

)
⊂ ρ
(
S1(α)

)
,
(
a(λ0), 0

)
⊂ ρ
(
S1(α+ γ)

)
, λ0 ∈ (α, α+ γ).

Proof. First suppose that a(λ) and b(λ) are finite for all λ ∈ (α, α + γ).

The continuity of a and b on (α, α+ γ) follows from [Kat95, Remark V.4.9]

since S1 is a continuous function of λ with respect to the operator norm.

In order to show that b is non-increasing, it is sufficient to prove that for

arbitrary λ0 ∈ (α, α+ γ) there exists an ε > 0 such that

b(λ) ≥ b(λ0), λ0 − ε < λ < λ0. (1.8.13)

Choose ε > 0 such that ‖S1(λ)− S1(λ0)‖ < |a(λ0)| for all λ ∈ (λ0 − ε, λ0).

Then, since
(
a(λ0), b(λ0)

)
⊂ ρ
(
S1(λ0)

)
and S1(λ) > S1(λ0), Lemma 1.8.13

implies that for λ ∈ (λ0 − ε, λ0) we have
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(
0, b(λ0)

)
⊂
(
a(λ0) + ‖S1(λ)− S1(λ0)‖ , b(λ0)

)
⊂ ρ
(
S1(λ)

)
,

and (1.8.13) follows.

In order to prove the last statement for b, let λ0 ∈ (α, α+γ) be arbitrary

and suppose that there exists a β ∈
(
0, b(λ0)

)
such that β ∈ σ

(
S1(α)

)
.

Then, again since S1 is continuous in the operator norm, by [Kat95,

Remark V.4.9] there exists a λ′ < λ0 in the neighbourhood of α such that
(
0, b(λ0)

)
∩ σ
(
S1(λ

′)
)
6= ∅.

Hence b(λ′) < b(λ0), a contradiction to the fact that b is non-increasing.

The proofs for the function a are analogous; it is also easy to check that all

assertions remain true if a or b are no longer finite everywhere. �

Lemma 1.8.15 Let A = A∗ and α ∈ ρ(D) ∩ R. Then

(α, α+γ) ⊂ ρ(A) for some γ > 0 ⇐⇒ (0, δ) ⊂ ρ
(
S1(α)

)
for some δ > 0,

(α−γ, α) ⊂ ρ(A) for some γ > 0 ⇐⇒ (−δ, 0) ⊂ ρ
(
S1(α)

)
for some δ > 0.

Proof. We prove the first relation; the proof of the second one is anal-

ogous. If (α, α + γ) ⊂ ρ(A) for some γ > 0, then 0 ∈ ρ
(
S1(λ)

)
for all

λ ∈ (α, α + γ), and the assertion is immediate from Lemma 1.8.14. Con-

versely, if (0, δ) ⊂ ρ
(
S1(α)

)
for some δ > 0, then (−ε, δ− ε) ⊂ ρ

(
S1(α)− ε

)

for arbitrary ε > 0. It is not difficult to see (e.g. using the resolvent identity

for D) that S1(α+ ε) < S1(α) − ε. Now choose ε0 > 0 such that
∥∥S1(α) − ε− S1(α+ ε)

∥∥ < δ − ε, 0 < ε < ε0.

Applying Lemma 1.8.13 (for the case T2 < T1), we conclude that
(
−ε, δ − ε− ‖S1(α) − ε− S1(α+ ε)‖

)
⊂ ρ
(
S1(α+ ε)

)
.

Thus 0 ∈ ρ
(
S1(α + ε)

)
, 0 < ε < ε0, and hence (α, α+ ε0) ⊂ ρ(A). �

Lemma 1.8.16 Let Tn, n ∈ N, and T be bounded self-adjoint operators

in a Hilbert space H such that Tn is invertible, ‖T−1
n ‖ ‖T − Tn‖ ≤ ω for

some ω > 0, n ∈ N, and ‖T − Tn‖ → 0, n→∞. If x, x̂ ∈ H are such that

x = T x̂, then

lim
n→∞

(
T−1

n x, x
)

= (T x̂, x̂). (1.8.14)

Proof. We have T−1
n x = T−1

n T x̂ = x̂+ T−1
n (T − Tn)x̂ and hence

‖T−1
n x‖ ≤ (1 + ω) ‖x̂‖, n ∈ N. (1.8.15)

Further,
(
T−1

n x, x
)

= (x̂, x) +
(
T−1

n (T − Tn)x̂, x
)

= (x̂, T x̂) +
(
(T − Tn)x̂, T−1

n x
)
,
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and therefore, by (1.8.15),
∣∣(T−1

n x, x
)
− (x̂, T x̂)

∣∣ ≤ ‖T − Tn‖ ‖x̂‖ ‖T−1
n x‖ ≤ ‖T − Tn‖ (1 + ω) ‖x̂‖.

Now (1.8.14) follows from the assumption ‖T − Tn‖ → 0, n→∞. �

Lemma 1.8.17 Let L1 and L2 be subspaces of a Hilbert space H and let

T be a bounded self-adjoint operator in H. If

(Tx, x) > 0, x ∈ L1, x 6= 0, (Ty, y) ≤ 0 y ∈ L2, (1.8.16)

then L1 ∩ L2 = {0}. If the first inequality in (1.8.16) is sharpened to

(Tx, x) ≥ δ ‖x‖2, x ∈ L1, (1.8.17)

with some δ > 0, then L1+̇L2 is closed.

Proof. The first assertion is obvious. In order to prove the second asser-

tion, it is sufficient to show that there do not exist sequences (xn)∞1 ⊂ L1

and (yn)∞1 ⊂ L2 such that

‖xn‖ = 1, ‖xn − yn‖ −→ 0, n→∞, (1.8.18)

(see e.g. [GK92, Theorem 2.1.1]). Assume to the contrary that such

sequences do exist. Then the sequence (yn)∞1 is bounded and hence
∣∣(Txn, xn)− (Tyn, yn)

∣∣ ≤
∣∣(Txn, xn)−(Txn, yn)

∣∣+
∣∣(Txn, yn)−(Tyn, yn)

∣∣
≤ ‖T‖ ‖xn‖ ‖xn − yn‖+ ‖T‖ ‖xn − yn‖ ‖yn‖
−→ 0, n→∞.

Therefore (Tyn, yn) ≤ 0 implies lim supn→∞(Txn, xn) ≤ 0, a contradiction

to (1.8.17). �

Now we are ready for the proof of Theorem 1.8.8 on the description of

complementary subspaces of spectral supporting subspaces.

Proof of Theorem 1.8.8. i) Due to Lemma 1.8.15, the assumptions

in (1.8.6) are equivalent to (0, δ) ⊂ ρ
(
S1(α)

)
and (−δ, 0) ⊂ ρ

(
S1(β)

)
for

some δ > 0.

First we show that the sum in (1.8.8) is direct. By Corollary 1.8.11

and Lemma 1.8.17 (with T = S1(β)), the sum H∆
1 + L(0,∞)

(
S1(β)

)
is

direct. From Corollary 1.8.12 and Lemma 1.8.17 it follows that also the

sum L(−∞,0)

(
S1(α)

)
+
(
H∆

1 +̇L(0,∞)

(
S1(β)

))
is direct.

In order to prove (1.8.8), assume to the contrary that an element

x0 6= 0 is orthogonal to the right hand side of (1.8.8). The relation

x0 ⊥ H(α,β)
1 implies that (x0 0)t ⊥ L(α,β)(A), therefore the vector function
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(A − z)−1(x0 0)t, defined e.g. for all non-real z, has an analytic contin-

uation onto the whole interval (α, β), and the same holds for the scalar

function

ϕ(z) :=

(
(A− z)−1

(
x0

0

)
,

(
x0

0

))
=
(
S1(z)

−1x0, x0

)
, z ∈ C \ R.

(1.8.19)
Obviously,

ϕ′(z) =

(
(A− z)−2

(
x0

0

)
,

(
x0

0

))
, z ∈ C \ R.

Hence ϕ′(λ) > 0 for λ ∈ (α, β) so that ϕ is increasing on (α, β).

First we prove (1.8.8) under the assumption (1.8.6). For every sequence

(λn)∞1 ⊂ (α, α+ γ) such that λn ↘ α, n→∞, the operators Tn := S1(λn)

and T := S1(α) satisfy the assumptions of Lemma 1.8.16. Indeed, since S1

is continuous we have
∥∥S1(α)−S1(λn)

∥∥→ 0, n→∞. Moreover, for n ∈ N,
∥∥S1(λn)−1

∥∥ ≤
∥∥(A− λn)−1

∥∥ ≤ (λn − α)−1,
∥∥S1(λn)− S1(α)

∥∥ =
∥∥α− λn − (α− λn)B(D − λn)−1(D − α)−1B∗

∥∥
≤
∥∥I +B(D − λn)−1(D − α)−1B∗

∥∥ (λn − α)

≤ ω (λn − α)

with some constant ω > 0. Thus
∥∥S1(λn)−1

∥∥ ∥∥S1(λn)− S1(α)
∥∥ ≤ ω.

Now let S̃ := S1(α)
∣∣
L(0,∞)(S1(α))

. By definition, we have σ
(
S̃
)
⊂ [0,∞)

and ker S̃ = {0}. Since (0, δ) ⊂ ρ
(
S1(α)

)
, we also have (0, δ) ⊂ ρ

(
S̃
)
; there-

fore, 0 is either a point of ρ
(
S̃
)

or an isolated point of σ
(
S̃
)
. Because every

isolated spectral point of a self-adjoint operator is an eigenvalue, the second

case is excluded and so the operator S̃ is boundedly invertible. From the

assumption that x0 ⊥ L(−∞,0]

(
S1(α)

)
it follows that x0 ∈ L(0,∞)

(
S1(α)

)
.

If we set x̂0 := S̃−1x0 ∈ D
(
S̃
)

= L(0,∞)

(
S1(α)

)
, then x0 = S1(α)x̂0 and,

by Lemma 1.8.16,

lim
n→∞

ϕ(λn) = lim
n→∞

(
S1(λn)−1x0, x0

)
=
(
S1(α) x̂0, x̂0

)
> 0.

Analogously we prove that for every sequence (µn)∞1 ⊂ (β−γ, β) such that

µn ↗ β, n→∞, there exists an x̂1 ∈ L(−∞,0)

(
S1(β)

)
such that

lim
n→∞

ϕ(µn) = lim
n→∞

(
S1(µn)−1x0, x0

)
=
(
S1(β) x̂1, x̂1

)
< 0.

Altogether, for sufficiently large n ∈ N, we have λn < µn, ϕ(λn) > 0, and

ϕ(µn) < 0, which contradicts the fact that ϕ is increasing on (α, β).

The proof that (1.8.7) implies (1.8.8) is similar. Here we consider the

subspace R := LR\[α,β](A) = L[α,β](A)⊥ and the operator Ã := A|R, for
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which (α − γ, α) ∪ (β, β + γ) ⊂ ρ
(
Ã
)
. Then sequences (λn)∞1 ⊂ (α− γ, α)

and (µn)∞1 ⊂ (β, β+γ) with λn ↗ α and µn ↘ β, n→∞, are constructed

leading to an analogous contradiction as above.

ii) It remains to be proved that the direct sum in (1.8.9) is closed. By

Corollary 1.8.11, (
S1(β)x, x

)
≤ 0, x ∈ H∆

1 .

