Chapter 1

Brownian Motions and Stochastic
Integrals

1.1 Introduction

Systems in many branches of science and industry are often subject to
various types of noise and uncertainty. For example, let us consider a
simple model of an asset price. Suppose that at time ¢ the asset price
is z(t). Consider a small subsequent time interval dt, during which z(t)
changes to z(t) + dz(t). (We use the notation d- for the small change in
any quantity over this time interval when we intend to consider it as an
infinitesimal change.) By definition, the return of per unit of the asset price
at time t is dz(t)/z(t). How might we model this return?

To understand the modelling more easily, suppose that the asset is a
bank deposit while the bank deposit interest rate is r. So z(t) is the balance
of the saving account at time ¢. Thus the return dz(t)/z(t) of the saving
at time t is rdt, that is

dx(t)
=) rdt
d:;it) = rz(t).

This ordinary differential equation can be solved exactly to give exponential
growth in the value of the saving, i.e.

z(t) = zoe" ™),
where zg is the initial deposit of the saving account at time to.

However asset prices do not move as money invested in a risk-free bank.
It is often stated that asset prices must move randomly because of the
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efficient market hypothesis (see Chapter 10 for more details). The most
common model decomposes the return dz(¢)/z(t) of the asset price into
two parts. One is a predictable, deterministic and anticipated return akin
to the return on money invested in a risk-free bank. It gives a contribution

pdt

to the return dz(t)/z(t), where p is a measure of the average rate of growth
of the asset price, also known as the drift. The second contribution to
dz(t)/z(t) models the random change in the asset price in response to
external effects, such as unexpected news. There are many external effects
so by the well-known central limit theorem this second contribution can be
represented by a random sample drawn from a normal distribution with
mean zero and adds a term

odB(t)

to dz(t)/z(t). Here o is a number called the volatility, which measures the
standard deviation of the returns. The quantity dB(t) is the sample from a
normal distribution with mean zero and variance dt. In other words, dB(t)
is the increment of a Brownian motion B(t). Putting these contributions
together, we obtain

dx(t)
FONE pdt + odB(t)
or
dz(t) = px(t)dt + oz(t)dB(t). (1.1)
That is, in form of integration,
t ¢
z(t) = o +/ um(u)du—i—/ oz(u)dB(u). (1.2)
to to

The question is: what is the integration ftto oz(u)dB(u)? If the Brownian
motion B(t) were differentiable with its derivative B(t) = dB(t)/dt, then
the integral would have no problem at all as it could be doue as the classi-
cal Lebesgue integral ftto oz(u)B(uw)du. Unfortunately, we shall see that the
Brownian motion B(t) is nowhere differentiable. Moreover, if the Brownian
motion B(t) were a process of finite variation, the integral ftto oxz(u)dB(u)
could be regarded as the Lebesgue—Stieltjes one. However, we shall see that
almost every sample path of the Brownian motion has infinite variation in
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any finite time interval. Hence the integral can not be defined in the ordi-
nary way. It turns out that we need to make use of the stochastic nature
of the Brownian motion in order to define the integral. This integral was
first defined by one of the greatest Japanese mathematicians, K. It6 in 1949
and is now known as the Itd stochastic integral. Equation (1.1) is a linear
stochastic differential equation (SDE) and is also known as the geomet-
ric Brownian motion which is a Nobel prize winning model in economics,
namely the Black—Scholes model.

Let us now take one more step to see other random fluctuation. In their
model (1.1), Black and Scholes assumed that the average rate of return u
and the volatility o are constants. However, it has been proved by many
authors that both of them, especially the volatility, are random processes in
many situations. There is a strong evidence to indicate that the rate u is a
Markov jump process which can be modelled by a Markov chain. Of course,
when the rate jumps, the volatility will jump accordingly. Taking these
jumps into account, the classical model (1.1) has recently be generalised to
form a new financial model

dz(t) = p(r(t))z(t)dt + o(r(t))z(t)dB(t). (1.3)

Here r(t) is a Markov chain with a finite state space S = {1,2,..., N} and
i, o are now mappings from S to [0, c0). So, if the Markov chain is initially
in state r(0) = 7o € S, then before its first jump from rg to vy € S at its
first (random) jump time 7y, the underlying asset price obeys the following
geometric Brownian motion

dz(t) = p(ro)z(t)dt + o(re)z(t)dB(t)

with initial value z(to) = z¢. During this period from tg to 71, the rate and
volatility are u(rg) and o(rg), respectively. At time 7, the Markov chain
jumps to r; where it will stay till the next jump at time 72. During the
period from 71 to 72, the underlying asset price obeys another geometric
Brownian motion

dz(t) = p(r1)z(t)dt + o(r1)z(t)dB(t)

with initial value z(m) at time 71, and the rate and volatility have been
switched to u(r;) and o(r1) from p(rg) and o(ro), respectively. The un-
derlying asset price will continue to switch from one geometric Brownian
motion to other according to the Markovian switching. This type of ran-
dom fluctuation, namely the Markovian switching, is one of the key features
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we are going to address in this book. Equation (1.3) is known as the geo-
metric Brownian motion with Markovian switching or the hybrid geometric
Brownian motion.