The assumptions in ii) are equivalent to the fact that R(A− α), R(A− β)

are closed. From the Schur factorization (1.6.2) it is clear that this is equiv-

alent to R
(
S1(α)

)
, R
(
S1(β)

)
being closed. Hence 0 is an isolated point of

σ
(
S1(α)

) (
σ
(
S1(β)

)
, respectively

)
or in ρ

(
S1(α)

) (
ρ
(
S1(β)

)
, respectively

)
.

This implies that there exists a δ > 0 with
(
S1(β)x, x

)
≥ δ ‖x‖2, x ∈ L(0,∞)

(
S1(β)

)
.

Then it follows from Lemma 1.8.17 ii) that the sum H∆
1 +L(0,∞)

(
S1(β)

)
is

closed. By Corollary 1.8.12,
(
S1(α)x, x

)
≥ 0, x ∈ H∆

1 +̇L(0,∞)

(
S1(β)

)
.

As 0 is an isolated point of σ
(
S1(α)

)
or in ρ

(
S1(α)

)
, there is a δ > 0 with

(
S1(α)x, x

)
≤ −δ ‖x‖2, x ∈ L(−∞,0)

(
S1(α)

)
.

Again by Lemma 1.8.17, it follows that the sum in (1.8.9) is closed. �

Corollary 1.8.18 Let α > max σ(D). Then

H1 = L(−∞,0)

(
S1(α)

)
+̇H[α,∞)

1 , H1 = L(−∞,0)

(
S1(α)

)
+̇H[α,∞)

1 .

Proof. If we let β > max σ(A) arbitrarily large in Theorem 1.8.8, then

L(0,∞)

(
S1(β)

)
= {0} in (1.8.8) and (1.8.9) since limλ→∞ S1(λ) = −∞. �

Corollary 1.8.19 If ∆=[α, β]⊂ρ(D), then the following are equivalent:

i) H∆
1 = H1;

ii) S1(α) ≥ 0, S1(β) ≤ 0.

Proof. That i) implies ii) follows immediately from Corollary 1.8.11.

Conversely, if ii) holds, then we choose two sequences (αn)∞1 , (βn)∞1 such

that αn↗ α, βn↘ β, n → ∞, and [α1, β1] ⊂ ρ(D). According to (1.5.7),

we have S1(αn) � 0, S1(βn) � 0, n ∈ N. Hence, by Theorem 1.8.8 or

by [MS96] applied for every interval ∆n := [αn, βn], we obtain H∆n
1 = H1.

Obviously, L∆(A) =
⋂∞

n=1 L∆n(A), and hence

H∆
1 =

∞⋂

n=1

H∆n

1 = H1. �
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Remark 1.8.20 Certain analogues of the dimension formula (1.8.10),

but not of the decomposition (1.8.9), were proved in the papers [MM87],
[Kru93], [ADS00] for a rather general class of operator functions S, includ-

ing even the non-analytic case. In the last two papers, the condition

S′(λ) � 0 (or rather S′(λ) � 0 in [MM87]) was replaced by a weaker

condition, called Virozub–Matsaev condition in [Kru93] and condition (S)

in [ADS00]. In all three papers a strong additional assumption is imposed

which implies the discreteness of the spectrum of S; as a consequence, in

(1.8.10) instead of H∆
1 the closed span of all eigenvectors of S to eigenval-

ues in ∆ appears. It is easy to prove that, in the situation of [MM87] (or
[Mar88, § 33]), also an analogue of (1.8.9) holds.

1.9 Variational principles for eigenvalues in gaps

The classical variational principles (see e.g. [WS72], [RS78]) provide a char-

acterization of the eigenvalues of a semi-bounded self-adjoint operator A
below or above its essential spectrum in terms of the Rayleigh functional

p(x) =
(Ax, x)
‖x‖2 , x ∈ D(A), x 6= 0.

For example, if λ1 ≤ λ2 ≤ · · · are the eigenvalues of A below σess(A), then

λn = min
L⊂D(A)
dimL=n

max
x∈L
x6=0

p(x), n = 1, 2, . . . .

Note that the range of the Rayleigh functional is the numerical range of A,

W (A) =
{
p(x) : x ∈ D(A), x 6= 0

}
.

Even for bounded self-adjoint operators, eigenvalues in gaps of the essen-

tial spectrum cannot be characterized by such simple min-max principles.

However, after suitable decomposition of the underlying Hilbert space, we

may use that, for a self-adjoint block operator matrix A, the quadratic

numerical range is the union of the ranges Λ±(A) of the functionals λ±:

W 2(A) = Λ−(A) ∪ Λ+(A)

where (see Corollary 1.1.4)

λ±

(
x

y

)
=

1

2


(Ax, x)

‖x‖2 +
(Dy, y)

‖y‖2 ±
√(

(Ax, x)

‖x‖2 −
(Dy, y)

‖y‖2
)2

+4
|(By, x)|2
‖x‖2 ‖y‖2


,

Λ±(A) =

{
λ±

(
x

y

)
: x ∈ H1, y ∈ H2, x, y 6= 0

}
.
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Theorem 1.9.1 Let A = A∗. Assume that there exists an α > supW (D)

so that
(
supW (D), α

)
⊂ ρ(A) and define

λe := min
(
σess(A) ∩ (supW (D),∞)

)
. (1.9.1)

Further, let

κ := κ−(λ) := dimL(−∞,0)

(
S1(λ)

)
<∞, λ ∈

(
supW (D), α

]
.

If λ1 ≤ λ2 ≤ · · · is the finite or infinite sequence of the eigenvalues of A
in the interval

(
supW (D), λe

)
counted with multiplicities, then

λn = min
L⊂H1

dimL=κ+n

max
x∈L
x6=0

max
y∈H2
y 6=0

λ+

(
x

y

)
, n = 1, 2, . . . . (1.9.2)

Proof. First we observe that the index shift κ in (1.9.2) is independent

of λ. In fact, by means of continuity arguments, it can be shown that κ−(·)
is constant on each subinterval of ρ(S1) (see [EL04]). Define

µn+κ := inf
L⊂H1

dimL=κ+n

sup
x∈L
x6=0

sup
y∈H2
y 6=0

λ+

(
x

y

)
, n = 1, 2, . . . .

Let α′ ∈
(
supW (D), α

)
⊂ ρ(A). Then α′ ∈ ρ(S1) by Proposition 1.6.2.

First we prove that λn ≤ µκ+n. To this end, set ∆ := [λn,∞). By Theo-

rem 1.8.1, the spectral subspace L∆(A) admits the representation

L∆(A) =

{(
x

K∆
1 x

)
: x ∈ H∆

1

}
(1.9.3)

where H∆
1 ⊂ H1 is a subspace and K∆

1 : H∆
1 → H2 is a bounded linear

operator. According to Corollary 1.8.18, we have the decompositions

H1 = H[α′,∞)
1 +̇L(−∞,0)

(
S1(α

′)
)

= H∆
1 +̇L(−∞,0)

(
S1(λn)

)
. (1.9.4)

Since
(
supW (D), α

)
⊂ ρ(A) and α′ < α, we have ∆ = [λn,∞) ⊂ [α′,∞)

and hence H∆
1 ⊂ H[α′,∞)

1 . By (1.9.4) and by definition of κ, we obtain

codimH1 H∆
1 = dimL(−∞,0)

(
S1(α

′)
)

+ codim
H

[α′,∞)
1

H∆
1 = κ+ n− 1.

Now let L ⊂ H1 be an arbitrary subspace with dimL = κ + n. Then

dimL > codimH1 H∆
1 and hence there exists an x ∈ L ∩ H∆

1 , x 6= 0. If

K∆
1 x 6= 0, then (1.9.3) implies that

λn ≤
1

‖x‖2 + ‖K∆
1 x‖2

(
A
(

x

K∆
1 x

)
,

(
x

K∆
1 x

))

=
1

‖x‖2 + ‖K∆
1 x‖2

(
Ax,K∆

1 x

( ‖x‖
‖K∆

1 x‖

)
,

( ‖x‖
‖K∆

1 x‖

))

C2

≤ λ+

(
x

K∆
1 x

)
;
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for the last inequality we have used that λ+(x,K∆
1 x) is the larger of the

two eigenvalues of Ax,K∆
1 x. If K∆

1 x = 0, then (1.2.6) shows that for every

y ∈ H2, y 6= 0,

λn ≤
1

‖x‖2 + ‖K∆
1 x‖2

(
A
(

x

K∆
1 x

)
,

(
x

K∆
1 x

))
=

(Ax, x)

‖x‖2 ≤ λ+

(
x

y

)
.

So in each case we have found elements x ∈ L, y ∈ H2 with λn ≤ λ+(x, y)

and hence λn ≤ µκ+n .

Next we prove that λn ≥ µκ+n. In the same way as above, we see

λn ≥ µκ+n that

H1 = H[α′,∞)
1 +̇L(−∞,0)

(
S1(α

′)
)

= H(λn,∞)
1 +̇L(−∞,0]

(
S1(λn)

)

and

dimL(−∞,0]

(
S1(λn)

)
= κ+ n.

Now choose L = L(−∞,0]

(
S1(λn)

)
. If x ∈ L, y ∈ H2, x, y 6= 0, and ξ, η ∈ C

are arbitrary and we set u := (u v)
t

:=
(
ξ x/‖x‖ η y/‖y‖

)t
, then we have

u ∈ L(−∞,0]

(
S1(λn)

)
and

1

|ξ|2 + |η|2
(
Ax,y

(
ξ

η

)
,

(
ξ

η

))

C2

=

(
Au,u

)

‖u‖2 .

Using the Frobenius-Schur factorization (1.6.2) of A− λn, we obtain
((
A− λn

)(u
v

)
,

(
u

v

))

=

((
S1(λn) 0

0 D − λn

)(
I 0

(D − λn)−1B∗ I

)(
u

v

)
,

(
I 0

(D − λn)−1B∗ I

)(
u

v

))

=
(
S1(λn)u, u

)
+
(
(D − λn)w,w

)
≤ 0

where w := (D − λn)−1B∗u + v. This implies W (Ax,y) ⊂ (−∞, λn] and

hence λ+(x, y) ≤ λn. Thus the proof of λn = µκ+n is complete.

It remains to be shown that the infimum and the suprema in µκ+n

are all attained. Since λn ∈ σp(A) ⊂ W 2(A), there exists an eigenvector

(xn yn)t = (xn K∆
1 xn)t ∈ L∆(A) such that λn = λ+(x̂n, ŷn) where x̂n, ŷn

are such that xn = ‖xn‖x̂n, yn = ‖yn‖ŷn. �

We will further extend on variational principles for eigenvalues in gaps in

Sections 2.10 and 2.11. There we generalize the above result to unbounded

block operator matrices with real quadratic numerical range, including self-

adjoint and certain J -self-adjoint block operator matrices. The proof in the

unbounded case uses variational principles for the Schur complements. We
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also present a method to calculate the index shift and establish two-sided

eigenvalue estimates in terms of the entries of the block operator matrix.

The results in Sections 2.10 and 2.11 may easily be specialized to bounded

block operator matrices by observing that in this case D(A) = D(B∗) = H1

and D(B) = D(D) = H2.

1.10 J -self-adjoint block operator matrices

J -self-adjoint block operator matrices arise naturally when studying self-

adjoint operators in Krein spaces. In fact, a Krein space is an inner prod-

uct space (K, [·, ·]) that admits a decomposition K = K+[u]K− so that

H1 = (K+, [·, ·]) and H2 = (K−,−[·, ·]) are Hilbert spaces (see [Lan82, Sec-

tion I.1]). With respect to the decomposition K = K+⊕K−, we have [·, ·] =

(J ·, ·) with J = diag (I,−I) as in Definition 1.1.14 and every bounded

self-adjoint operator in K has a block operator matrix representation

(1.1.3) with A = A∗, D = D∗, and C = −B∗, i.e. A is J -self-adjoint.

In the following, we use the block operator techniques developed in

the previous sections to study the spectrum of J -self-adjoint block opera-

tor matrices; in particular, we identify intervals on which the spectrum is

of definite type; on such intervals, the operator possesses a local spectral

function. We also study the corresponding spectral supporting subspaces,

thus establishing results analogous to those derived in Section 1.8 for the

self-adjoint case.

We start with some elementary properties of the quadratic numerical

range of J -self-adjoint block operator matrices. Here an important role is

played by the sets Λ±(A) introduced in Corollary 1.1.4; in the particular

case C = −B∗, we have

disA(x, y) =

(
(Ax, x)

‖x‖2 − (Dy, y)

‖g‖2
)2

− 4
|(By, x)|2
‖x‖2 ‖y‖2

for x ∈ H1, y ∈ H2, x, y 6= 0, and, if disA(x, y) ≥ 0,

λ±

(
x

y

)
=

1

2


(Ax, x)

‖x‖2 +
(Dy, y)

‖y‖2 ±
√(

(Ax, x)

‖x‖2 −
(Dy, y)

‖y‖2
)2

−4
|(By, x)|2
‖x‖2 ‖y‖2


,

Λ± := Λ±(A) =

{
λ±

(
x

y

)
: x ∈ H1, y ∈ H2, x, y 6= 0, disA(x, y) ≥ 0

}
.

If C = −B∗ and W 2(A) is real, then we have disA(x, y) ≥ 0 for all

x ∈ H1, y ∈ H2, x, y 6= 0, and hence W 2(A) = Λ− ∪ Λ+. In this case,
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continuity arguments show that the sets Λ± are intervals. In general, we

can only prove a weaker statement (see Proposition 1.10.3 ii) below).

Lemma 1.10.1 For all (x1 y1)
t, (x2 y2)

t ∈H1 ⊕ H2, x1, x2, y1, y2 6= 0,

there exists a curve
(
x(t) y(t)

)t
, t ∈ [0, 1], such that

(
x(0)

y(0)

)
=

(
x1

y1

)
,

(
x(1)

y(1)

)
=

(
x2

y2

)
, x(t), y(t) 6= 0, t ∈ [0, 1].

Proof. There exist at most two different points ζ ∈ C, say ζ1, ζ2, such

that ζx1 + (1 − ζ)x2 = 0 or ζy1 + (1 − ζ)y2 = 0. Let ζ(t), t ∈ [0, 1], be a

curve in the complex plane with ζ(0) = 0, ζ(1) = 1 not passing through ζ1
and ζ2 . Then a curve with the required properties is given by

ζ(t)

(
x1

y1

)
+
(
1− ζ(t)

)(x2

y2

)
, t ∈ [0, 1]. �

In the following we always assume that dimH > 2; otherwise, A is a

2× 2 matrix and the questions considered here are trivial.

Proposition 1.10.2 Suppose dimH > 2 and let A be J -self-adjoint.

i) If W 2(A) \ R 6= ∅, then W 2(A) is connected.

ii) If W 2(A) consists of two components, then σ(A) ⊂ R.

Proof. i) Let z1 ∈W 2(A) \ R. Then z1 ∈ σp(Ax1,y1) for some x1 ∈ H1,

y1 ∈ H2, x1, y1 6= 0, with disA(x1, y1) < 0. Since dimH > 2, we either have

dimH1 ≥ 2 or dimH2 ≥ 2 and thus, by Theorem 1.1.9, either W (D) ⊂
W 2(A) or W (A) ⊂W 2(A). Because A and D are self-adjoint, this implies

that there exists a z2 ∈ W 2(A) ∩ R. Hence z2 ∈ σp(Ax2,y2) for some

x2 ∈ H1, y2 ∈ H2, x2, y2 6= 0 with disA(x2, y2) ≥ 0.

Let
(
x(t) y(t)

)t
, t ∈ [0, 1], be a curve inH as in Lemma 1.10.1 connecting

(x1 y1)
t and (x2 y2)

t. Since t 7→ disA
(
x(t), y(t)

)
is continuous, there exists

a t0 ∈ [0, 1] such that disA
(
x(t0), y(t0)

)
= 0. This means that the matrix

Ax(t0),y(t0) has a double eigenvalue, which we denote by z0.

Now let z, z′ ∈ W 2(A) be arbitrary, z ∈ σp(Ax,y), z′ ∈ σp(Ax′,y′) for

some x, x′ ∈ H1, y, y
′ ∈ H2, x, x

′, y, y′ 6= 0. By Lemma 1.10.1, there exists

a curve
(
x(t) y(t)

)t
, t ∈ [0, 1], in H connecting (x y)t with

(
x(t0) y(t0)

)t
. If

z = λ±(x, y), then λ±
(
x(t), y(t)

)
, t ∈ [0, 1], is a curve in W 2(A) from z to

z0. A curve from z0 to z′ in W 2(A) is constructed analogously.

ii) SinceW 2(A) consists of at most two components and σ(A) ⊂W 2(A),

the claim is immediate from i). �
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In the following, we investigate the sets Λ± in greater detail. As in

Proposition 1.3.9, we use the notations

a− := inf W (A), a+ := supW (A),

d− := inf W (D), d+ := supW (D).

Proposition 1.10.3 Let A be J -self-adjoint.

i) Then conv(Λ− ∪ Λ+) ⊂ conv
(
W (A) ∪W (D)

)
or, equivalently,

inf Λ− ≥ min{a−, d−}, supΛ+ ≤ max{a+, d+},
and equality holds if dimH1 ≥ 2 and dimH2 ≥ 2.

ii) If inf Λ+ < sup Λ−, then

(inf Λ−, inf Λ+] ⊂ Λ−, [sup Λ−, sup Λ+) ⊂ Λ+.

Proof. We prove the second statements in i) and ii); the proof of the first

claims is similar.

i) For all x ∈ H1, y ∈ H2, x, y 6= 0, with disA(x, y) ≥ 0, we have

λ+

(
x

y

)
≤ 1

2

(
(Ax, x)

‖x‖2 +
(Dy, y)

‖y‖2 +

∣∣∣∣
(Ax, x)

‖x‖2 − (Dy, y)

‖y‖2
∣∣∣∣
)

= max

{
(Ax, x)

‖x‖2 ,
(Dy, y)

‖y‖2
}
≤ max{a+, d+}

and thus sup Λ+ ≤ max{a+, d+}. Since dimH1 ≥ 2, dimH2 ≥ 2, we have

W (A)⊂W 2(A), W (D)⊂W 2(A) by Theorem 1.1.9, and so equality follows.

ii) Assume to the contrary that there exists a λ0 ∈ [sup Λ−, sup Λ+)

with λ0 /∈ Λ+. Since λ0 < sup Λ+, there is a λ1 ∈ Λ+ with λ0 < λ1.

By assumption, there exists λ2 ∈ Λ− ∩ Λ+. Then λ2 < λ0 < λ1 and

there exist x1, x2 ∈ H1 and y1, y2 ∈ H2, x1, y1, x2, y2 6= 0, with λ1 :=

λ+(x1, y1) and λ2 := λ+(x2, y2). Let
(
x(t) y(t)

)t
, t ∈ [0, 1], be a curve in H

connecting (x1 y1)
t and (x2 y2)

t as in Lemma 1.10.1. Then λ+

(
x(t), y(t)

)
,

t ∈ [0, 1], is a curve in W 2(A) connecting λ1 and λ2. This curve cannot

stay in R since λ2 < λ0 < λ1 and λ0 /∈ Λ+; hence disA
(
x(t), y(t)

)
< 0

for some t ∈ [0, 1]. Let t0 ∈ [0, 1] be the minimal zero of disA
(
x(·), y(·)

)
.

Then λ+

(
x(t0), y(t0)

)
= λ−

(
x(t0), y(t0)

)
∈ Λ+ ∩ Λ−. On the other hand,

λ+

(
x(t), y(t)

)
∈ Λ+, t ∈ [0, t0], and λ+

(
x(0), y(0)

)
= λ1 > λ0; hence

λ+

(
x(t0), y(t0)

)
>λ0≥sup Λ−, a contradiction to λ+

(
x(t0), y(t0)

)
∈Λ−. �

In the following we identify a subinterval [ν, µ] ⊂W 2(A) ∩ R such that

outside of this interval A possesses a local spectral function. The interval is
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defined such that its complement lies outside of the intersection of Λ− and

Λ+ and does not contain accumulation points of the non-real spectrum.

Proposition 1.10.4 Let A be J -self-adjoint. Define

Λ0 :=
{
λ ∈ R : ∃ (λn)∞1 ⊂W 2(A) \ R, lim

n→∞
λn = λ

}
(1.10.1)

and
ν := min

{
inf Λ+, inf Λ0, max{a−, d−}

}
,

µ := max
{
sup Λ−, sup Λ0, min{a+, d+}

}
.

(1.10.2)

Then the interval [ν, µ] satisfies the inclusions

i)
[
max{a−, d−},min{a+, d+}

]
⊂ [ν, µ] ⊂

[
a− + d−

2
,
a+ + d+

2

]
,

ii) Λ− ∩ Λ+ ⊂ [inf Λ+, sup Λ−] ⊂ [ν, µ].

Proof. The left inclusion in i) and the right inclusion in ii) are immediate

from the definition of ν and µ. The left inclusion in ii) is obvious from the

inequalities inf Λ+ ≥ inf Λ−, sup Λ+ ≥ sup Λ−. For the right inclusion in i),

we observe that e.g. min{a+, d+} ≤ (a++ d+)/2, λ−(x, y) ≤ (a++ d+)/2

for all x ∈ H1, y ∈ H2, x, y 6= 0, by definition of λ−, and Re
(
W 2(A)\R

)
⊂[

(a−+ d−)/2, (a++ d+)/2
]

by Proposition 1.3.9 ii). �

Remark 1.10.5 The interval [ν, µ] was defined differently in [LLMT05,

(2.4)], not taking into account the accumulation of the non-real points

of W 2(A). It was assumed, but not proved there, that non-real points

of W 2(A) can accumulate at the real axis only within Λ− ∩ Λ+. This

question is still open and hence the definition of ν, µ had to be modified

here to ensure the completeness of the proof of [LLMT05, Theorem 3.1]

(presented as Theorem 1.10.9 below).

In the following we introduce the notions of spectral points of definite

type of J -self-adjoint operators and of J -nonnegative and J -nonpositive

subspaces (see [Lan82, Sections II.4, I.1]).

Definition 1.10.6 Let A ∈ L(H) be J -self-adjoint and let [·, ·] := (J ·, ·).
i) An eigenvector x0 at an eigenvalue λ0 of A is called of J-positive type if

[x0,x0] > 0;

an eigenvalue λ0 of A is called of J -positive type if all corresponding

eigenvectors are of J -positive type.

iii) A spectral point λ0 ∈ σapp(A) ∩ R is called of J -positive type if

‖xn‖ = 1, lim
n→∞

‖(A− λ0)xn‖ = 0 =⇒ lim inf
n→∞

[xn,xn] > 0.
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The definition of eigenvectors, eigenvalues, and spectral points of J -

negative type is analogous.

Definition 1.10.7 A subspace L ⊂ H is called J -nonnegative (J -

positive, uniformly J -positive, respectively) if [x, x] ≥ 0 for all x ∈ L, x 6= 0

(> 0 or ≥ γ ‖x‖2 with some γ > 0, respectively). A J -nonnegative sub-

space L is called maximal J -nonnegative if it is not properly contained in

another J -nonnegative subspace.

If for an interval (α, β) ⊂ R the points of (α, β) ∩ σ(A) are all of J -

positive or all of J -negative type for A, then A has a local spectral function

EA(∆) on (α, β) (see [LMM97, Theorem 3.1]); the spectral function is

defined for all ∆ belonging to the semi-ringM(α, β) generated by all closed,

open or semi-closed intervals whose closure is contained in (α, β).

The subspace L∆(A) := EA(∆)H is called the spectral subspace of A
corresponding to ∆. If ∆ ∈ M(α, β) is so that ∆∩σ(A) 6= ∅ and consists of

points of J -positive type, then the corresponding spectral subspace L∆(A)

is a uniformly J -positive subspace of H (see [Lan82, Remark 1]).

A useful property of J -definite subspaces is that they admit angular

operator representations (see e.g. [Lan82], [Bog74, Theorem II.11.7]).

Remark 1.10.8 A closed subspace L ⊂ H is J -nonnegative if and only

if there is a closed subspace HL
1 ⊂ H1 and a contraction K : HL

1 → H2 with

L =

{(
x

Kx

)
: x ∈ HL

1

}
.

The subspace L is J -positive if and only if K is a strict contraction (i.e.

‖Kx‖ < ‖x‖ for all x ∈ HL
1 , x 6= 0), and L is uniformly J -positive if and

only if K is a uniform contraction on HL
1 (i.e. ‖K‖ < 1); the subspace L is

maximal J -nonnegative if and only if HL
1 = H1.

Now we are ready to classify spectral points of J -self-adjoint block

operator matrices according to their types.

Theorem 1.10.9 Let A be J -self-adjoint and let ν, µ be defined as

in (1.10.2). Then

i) the spectral points of A in (µ,∞) are of

J -positive type if d+ < a+,

J -negative type if a+ < d+;



SPECTRAL THEORY OF BLOCK OPERATOR MATRICES AND APPLICATIONS 
© Imperial College Press
http://www.worldscibooks.com/mathematics/p493.html

3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

Bounded Block Operator Matrices 67

ii) the spectral points of A in (−∞, ν) are of

J -negative type if d− < a−,

J -positive type if a− < d−;

iii) A has a local spectral function EA on (−∞, ν) and (µ,∞).

Remark 1.10.10 From Proposition 1.10.3 i) it follows that

a+ = d+ =⇒ σ(A) ∩ (µ,∞) = ∅,
a− = d− =⇒ σ(A) ∩ (−∞, ν) = ∅.

Proof. i), ii) We restrict ourselves to the interval (µ,∞) and to the case

d+ < a+; all other cases are analogous.

Let λ ∈ σ(A) ∩ (µ,∞). Then there exists a sequence (xn)∞1 ⊂ H,

xn = (xn yn)t, such that ‖xn‖2 = ‖xn‖2 + ‖yn‖2 = 1 and

un := (A− λ)xn −→ 0, n→∞. (1.10.3)

Without loss of generality, we assume that limn→∞ ‖xn‖ exists. In

order to prove that λ is of J -positive type, it suffices to show that

limn→∞ ‖xn‖2 > 1/2 since [xn,xn] = ‖xn‖2 − ‖yn‖2 = 2‖xn‖2 − 1.

Evidently, if limn→∞ ‖yn‖ = 0, the claim is trivial. Otherwise, we let

un = (un vn)t, take inner products of the rows in (1.10.3) with xn and yn,

respectively, and arrive at

(Axn, xn)− λ‖xn‖2 + (Byn, xn) = (un, xn), (1.10.4)

−(B∗xn, yn) + (Dyn, yn)− λ‖yn‖2 = (vn, yn). (1.10.5)

If limn→∞ ‖xn‖=0, then (1.10.5) would imply (Dyn, yn)/‖yn‖2→λ, n→∞,

a contradiction to λ > d+. So, in the following, we may assume without

loss of generality that xn, yn 6= 0 and 0 < limn→∞ ‖xn‖ < 1. If we set

an :=
(Axn, xn)

‖xn‖2
, bn :=

(Byn, xn)

‖xn‖ ‖yn‖
, dn :=

(Dyn, yn)

‖yn‖2
,

then (1.10.4), (1.10.5), and (1.10.3) imply that

(
Axn,yn−λ

)(‖xn‖
‖yn‖

)
=

(
an−λ bn

−bn dn−λ

)(‖xn‖
‖yn‖

)
=

(
(un,xn)
‖xn‖

(vn,yn)
‖yn‖

)
−→ 0, n→∞.

Therefore dist
(
λ, σ(Axn,yn)

)
→ 0, n → ∞, by Lemma 1.3.2. Because

λ > µ ≥ max{supΛ−, sup Λ0}, neither points of Λ− nor non-real points of

W 2(A) can accumulate at λ; hence limn→∞ λ+(xn, yn) = λ.

Adding (1.10.4) and the complex conjugate of (1.10.5), we see that
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an‖xn‖2+ dn(1−‖xn‖2)− λ = (un, xn) + (yn, vn) =: εn −→ 0, n→∞.
Since λ > µ ≥ d+ ≥ dn, there exists an n0 ∈ N such that, for n ≥ n0,

0 <
λ− dn + εn

‖xn‖2
= an−dn ≤ a+−d−,

∣∣∣λ−λ+

(
xn

yn

)∣∣∣ < λ− µ
4

. (1.10.6)

Then we have, for all n ≥ n0,
(
‖xn‖2 −

1

2

)(
a+ − d−

)
≥
(
‖xn‖2 −

1

2

)(
an − dn

)
= λ− an + dn

2
+ εn

= λ− 1

2

(
λ+

(
xn

yn

)
+ λ−

(
xn

yn

))
+ εn

≥ λ− µ
2
− 1

2

(
λ− λ+

(
xn

yn

))

≥ λ− µ
4

> 0.

Since a+ > d+ ≥ d−, we obtain the desired inequality limn→∞ ‖xn‖2 > 1/2.

iii) The existence of the local spectral function on (−∞, ν) and on (µ,∞)

follows from ii) (see [LMM97, Theorem 3.1 and Lemma 1.4]). �

Corollary 1.10.11 Let ∆ be an interval with ∆ > µ and let L∆(A) =

EA(∆)H. If d+ < a+, then there exist a subspace H∆
1 ⊂ H1 and a strict

contraction K∆
1 ∈ L

(
H∆

1 ,H2

)
such that

L∆(A) =

{(
x

K∆
1 x

)
: x ∈ H∆

1

}
;

if a+ < d+, then there exist a subspace H∆
2 ⊂ H2 and a strict contraction

K∆
2 ∈ L

(
H∆

2 ,H1

)
such that

L∆(A) =

{(
K∆

2 y

y

)
: y ∈ H∆

2

}
.

Proof. Theorem 1.10.9 shows that L∆(A) = EA(∆)H is uniformly posi-

tive if d+ < a+ and ∆ ∩ σ(A) 6= ∅, and uniformly negative if a+ < d+ and

∆ ∩ σ(A) 6= ∅. Now both claims follow from Remark 1.10.8. �

As in the self-adjoint case (see Theorem 1.8.7), we call the subspacesH∆
1

and H∆
2 ∆-spectral supporting subspaces of A in H1 and H2, respectively;

for the following description in terms of the Schur complements, we restrict

ourselves to the case d+ < a+.

Theorem 1.10.12 Suppose that A is J -self-adjoint. Let ∆ = [α, β] > µ

and let Γ∆ be a simply closed Jordan curve that surrounds ∆, but no point

of σ(A) \∆, and intersects R orthogonally in α and β. Define
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Q∆ := − 1

2πi

∫ ′

Γ∆

S1(z)
−1 dz,

where
∫ ′

denotes the Cauchy principal value at R. Then the range of Q∆

is given by R
(
Q∆

)
= H∆

1 .

Proof. The proof follows the lines of the proof of Theorem 1.8.7 if we use

the local spectral function EA of A according to Theorem 1.10.9, introduce

ÊA(∆) :=
1

2

(
EA(∆) +EA(∆◦)

)
= − 1

2πi

∮ ′

Γ∆

(A− z)−1 dz

instead of P̂∆(A) and use the symmetries e.g. of EA(∆) with respect to the

indefinite inner product [·, ·] (see [LLMT05, Theorem 3.3]). �

The next theorem is the J -self-adjoint analogue of Theorem 1.8.8.

Theorem 1.10.13 Let A be J -self-adjoint with d+ < a+ and let ∆ =

[α, β] > µ be an interval such that α, β ∈ ρ(A). Then

H1 = L(−∞,0)

(
S1(α)

)
uH∆

1 u L(0,∞)

(
S1(β)

)
.

Proof. The proof is similar to the proof of Theorem 1.8.8 if we observe

that, although the Schur complement need not be decreasing in the J -self-

adjoint case, the following weaker statement can be proved: If µ < λ1 < λ2

and
(
S1(λ2)x, x

)
≥ 0 for some x ∈ H1, x 6= 0, then

(
S1(λ1)x, x

)
> 0. For

more details we refer to [LLMT05, Section 4]. �

We conclude this section by investigating the corners of the zones Λ−

and Λ+ of the quadratic numerical range. If a− 6= d− and a+ 6= d+,

respectively, then the outer corners inf Λ− and sup Λ+ are corners of W 2(A)

and hence, by Theorems 1.5.8 and 1.5.2, they belong to σ(A), or even to

σp(A) if inf Λ−= min Λ− and sup Λ+ = maxΛ+, respectively.

In the following theorem, we prove analogous statements for the interior

corner supΛ− of Λ−; the formulation of the analogue for inf Λ+ is obvious.

Theorem 1.10.14 Let A be J -self-adjoint. Suppose that supΛ− > d+

and that there exists a neighbourhood of sup Λ− containing no non-real

points of W 2(A). Then supΛ− ∈ σ(A).

If, in addition, sup Λ− = maxΛ−, then sup Λ− ∈ σp(A). In the latter

case, if supΛ− = λ−(x0, y0) for some x0 ∈ H1, y0 ∈ H2, x0, y0 6= 0, then

there is a γ ∈ C so that (x0 γy0)
t is an eigenvector of A corresponding

to sup Λ−.

Proof. The proof is very similar to the proofs of Theorems 1.5.2 and 1.5.8;

for details we refer the reader to the proof of [LLMT05, Theorem 2.7]. �
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1.11 The block numerical range

The concept of quadratic numerical range for 2 × 2 block operator matri-

ces has an obvious generalization to n × n block operator matrices. For

this so-called block numerical range, we prove results on spectral inclusion,

estimates of the resolvent, and inclusion theorems between block numerical

ranges under refinements of the decomposition of the space (see [TW03]).

Let n ∈ N, let H1, . . . ,Hn be complex Hilbert spaces, and consider

H = H1 ⊕ · · · ⊕ Hn. With respect to this decomposition, every operator

A ∈ L(H) has an n× n block operator matrix representation

A =



A11 · · · A1n

...
...

An1 · · · Ann


 (1.11.1)

with entries Aij ∈ L(Hj ,Hi), i, j = 1, . . . , n. In the following we denote by

SH1⊕···⊕Hn :=SH1× · · · ×SHn=
{
(x1 . . . xn)t∈ H :‖xi‖ = 1, i = 1, 2, . . . , n

}

the product of the unit spheres SHi in Hi; we also writeSn or SH instead of

SH1⊕···⊕Hn if the decomposition H = H1⊕· · ·⊕Hn is clear (note the slight

difference in notation between SH1⊕···⊕Hn and the unit sphere SH1⊕···⊕Hn

in H1 ⊕ · · · ⊕ Hn).

Definition 1.11.1 For x = (x1 . . . xn)t ∈ SH1⊕···⊕Hn we introduce the

n× n matrix

Ax :=




(A11x1, x1) · · · (A1nxn, x1)
...

...

(An1x1, xn) · · · (Annxn, xn)


 ∈Mn(C), (1.11.2)

that is, (Ax)ij :=
(
Aijxj , xi

)
, i, j = 1, . . . , n. Then the set

WH1⊕···⊕Hn(A) :=
⋃

x∈Sn

σp(Ax) (1.11.3)

is called block numerical range of A (with respect to the block opera-

tor matrix representation (1.11.1)). For a fixed decomposition of H, we

also write

Wn(A) = WH1⊕···⊕Hn(A).

Clearly, since σp(Ax) =
{
λ ∈ C : det (Ax−λ) = 0

}
for all x ∈ Sn,

Wn(A) has the equivalent representation

Wn(A) =
{
λ ∈ C : ∃ x ∈ Sn det (Ax − λ) = 0

}
. (1.11.4)
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Remark 1.11.2 For n = 1 the block numerical range is just the usual

numerical range, for n = 2 it is the quadratic numerical range introduced

in Section 1.1. For n = 3, the block numerical range is also called cubic

numerical range and for n = 4 quartic numerical range. If A ∈ Mn(C) is

an n× n matrix, then W n(A) coincides with the set of eigenvalues of A.

Like the numerical range and the quadratic numerical range, the block

numerical range of a bounded block operator matrix A is bounded,

Wn(A) ⊂
{
λ ∈ C : |λ| ≤ ‖A‖

}
,

and closed if dimH <∞. The former follows if we let x = (x1 . . . xn)t ∈ Sn,

z = (z1 . . . zn)t ∈ Cn, ‖z‖ = 1, set yj := zjxj , j = 1, . . . , n, y := (y1 . . . yn)t

so that ‖y‖ = 1, and observe that

‖Axz‖2=

n∑

i=1

∣∣∣
n∑

j=1

(
Aijxj , xi

)
zj

∣∣∣
2

≤
n∑

i=1

∣∣∣
∣∣∣

n∑

j=1

Aijyj

∣∣∣
∣∣∣
2

||xi||2 = ‖Ay‖2≤ ‖A‖2.

If H = H1 ⊕ · · · ⊕ Hn is decomposed into n components, then the cor-

responding block numerical range consists of at most n (connected) com-

ponents; as in the case n = 2, this follows from the fact that the set of all

matrices Ax, x ∈ Sn, is connected and from a continuity argument for the

eigenvalues of matrices (see [Kat95, Theorem II.5.14] and [Wag00]). If, for

example, A is upper or lower block triangular, then

Wn(A) = W (A11) ∪ · · · ∪W (Ann).

This shows that, like the quadratic numerical range, W n(A) need not be

convex; the next example shows that its components need not be so either.

Example 1.11.3 Consider the 4× 4 matrix

A7 =




2 0 1 1

0 −2 1 1

i i 1 0

i i 0 −1




with respect to C4 = C2⊕C⊕C. The corresponding cubic numerical range

has 3 components and none of them is convex (see Fig. 1.8).

Proposition 1.11.4 If A∗ denotes the adjoint of A, then

i) Wn(A∗) =
{
λ ∈ C : λ ∈ Wn(A)

}
=: Wn(A)∗.

ii) A = A∗ =⇒ Wn(A) ⊂ R.
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Figure 1.8 Cubic numerical range W 3(A7) = WC2⊕C⊕C(A7) of A7.

Proof. For assertion i) we observe that (Ax)
∗

= (A∗)x; assertion ii) is

obvious since in this case all matrices Ax are symmetric. �

In Fig. 1.8 the eigenvalues of A7, which are marked by black dots,

are obviously contained in W 3(A7). In order to prove a general spectral

inclusion theorem, we need the following generalization of Lemma 1.3.2.

Lemma 1.11.5 Let M∈Mn(C). If M is invertible, then

‖M−1‖ ≤ ‖M‖
n−1

| detM| . (1.11.5)

For all x ∈ Cn, ‖x‖ = 1, we have

dist
(
0, σ(M)

)
≤ n
√
‖M‖n−1‖Mx‖.

Proof. The first estimate was proved in [Kat60, Lemma 1] (see also [Kat95,

Section I.4.2, (4.12)] and note that Cn is a unitary space). The second

statement is trivial if M is not invertible. If M is invertible and x ∈ Cn,

‖x‖ = 1, then ‖Mx‖ ≥ ‖M−1‖−1 > 0. Denoting by λ1, . . . , λn the eigen-

values of M and using (1.11.5), we obtain
(
dist

(
0, σ(M)

))n
=
( n

min
i=1
|λi|
)n

≤ |λ1 · · ·λn| = | detM|

≤ ‖M‖
n−1

‖M−1‖ ≤ ‖M‖
n−1‖Mx‖. �

The next theorem generalizes the spectral inclusion property of the

numerical range (n= 1, see (1.1.1)) and of the quadratic numerical range

(n=2, see Theorem 1.3.1).
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Theorem 1.11.6 σp(A) ⊂Wn(A), σ(A) ⊂W n(A).

Proof. First let λ ∈ σp(A). Then there exists x = (x1 . . . xn)t ∈ H, x 6= 0,

such that Ax − λx = 0. If we write xi = ‖xi‖ x̂i with x̂i ∈ Hi, ‖x̂i‖ = 1,

i = 1, . . . , n, then x̂ := (x̂1 . . . x̂n)t ∈ Sn, (xi, x̂i) = ‖xi‖, i = 1, . . . , n, and

(
Ax̂ − λ

)


‖x1‖

...

‖xn‖


=




(A11x̂1, x̂1)− λ · · · (A1nx̂n, x̂1)
...

...

(An1x̂1, x̂n) · · · (Annx̂n, x̂n)− λ






‖x1‖

...

‖xn‖




=




(A11x1, x̂1) + · · ·+ (A1nxn, x̂1)− λ(x1, x̂1)
...

(An1x1, x̂n) + · · ·+ (Annxn, x̂n)− λ(xn, x̂n)




=




(∑n
j=1A1jxj − λx1, x̂1

)

...(∑n
j=1 Anjxj − λxn, x̂n

)


 =

(
Ax− λx, x̂

)
= 0.

Hence λ ∈ σp(Ax̂) ⊂Wn(A) by definition (1.11.3).

Now let λ ∈ σ(A). Then we either have λ ∈ σp(A∗)∗ or λ ∈ σapp(A)

(the approximate point spectrum of A, see (1.3.4)). If λ ∈ σp(A∗)∗, then

the inclusion already proved and Proposition 1.11.4 i) yield λ ∈ σp(A∗) ⊂
Wn(A∗) = Wn(A)∗ and hence λ ∈ W n(A). If λ ∈ σapp(A), then there is a

sequence
(
x(ν)

)∞
1
⊂ H, ‖x(ν)‖ = 1, so that Ax(ν)−λx(ν) → 0, ν →∞. If we

write x
(ν)
i =‖x(ν)

i ‖ x̂
(ν)
i with x̂

(ν)
i ∈ Hi, ‖x̂(ν)

i ‖ = 1, i = 1, . . . , n, ν = 1, 2, . . . ,

then x̂(ν) :=
(
x̂

(ν)
1 . . . x̂

(ν)
n

)t∈ Sn and, in a similar way as above, we obtain

(
Ax̂(ν) − λ

)



‖x(ν)
1 ‖
...

‖x(ν)
n ‖


 =

(
Ax(ν) − λx(ν), x̂(ν)

)
−→ 0, ν →∞;

thus we have εν :=
∥∥(Ax̂(ν) − λ

)(
‖x(ν)

1 ‖ . . . ‖x
(ν)
n ‖

)t∥∥ → 0, ν → ∞. Since∥∥(‖x(ν)
1 ‖ . . . ‖x

(ν)
n ‖

)t∥∥ =
∥∥x(ν)

∥∥ = 1, Lemma 1.11.5 implies that

dist
(
λ, σ

(
Ax(ν)

))
= dist

(
0, σ
(
Ax(ν) − λ

))
≤ n
√
‖Ax(ν) − λ‖n−1εν

≤ n

√(
‖A‖+ |λ|

)n−1
εν −→ 0, ν →∞,

and therefore

λ ∈
⋃

ν∈N

σ(Ax(ν) ) ⊂
⋃

x∈Sn

σ(Ax) = Wn(A). �
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Example 1.11.7 As an illustration of Theorem 1.11.6, we consider the

block operator matrices

A8 =




2 i 1 0

i 2 0 1

1 0 −2 i

0 1 i −2


 , A9 =




−2 −1 1 0

−1 −2 0 1

−2 −1 0 −3i

−1 −2 3i 0


 .

Figure 1.9 shows their eigenvalues marked by black dots and their cubic

numerical ranges. Note that the horizontal line in the right picture is part

of the cubic numerical range.

Figure 1.9 Cubic numerical ranges WC⊕C2⊕C(A8), WC⊕C⊕C2(A9), and eigenvalues.

The next theorem generalizes Theorem 1.1.9; it shows that the block

numerical range of a principal minor of an n× n block operator matrix A
is contained in W n(A) if a certain dimension condition holds.

Theorem 1.11.8 Let k ∈ N, 1 ≤ k ≤ n, 1 ≤ i1 < · · · < ik ≤ n, and

denote by P : H1 ⊕ · · · ⊕ Hn → Hi1 ⊕ · · · ⊕ Hik
the projection onto the

components i1, . . . , ik of H.

If there exists an enumeration i′1, . . . , i
′
n−k of the elements of the set

{1, . . . , n} \ {i1, . . . , ik} with dim Hi′j
≥ n−(j−1), j = 1, . . . , n− k, then

WHi1⊕···⊕Hik
(PAP ) ⊂WH1⊕···⊕Hn(A).

Proof. For k = n, the statement is trivial. For k = n − 1 there is

an i ∈ {1, . . . , n} such that {i1, . . . , ik} ∪ {i} = {1, . . . , n}. If we denote

H′
i := H1 ⊕ · · · ⊕ Hi−1 ⊕Hi+1 ⊕ · · · ⊕ Hn and A′

i := PAP , then
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A′
i =




A11 · · · A1,i−1 A1,i+1 · · · A1n

...
...

...
...

Ai−1,1 · · · Ai−1,i−1 Ai−1,i+1 · · · Ai−1,n

Ai+1,1 · · · Ai+1,i−1 Ai+1,i+1 · · · Ai+1,n

...
...

...
...

An1 · · · An,i−1 An,i+1 · · · Ann




.

Now let λ ∈ WH1⊕···⊕Hi−1⊕Hi+1⊕···⊕Hn(A′
i). Then there exists an element

x′ = (x1 . . . xi−1 xi+1 . . . xn)t ∈ SH′
i

with det
(
(A′

i)x′ − λ
)

= 0. Since

dim span
{
Ai1x1, . . . , Ai,i−1xi−1, Ai,i+1xi+1, . . . , Ainxn

}
≤ n− 1 < dimHi

by assumption, there is an xi ∈ Hi, ‖xi‖ = 1, with (Ax)ij = (Aijxj , xi) = 0

for j = 1, . . . , i− 1, i+ 1, . . . , n. Then we have x := (x1 . . . xn)t ∈ SH and

Ax =




(Ax)11 · · · (Ax)1,i−1 (Ax)1i (Ax)1,i+1 · · · (Ax)1n

...
...

...
...

(Ax)i−1,1 · · · (Ax)i−1,i−1 (Ax)i−1,i (Ax)i−1,i+1 · · · (Ax)i−1,n

0 · · · 0 (Ax)ii 0 · · · 0

(Ax)i+1,1 · · · (Ax)i+1,i−1 (Ax)i+1,i (Ax)i+1,i+1 · · · (Ax)i+1,n

...
...

... · · ·
(Ax)n1 · · · (Ax)n,i−1 (Ax)ni (Ax)n,i+1 · · · (Ax)nn




.

Thus det(Ax − λ) =
(
(Ax)ii − λ

)
det
(
(A′

i)x′ − λ
)

= 0 and, consequently,

λ ∈ WH1⊕···⊕Hn(A). The case k < n− 1 follows by induction. �

The particular case k = 1 of Theorem 1.11.8 shows that, under a certain

dimension condition, the numerical ranges of the diagonal entries Aii of A
are contained in the block numerical range of A (compare Theorem 1.1.9

and Corollary 1.1.10 for the case n = 2).

Corollary 1.11.9 Let i0 ∈ N. If there exists an enumeration i′1, . . . , i
′
n−1

of {1, . . . , i0−1, i0 +1, . . . , n} with dim Hi′j
≥ n− (j−1), j = 1, . . . , n−1,

then

W (Ai0i0) ⊂Wn(A);

in particular, if dim Hi ≥ n for i = 1, . . . , n, then

W (Aii) ⊂Wn(A), i = 1, . . . , n.

Corollary 1.11.10 Suppose that dimHi ≥ n, i = 1, . . . , n, and that

Wn(A) = F1 ∪̇ · · · ∪̇ Fn consists of n disjoint components. Then there

exists a permutation π of {1, . . . , n} such that W (Aii) ⊂ Fπ(i), i = 1, . . . , n.
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Proof. Let x1 ∈ SH1 be arbitrary. Then, by the dimension condition,

we can recursively choose xk ∈ SHk
, k = 2, . . . , n, in such a way that

xk ⊥ {Ak1x1, . . . , Ak,k−1xk−1}. Since Wn(A) = F1 ∪̇ · · · ∪̇ Fn, every

matrixAx, x∈SH, has exactly one eigenvalue in each component ofW n(A).

In particular, if we let x := (x1 . . . xn)t ∈ SH, then

Ax =




(A11x1, x1) · · · (A1nxn, x1)
...

. . .
...

0 · · · (Annxn, xn)


 ;

hence there exists a permutation π of {1, . . . , n} with (Aiixi, xi) ∈ Fπ(i) for

i = 1, . . . , n. By Corollary 1.11.9 we haveW (Aii) ⊂Wn(A) for i = 1, . . . , n;

since W (Aii) is convex, the assertion follows. �

The dimension condition in Theorem 1.11.8 cannot be dropped; this can

be seen from the following example.

Example 1.11.11 We reconsider the matrix A5 from Example 1.5.5,

now with the 3 × 3 block decomposition in C ⊕ C2 ⊕ C, and its principal

minor A′
5 given by

A5 =




1 3 + i 2 i

3 + i 1 i 2

−2 i 1 3 + i

i −2 3 + i 1


 , A′

5 =




1 i 2

i 1 3 + i

−2 3 + i 1


 .

Figure 1.10 shows that the quadratic numerical range of A′
5 is not contained

in the cubic numerical range of A5; here n= 3, k= 2, i1 =2, i2 = 3, i′1 =1

and so the dimension condition dim H1 ≥ 3 of Theorem 1.11.8 is violated.

Next we consider the behaviour of the block numerical range under

refinements of the decomposition H1 ⊕ · · · ⊕ Hn of H. Theorem 1.11.13

below is a generalization of the fact that the quadratic numerical range is

contained in the numerical range (see Theorem 1.1.8).

Definition 1.11.12 Let n, ñ ∈ N and H = H1⊕· · ·⊕Hn = H̃1⊕· · ·⊕H̃ñ

with Hilbert spaces H1, . . . ,Hn and H̃1, . . . , H̃ñ. Then H̃1 ⊕ · · · ⊕ H̃ñ is

called a refinement of H1 ⊕ · · · ⊕ Hn if n ≤ ñ and there exist integers

0 = i0 < · · · < in = ñ with Hk = H̃ik−1+1 ⊕ · · · ⊕ H̃ik
for all k = 1, . . . , n.

Theorem 1.11.13 If H̃1⊕· · ·⊕H̃ñ is a refinement of H1⊕· · ·⊕Hn, then

WH̃1⊕···⊕H̃ñ
(A) ⊂WH1⊕···⊕Hn(A),

or, briefly,

W ñ(A) ⊂Wn(A), ñ ≥ n.
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Figure 1.10 WC⊕C2⊕C(A5) and WC2⊕C(A′
5)

Proof. It is sufficient to consider the case ñ = n + 1; the general case

easily follows by induction. If ñ = n+ 1, there exists a k ∈ {1, . . . , n} such

that the refinement H̃1 ⊕ · · · ⊕ H̃ñ of H = H1 ⊕ · · · ⊕ Hn is of the form

H = H1⊕ · · · ⊕Hk−1 ⊕H1
k ⊕H2

k ⊕Hk+1 ⊕ · · · ⊕Hn where Hk = H1
k ⊕H2

k.

With respect to this refined decomposition, A has the representation

A =




A11 · · · A1
1k A2

1k · · · A1n

...
...

...
...

A1
k1 · · · A11

kk A12
kk · · · A1

kn

A2
k1 · · · A21

kk A22
kk · · · A2

kn
...

...
...

...

An1 · · · A1
nk A2

nk · · · Ann




with Ast
kk ∈L(Ht

k,Hs
k), At

ki ∈L(Hi,Ht
k), As

jk ∈L(Hs
k,Hj), k, i, j = 1, . . . , n,

s, t = 1, 2. For the entries Aij ∈ L(Hj ,Hi), i, j = 1, . . . , n, of the represen-

tation (1.11.1) of A with respect to H = H1 ⊕ · · · ⊕ Hn, we have

Akk =

(
A11

kk A12
kk

A21
kk A22

kk

)
, Aki =

(
A1

ki

A2
ki

)
, Ajk =

(
A1

jk A
2
jk

)
.

By Theorem 1.11.6 about the spectral inclusion, we conclude that

WH1⊕···⊕H1
k⊕H2

k⊕···⊕Hn
(A)

=
⋃ {

σ(Ax) : x ∈ SH1⊕···⊕H1
k
⊕H2

k
⊕···⊕Hn

}

⊂
⋃ {

WC⊕···⊕C2⊕···⊕C(Ax) : x∈SH1⊕···⊕H1
k
⊕H2

k
⊕···⊕Hn

}
.
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The theorem is proved if we show that, for x ∈ SH1⊕···⊕H1
k⊕H2

k⊕···⊕Hn
,

WC×···×C2×···×C(Ax) ⊂
⋃ {

σ(Ay) : y ∈ SH1⊕···⊕Hn

}
= WH1⊕···⊕Hn(A).

To this end, let x ∈ SH1⊕···⊕H1
k⊕H2

k⊕···⊕Hn
, x = (x1 . . . x

1
k x

2
k . . . xn)t ∈ H

with ‖x1‖ = · · · = ‖x1
k‖ = ‖x2

k‖ = · · · = ‖xn‖ = 1. Then

Ax =




(A11x1, x1) · · · (A1
1kx

1
k , x1) (A2

1kx
2
k, x1) · · · (A1nxn, x1)

...
...

...
...

(A1
k1x1, x

1
k) · · · (A11

kkx
1
k , x

1
k) (A12

kkx
2
k, x

1
k) · · · (A1

knxn, x
1
k)

(A2
k1x1, x

2
k) · · · (A21

kkx
1
k , x

2
k) (A22

kkx
2
k, x

2
k) · · · (A2

knxn, x
2
k)

...
...

...
...

(An1x1, xn) · · · (A1
nkx

1
k , xn) (A2

nkx
2
k, xn) · · · (Annxn, xn)




=:




B11 · · · B1k · · · B1n

...
...

...

Bk1 · · · Bkk · · · Bkn

...
...

...

Bn1 · · · Bnk · · · Bnn




=: B ∈ L
(
C⊕ · · · ⊕ C2 ⊕ · · · ⊕ C

)
.

Now let z ∈ SC⊕···⊕C2⊕···⊕C be arbitrary. If we find a y ∈ SH1⊕···⊕Hn with

Bz = Ay , then σ
(
(Ax)z

)
= σ(Bz) = σ(Ay) and hence

WC⊕···⊕C2⊕···⊕C(Ax) =
⋃ {

σ
(
(Ax)z

)
: z ∈ SC⊕···⊕C2⊕···⊕C

}

⊂
⋃ {

σ(Ay) : y ∈ SH1⊕···⊕Hn

}
,

as required. To this end, let z = (z1 . . . zk . . . zn)t ∈ C⊕ · · · ⊕C2 ⊕ · · · ⊕C,

zk =
(
z1

k z
2
k

)t ∈ C2, with |z1|2 = · · · = ‖zk‖2 = · · · = |zn|2 = 1. Then

Bz =




(B11z1, z1) · · · (B1kzk, z1) · · · (B1nzn, z1)
...

...
...

(Bk1z1, zk) · · · (Bkkzk, zk) · · · (Bknzn, zk)
...

...
...

(Bn1z1, zn) · · · (Bnkzk, zn) · · · (Bnnzn, zn)



.

Set

yi := zixi, i = 1, . . . , n, i 6= k, yk := (y1
k y

2
k)t :=

(
z1

kx
1
k z

2
kx

2
k

)
.

Then it is not difficult to check that ‖yi‖ = 1, i = 1, . . . , n, and hence

y := (y1 . . . yk . . . yn)t ∈ SH1⊕···⊕Hn . With this choice of y, we obtain the



SPECTRAL THEORY OF BLOCK OPERATOR MATRICES AND APPLICATIONS 
© Imperial College Press
http://www.worldscibooks.com/mathematics/p493.html

3rd September 2008 11:35 WSPC/Book Trim Size for 9in x 6in mybook9x6

Bounded Block Operator Matrices 79

desired equality Bz = Ay. For example, for k = 1, . . . , n, the k-th diagonal

elements (Bz)kk of Bz and (Ay)kk of Ay coincide since

(Bz)kk =

((
(A11

kkx
1
k, x

1
k)z1

k + (A12
kkx

2
k, x

1
k)z2

k

(A21
kkx

1
k, x

2
k)z1

k + (A22
kkx

2
k, x

2
k)z2

k

)
,

(
z1

k

z2
k

))

=
(
(A11

kky
1
k, x

1
k) + (A12

kky
2
k, x

1
k)
)
z1

k +
(
(A21

kky
1
k, x

2
k) + (A22

kky
2
k, x

2
k)
)
z2

k

=
(
A11

kky
1
k +A12

kky
2
k, y

1
k

)
+
(
A21

kky
1
k +A22

kky
2
k, y

2
k

)

=

((
A11

kky
1
k +A12

kky
2
k

A21
kky

1
k +A22

kky
2
k

)
,

(
y1

k

y2
k

))
= (Akkyk, yk) = (Ay)kk ;

the proof for the other entries is similar. �

Example 1.11.14 As an illustration for Theorem 1.11.13, we reconsider

the matrix A3 from Example 1.3.3:

A3 =




0 0 1 0

0 0 0 1

−2 −1 i 5i

−1 −2 −5i i


 . (1.11.6)

Its block numerical ranges with respect to the four successively refined

decompositions C4 = C2⊕C2 = C2⊕C⊕C = C⊕C⊕C⊕ C (the first one

being the numerical range and the last one the spectrum) are displayed in

Fig. 1.11 below.

Remark 1.11.15 In [FH08], K.-H. Förster and N. Hartanto considered

the block numerical range of (entrywise) nonnegative matrices. They devel-

oped a Perron-Frobenius theory for it, thus generalizing corresponding

results for the spectrum and the numerical range.

The estimate for the resolvent of a block operator matrix in terms of

the quadratic numerical range also generalizes to the block numerical range.

For the proof we need the following generalization of Lemma 1.4.2.

Lemma 1.11.16 Let A(·) : Sn → Mn(C) be uniformly bounded from

below, i.e. assume there exists a δ > 0 such that for all x ∈ Sn

‖Axα‖ ≥ δ ‖α‖, α ∈ Cn. (1.11.7)

Then
‖Ay‖ ≥ δ ‖y‖, y ∈ H;

if, in addition, A is boundedly invertible, then ‖A−1‖ ≤ δ−1.
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Figure 1.11 WC4(A3), WC2⊕C2 (A3), WC2⊕C⊕C(A3), and WC⊕C⊕C⊕C(A3).

Proof. Let y = (y1 . . . yn)t ∈ H be arbitrary, write yi = ‖yi‖ ŷi with

ŷi ∈ Hi, ‖ŷi‖ = 1, i = 1, . . . , n, and set α :=
(
‖y1‖ . . . ‖yn‖

)t ∈ Cn.

Then ŷ := (ŷ1 . . . ŷn)t ∈ Sn and hence, by assumption (1.11.7), we have

‖Aŷα‖2 ≥ δ2‖α‖2 = δ2‖y‖2. Together with the equalities

‖Aŷα‖2 =

∥∥∥∥∥∥∥




(A11ŷ1, ŷ1)‖y1‖+ · · ·+ (A1nŷn, ŷ1)‖yn‖
...

(An1ŷ1, ŷn)‖y1‖+ · · ·+ (Annŷn, ŷn)‖yn‖




∥∥∥∥∥∥∥

2

=
n∑

i=1

∣∣∣
( n∑

j=1

Aijyj , ŷi

)∣∣∣
2

≤
n∑

i=1

∥∥∥
n∑

j=1

Aijyj

∥∥∥
2

‖ŷi‖2

=
n∑

i=1

∥∥∥
n∑

j=1

Aijyj

∥∥∥
2

= ‖Ay‖2,

the desired estimate follows. The last claim is obvious. �
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The following theorem generalizes the resolvent estimate in terms of the

numerical range (n = 1, see (1.1.2)) and in terms of the quadratic numerical

range (n = 2, see Theorem 1.4.1).

Theorem 1.11.17 The resolvent of A admits the estimate

∥∥(A− λ)−1
∥∥ ≤

(
‖A‖+ |λ|

)n−1

dist
(
λ,Wn(A)

)n , λ /∈Wn(A). (1.11.8)

More exactly, if F1, . . . ,Fs are the components of W n(A), then there are

integers nj , j = 1, . . . , s, with
∑s

j=1 nj = n such that

∥∥(A− λ)−1
∥∥ ≤ ‖A− λ‖n−1

∏s
j=1 dist

(
λ,Fj

)nj
, λ /∈Wn(A); (1.11.9)

in particular, if W n(A) consists of n components, then

∥∥(A− λ)−1
∥∥ ≤ ‖A− λ‖n−1

∏n
j=1 dist (λ,Fj)

, λ /∈Wn(A).

Proof. Let λ /∈ W n(A). If F1, . . . ,Fs are the components of W n(A),

then there are integers nj , j = 1, . . . , s, with
∑s

j=1 nj = n such that each

matrix Ax, x ∈ Sn, has exactly nj eigenvalues in Fj for all j = 1, . . . , s.

Now let x ∈ Sn and let λ1, . . . , λn be the eigenvalues of Ax. Then there

exists a partition I1
.∪ · · · .∪ Is = {1, . . . , n} so that λi ∈ Fj if and only if

i ∈ Ij . Then nj = #Ij , j = 1, . . . , s, and
∣∣det(Ax−λ)

∣∣ = |λ−λ1| · · · |λ−λn| =
s∏

j=1

∏

i∈Ij

|λ−λi| ≥
s∏

j=1

dist (λ,Fj)
nj > 0

for x ∈ Sn since λ /∈ W n(A); in particular, Ax − λ is invertible. This and

Lemma 1.11.5 now imply that

∥∥(A− λ)−1
x

∥∥ ≤ ‖(A− λ)x‖n−1

| det(Ax − λ)|
≤ ‖A − λ‖n−1

∏s
j=1 dist (λ,Fj)nj

(1.11.10)

for all x ∈ Sn. Since λ /∈ W n(A), we have λ ∈ ρ(A) by Theorem 1.11.6

and hence A − λ is invertible. Using this and (1.11.10), we obtain the

second assertion of the theorem from Lemma 1.11.16. The first and the

third estimate are immediate consequences of the second inequality. �

As for the numerical range and the quadratic numerical range, the esti-

mate of the resolvent yields an upper bound for the length of Jordan chains

at boundary points of the block numerical range (compare Corollary 1.4.8).

Proposition 1.11.18 Let λ0 ∈ σp(A). If λ0 ∈ ∂Wn(A) has the exterior

cone property, then the length of a Jordan chain at λ0 is at most n.
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More exactly, if W n(A) = F1 ∪̇ . . . ∪̇ Fs consists of s disjoint components,

such that λ0 ∈ Fj0 , and the integers nj , j = 1, . . . , s, are as in the proof of

Theorem 1.11.17, then the length of a Jordan chain at λ0 is at most nj0 .

In particular, if W n(A) consists of n components, then the length of a Jor-

dan chain at λ0 is at most one, i.e. there are no associated vectors at λ0.

Proof. The proof is completely analogous to the proof of Corollary 1.4.8

for the quadratic numerical range (see [TW03, Proposition 4.4]). �

Remark 1.11.19 The block diagonalization theorem (see Theorem 1.7.1

and Corollary 1.7.2) was generalized recently to the n×n case by M. Wagen-

hofer (see the PhD thesis [Wag07]). He did not only assume thatW n(A) has

n disjoint components, but that they are separated in some stronger sense.

1.12 Numerical ranges of operator polynomials

A special class of n×n block operator matrices, so-called companion oper-

ators, arises as linearizations of operator polynomials of degree n. Here we

study the relation between the block numerical range of a companion oper-

ator and the numerical range of the corresponding operator polynomial.

Let H0 be a complex Hilbert space, let Ai ∈ L(H0), i = 0, . . . , n−1, and

set A := (A0, . . . , An−1). Consider the operator polynomial PA given by

PA(λ) := λnI + λn−1An−1 + · · ·+ λA1 +A0, λ ∈ C.

The companion operator CA of PA is the n × n block operator matrix in

the Hilbert space H = Hn
0 = H0 ⊕ · · · ⊕ H0 given by

CA :=




0 I · · · · · · 0

... 0 I

...
. . .

. . .

... 0 I

−A0 −A1 · · · −An−2 −An−1




.

It is well-known that the spectral properties of PA and its companion oper-

ator CA are intimately related (see [Mül56], [Mar88, § 12.1]); in particular,

σ
(
PA

)
= σ

(
CA
)

and σp

(
PA

)
= σp

(
CA
)
.

The numerical range of the operator polynomial PA is given by

W (PA) :=
{
λ ∈ C : ∃ f ∈ H, f 6= 0,

(
PA(λ)f, f

)
= 0

}
(see (1.6.1)). It is
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not difficult to check that W (PA) ⊂ W
(
CA
)
; in fact, if

(
PA(λ)f, f

)
= 0,

then
(
(CA− λ)x,x

)
= −λn−1

(
PA(λ)f, f

)
= 0 for x := (f, λf, . . . , λn−1f)t.

The next theorem shows that W (PA) is even contained in the block

numerical range of its companion operator CA:

Theorem 1.12.1 W (PA) ⊂Wn
(
CA
)
.

Proof. Let λ0 ∈ W (PA). Then there exists an x ∈ H0, ‖x‖ = 1, such

that λ0 is a zero of the scalar polynomial
(
PA(λ)x, x

)
= λn + λn−1(An−1x, x) + · · ·+ λ(A1x, x) + (A0x, x) = 0.

The companion operator of the scalar polynomial
(
PA(λ)x, x

)
is the n× n

matrix CA
(x,...,x). Since the zeroes of

(
PA(λ)x, x

)
coincide with the eigenval-

ues of CA
(x,...,x), it follows that λ0 ∈ σp

(
CA
(x,...,x)

)
⊂Wn

(
CA
)
. �

Example 1.12.2 To illustrate Theorem 1.12.1, we reconsider the matrix

A3 in Example 1.3.3. It is the companion operator of the quadratic matrix

polynomial

P3(λ) := λ2I2 + λ

( −i −5i

5i −i

)
+

(
2 1

1 2

)
, λ ∈ C.

Figure 1.12 shows the numerical range of P3 on the left. It is contained

in the quadratic numerical range of A3 with respect to the decomposition

C2 ⊕ C2 on the right.

Figure 1.12 W (P3) and WC2⊕C2 (A3).

Next we show that if H0 is finite-dimensional, H0 = Ck, then, up to

the point 0, the numerical range of PA coincides with a higher degree block

numerical range of its companion operator. To this end, we consider CA

with respect to a refined decomposition of H = Hn
0 = Cnk.
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Theorem 1.12.3 If we consider the companion operator CA with respect

to the decomposition

Cnk =

(n−1)k︷ ︸︸ ︷
C⊕ · · · ⊕ C⊕Ck, (1.12.1)

then

WC⊕···⊕C⊕Ck

(
CA
)

= W (n−1)k+1
(
CA
)

=

{
W (PA), n = 1,

W (PA) ∪ {0}, n > 1.

Proof. For n = 1 the assertion is immediate. For n > 1, with respect to

the decomposition (1.12.1), CA has the block operator representation



0 · · · 0 1 · · · 0 0 · · · 0 0 · · · 0 01,k

: : : : : : · · · : : :

0 · · · 0 0 · · · 1 0 · · · 0 0 · · · 0 01,k

0 · · · 0 0 · · · 0 1 · · · 0 0 · · · 0 01,k

: : : : : : · · · : : :

0 · · · 0 0 · · · 0 0 · · · 1 0 · · · 0 01,k

...
...

...
. . .

...
...

0 · · · 0 0 · · · 0 0 · · · 0 1 · · · 0 01,k

: : : : : : · · · : : :

0 · · · 0 0 · · · 0 0 · · · 0 0 · · · 1 01,k

0 · · · 0 0 · · · 0 0 · · · 0 0 · · · 0 e1
: : : : : : · · · : : :

0 · · · 0 0 · · · 0 0 · · · 0 0 · · · 0 ek

−A(1)
0 · · ·−A

(k)
0 −A

(1)
1 · · ·−A

(k)
1 −A

(1)
2 · · ·−A

(k)
2 · · · −A(1)

n−2· · ·−A
(k)
n−2−An−1




.

Here 01,k = (0 · · · 0) ∈ L(Ck,C) is the zero vector, ej = (0 · · · 1 · · · 0) ∈
L(Ck,C) is the j-th row unit vector, j = 1, . . . , k, and

A
(j)
i =




a
(i)
1j
...

a
(i)
kj


 ∈ L(C,Ck)

is the j-th column of Ai =
(
a
(i)
st

)k
s,t=1

, i = 0, . . . , n−1, j = 1, . . . , k. Now let

x :=
(
x

(1)
0 . . . x

(k)
0 . . . x

(1)
n−2 . . . x

(k)
n−2 (ξ1 . . . ξk)

)t ∈ C⊕ · · · ⊕ C⊕ Ck

with
∣∣x(1)

0

∣∣ = · · · =
∣∣x(k)

n−2

∣∣ = ‖ξ‖ = 1 where ξ := (ξ1 . . . ξk)t. By similar

manipulations of determinants as in the proof of the previous theorem, one

can show that, for λ 6= 0,

det
(
CA

x − λ
)

= (−1)nλ(n−1)(k−1)
(
PA(λ)ξ, ξ

)
.
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This implies W (n−1)k+1
(
CA
)
\{0} = W (PA)\{0}. Finally, it is not difficult

to see that 0 ∈ W (n−1)k+1
(
CA
)

for n > 1. �

Example 1.12.4 As an example for Theorem 1.12.3, we consider the

quadratic matrix polynomial (compare [LMZ98])

P11(λ) := λ2I2 + λ

(
0 2.8i

−2.8i 0

)
+

(
2 1

1 2

)
, λ ∈ C,

with its companion operator A11 decomposed as

A11 =




0 0 1 0

0 0 0 1

−2 −1 0 −2.8i

−1 −2 2.8i 0


 .

In Fig. 1.13 the cubic numerical range of A11 with respect to this decompo-

sition and the numerical range of the operator polynomial P11 are displayed.

A closer look shows that the numerical range of P11 on the right does not

contain the point 0, whereas the cubic numerical range on the left does.

Figure 1.13 WC⊕C⊕C2(A11) and W (P11).

Remark 1.12.5 In [Lin03] H. Linden applied the quadratic numerical

range to derive enclosures for the zeroes of monic polynomials in C of degree

n≥3. He enclosed the quadratic numerical range of the companion matrix

CA with respect to the decompositions Cn= Cn−1⊕ C and Cn= Cn−2⊕ C2

(and thus the zeroes) in two circles of equal radius. Examples show that the

enclosures are tighter than those obtained from the numerical range of CA.
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1.13 Gershgorin’s theorem for block operator matrices

Gershgorin’s circle theorem is a valuable tool to enclose the spectrum of

matrices (see [Ger31], [Bra58], [Var04]). Its generalization to partitioned

matrices and bounded block operator matrices (see [FV62], [Sal99]) is

straightforward. In general, there is no inclusion between the quadratic

or block numerical range and the Gershgorin sets; depending on the par-

ticular situation, one or the other may give a better spectral enclosure.

However, the quadratic or, more generally, block numerical range has the

advantage of not using norms of inverses.

The following Gershgorin theorem for bounded block operator matrices

is due to H. Salas (see [Sal99]). Its proof generalizes Householder’s proof

of Gershgorin’s theorem in the matrix case; it may even be generalized to

unbounded diagonally dominant block operator matrices.

Theorem 1.13.1 Let n ∈ N, let H1, . . . ,Hn be complex Hilbert spaces,

H = H1 ⊕ · · · ⊕ Hn, and let A ∈ L(H),

A =



A11 · · · A1n

...
...

An1 · · · Ann




with Aij ∈ L(Hj ,Hi), i, j = 1, . . . , n. If we define

Gi := σ(Aii) ∪
{
λ ∈ ρ(Aii) :

∥∥(Aii − λ)−1
∥∥−1 ≤

n∑

j=1
j 6=i

∥∥Aij

∥∥
}

(1.13.1)

for i = 1, . . . , n, then

σ(A) ⊂
n⋃

i=1

Gi.

Proof. Suppose that λ /∈ ⋃n
i=1 σ(Aii). Then we can write

A− λ =



A11−λ 0

. . .

0 Ann−λ



(
I +M(λ)

)
(1.13.2)

where

M(λ) :=




0 (A11−λ)−1A12 · · · (A11−λ)−1A1n

(A22−λ)−1A21 0 (A22−λ)−1A2n

...
. . .

...

(Ann−λ)−1An1 · · · · · · 0



.
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If
∥∥(Aii−λ)−1

∥∥−1
>
∑n

j=1
j 6=i

∥∥Aij

∥∥ for i = 1, . . . , n, then ‖M(λ)‖ < 1. Hence

both factors in (1.13.2) are boundedly invertible and so λ ∈ ρ(A). �

Remark 1.13.2 For a self-adjoint diagonal entry Aii, the norms of the

inverses in (1.13.1) are known explicitly and we have

Gi = σ(Aii) ∪
{
λ ∈ ρ(Aii) : dist

(
λ, σ(Aii)

)
≤

n∑

j=1
j 6=i

∥∥Aij

∥∥
}

;

for non-self-adjoint Aii, only the estimate in terms of the numerical range

is available and thus, in general, we only have the inclusion

Gi ⊂ σ(Aii) ∪
{
λ ∈ ρ(Aii) : dist

(
λ,W (Aii)

)
≤

n∑

j=1
j 6=i

∥∥Aij

∥∥
}
.

In the remaining part of this section we consider the case n = 2. For

a 2 × 2 block operator matrix A, the spectrum of A can be described in

terms of the spectra of the Schur complements as (see Proposition 1.6.2)

σ(A) \ σ(Aii) = σ(Si), i = 1, 2. (1.13.3)

This description and a spectral enclosure for the Schur complements allows

us to tighten the spectral enclosure (1.13.1) by the Gershgorin sets:

Proposition 1.13.3 Let n = 2 and define

N1 := σ(A11)∪
{
λ∈ρ(A11)∩ ρ(A22) :

∥∥(A11−λ)−1A12(A22−λ)−1A21

∥∥≥1
}
,

N2 := σ(A22)∪
{
λ∈ρ(A11)∩ ρ(A22) :

∥∥(A22−λ)−1A21(A11−λ)−1A12

∥∥≥1
}
.

Then

σ(A) ⊂
(
σ(A11)∪σ(S1)

)
∪
(
σ(A22)∪σ(S2)

)
⊂ N1∪ N2 ⊂ G1∪ G2. (1.13.4)

Proof. The first inclusion in (1.13.4) is obvious from (1.13.3). For the

second inclusion, we observe that we have λ /∈ N1 ∪ N2 if and only if

λ ∈ ρ(A11) ∩ ρ(A22) and the two inequalities
∥∥(A11 − λ)−1A12(A22 − λ)−1A21

∥∥ < 1, (1.13.5)
∥∥(A22 − λ)−1A21(A11 − λ)−1A12

∥∥ < 1 (1.13.6)

hold. Since, for λ ∈ ρ(A11) ∩ ρ(A22), we can write

S1(λ) = (A11 − λ)
(
I − (A11 − λ)−1A12(A22 − λ)−1A21

)
,

S2(λ) = (A22 − λ)
(
I − (A22 − λ)−1A21(A11 − λ)−1A12

)
,
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we conclude that λ /∈ N1 ∪ N2 implies λ ∈ ρ(S1) ∩ ρ(S2). Because Si is

defined on C \ σ(Aii), we have ρ(Si) ∪̇σ(Si) = C \ σ(Aii), i = 1, 2. Hence

λ ∈ ρ(S1)∩ ρ(S2) is equivalent to λ /∈
(
σ(A11)∪σ(S1)

)
∪
(
σ(A22)∪ σ(S2)

)
.

For the third inclusion in (1.13.4), we note that λ /∈ G1 ∪ G2 if and only

if λ /∈ σ(A11) ∪ σ(A22) and the two inequalities
∥∥(A11 − λ)−1

∥∥ ‖A12‖ < 1,
∥∥(A22 − λ)−1

∥∥ ‖A21‖ < 1

hold; the latter imply the two inequalities (1.13.5), (1.13.6). Therefore

λ /∈ G1 ∪ G2 implies λ /∈ N1 ∪N2. �

To conclude this section, we compare the spectral enclosures by the

Gershgorin sets to those by the quadratic numerical range for self-adjoint

and J -self-adjoint 2 × 2 block operator matrices. In particular, we con-

sider situations where the quadratic numerical range yields estimates of

the spectrum that are independent of the size of the off-diagonal entries.

Remark 1.13.4 Let n = 2, A11 = A∗
11, A22 = A∗

22, and suppose that

either A21 = A∗
12 or A21 = −A∗

12.

i) The Gershgorin type Theorem 1.13.1 yields the inclusion

σ(A) ⊂
{
λ ∈ C : dist

(
λ, σ(A11) ∪ σ(A22)

)
≤ ‖A12‖

}
.

ii) If dist
(
σ(A11), σ(A22)

)
> 0 and A21 = A∗

12, then Theorem 1.3.7 i),

which uses the quadratic numerical range, gives the tighter inclusion

σ(A) ⊂
{
λ ∈ C : dist

(
λ, σ(A11) ∪ σ(A22)

)
≤ ‖δA12‖

}
,

where

δA12 = ‖A12‖ tan

(
1

2
arctan

(
2‖A12‖

dist
(
σ(A11), σ(A22)

)
))

< ‖A12‖;

if, in addition, maxσ(A22) < minσ(A11), then, by Theorem 1.3.6 ii),

σ(A) ∩
(
maxσ(A22),minσ(A11)

)
= ∅

independently of the size of ‖A12‖.
iii) If A21 = −A∗

12, then Proposition 1.3.9 i) shows that

Reσ(A)⊂
[
min

{
min σ(A11),minσ(A22)

}
,max

{
maxσ(A11),maxσ(A22)

}]

independently of the size of ‖A12‖.

If the spectra of the diagonal elements are not disjoint, then the Gersh-

gorin enclosure in Remark 1.13.4 i) still applies, but the estimates in

Remark 1.13.4 ii) do not. The following example shows that, in some cases,
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a change of the decomposition of the space leads to a block operator matrix

with diagonal elements having disjoint spectra.

Example 1.13.5 Let H = H1 ⊕ H1, and let A11 = A∗
11, A22 = A11,

A21 = A∗
12 be such that σ(A11) = σ1 ∪̇σ2 with σi 6= ∅, i = 1, 2, and

dist (σ1, σ2) > 2 ‖A12‖. Then the two Gershgorin sets G1,G2 coincide and

consist of two components,

G1 = G2 = Σ1 ∪̇Σ2, Σi :=
{
λ ∈ C : dist (λ, σi) ≤ ‖A12‖

}
, i = 1, 2,

whereas the quadratic numerical range with respect to the given decompo-

sition H = H1 ⊕H1 consists of a single component by Corollary 1.1.10 ii).

The inclusion by the quadratic numerical range may be improved by

using another decomposition of H. Since σ(A11) = σ1 ∪̇σ2, there exist

invariant subspaces H1
1, H2

1 of A11 such that

σ
(
A11

∣∣
H1

1

)
= σ1, σ

(
A11

∣∣
H2

1

)
= σ2.

We consider the new decomposition H = H̃1 ⊕ H̃2 with H̃i = Hi
1 ⊕ Hi

1

for i = 1, 2. By a standard perturbation argument for self-adjoint opera-

tors (see [Kat95, Theorem V.4.10]), the assumption dist (σ1, σ2) > 2 ‖A12‖
implies that the new diagonal elements Ãii, i = 1, 2, have separated spectra

(they are contained e.g. in the two disjoint components Σi of the Gersh-

gorin sets). Hence Remark 1.13.4 ii) applies to the block operator matrix

obtained with respect to this new decomposition.