The main aims of this chapter are to introduce the stochastic nature
of Brownian motion and to define the stochastic integral with respect to
Brownian motion. To make this book self-contained, we shall briefly review
the basic notations of probability theory and stochastic processes. We then
give the mathematical definition of Brownian motions and introduce their
important properties. Making use of these properties, we proceed to define
the stochastic integral with respect to Brownian motion and establish the
well-known It6 formula. To cope with the Markovian switching, which is
the key feature of this book, we shall also review the essential notations
and properties of Markov chains and establish the generalised It6 formula
under Markovian switching.

1.2 Basic Notations of Probability Theory

Probability theory is concerned with the mathematical analysis of the in-
tuitive notion of “chance” or “randomness,” which, like all notions, is born
of experience. The quantitative idea of randomness first took form at the
gaming tables, and probability theory began, Pascal and Fermat (1654), as
a theory of games of chance. Since then, the notion of chance has found its
way into almost all branches of knowledge.

A theory becomes mathematical when it sets up a mathematical models
of the phenomena with which it is concerned, that is, when, to describe the
phenomena, it uses a collection of well-defined symbols and operations on
the symbols. Probability theory deals with mathematical models of trials
whose outcomes depend on chance. All the possible outcomes—the ele-
mentary events—are grouped together to form a set (2 with typical element
w € Q. Not every subset of ) is in general an observable or interesting
event. So we only group these observable or interesting events together as
a family F of subsets of 1. For the purpose of probability theory, such a
family F should have the following properties:

o € F, where 0 denotes the empty set.
e If A € F, then its complement A® =Q— A€ F.
o If {Ai}1§i<oo C F, then U;.Zl A; e F.

A family F with these three properties is called a o-algebra. The pair
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(Q, F) is called a measurable space, and the elements of F is henceforth
called F-measurable sets instead of events. If C is a family of subsets of €2,
then there exists a smallest o-algebra o(C) on © which contains C. This
o(C) is called the o-algebra generated by C. If Q@ = R™ and C is the family
of all open sets in R™, then B™ = ¢(C) is called the Borel o-algebra and the
elements of B™ are called the Borel sets.

A real-valued function X :  — R is said to be F-measurable if

{w: X(w)<a}eF forallaeR.

The function X is also called a real-valued (F-measurable) random vari-
able. An R"-valued function X (w) = (X1(w),---,Xn(w))7T is said to be
F-measurable if all the elements X; are F-measurable. Similarly, an n x m-
matrix-valued function X (w) = (Xi;j(w))nxm is said to be F-measurable if
all the elements X;; are F-measurable. The indicator function I of a set

A C Q is defined by

lifwe A,
Tatw) = {OifwgéA.

The indicator function I4 is F-measurable if and only if A is an F-
measurable set, i.e. A € F. If the measurable space is (R",B"), a B™-
measurable function is then called a Borel measurable function. More gen-
erally, let (', ') be another measurable space. A mapping X : @ — ' is
said to be (F, F’')-measurable if

{w: X(w)eA'}e F forall A € F'.

The mapping X is then called an Q'-valued (F, F')-measurable (or simply,
F-measurable) random variable.

Let X : Q@ — R"™ be any function. The o-algebra o(X) generated by
X is the smallest o-algebra on Q containing all the sets {w : X (w) € U},
U c R” open. That is

o(X)=0{w: X(w) € U} :U C R" open).

Clearly, X will then be o(X)-measurable and o(X) is the smallest o-algebra
with this property. If X is F-measurable, then o(X) C F, i.e. X generates
a sub-o-algebra of F. If {X; : i € I} is a collection of R™-valued functions,
define

g(X;:iel) =U(UU(Xi))

el
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which is called the o-algebra generated by {X; : i € I'}. It is the smallest o-
algebra with respect to which every X; is measurable. The following result
is useful. It is a special case of a result sometimes called the Doob-Dynkin
lemma.

Lemma 1.1 If XY :Q — R™ are two given functions, then Y is o(X)-
measurable if and only if there exists a Borel measurable function g : R™ —
R"” such that Y = g(X).

A probability measure P on a measurable space (Q,F) is a function
P: F — [0,1] such that

0 PQ) =1
(ii) for any disjoint sequence {A;}i>1 C F (le. A;NA; =0if i # j)

P (O A,~> - iP(A,-).
i=1 i=1

The triple (@, F,P) is called a probability space. If (Q, F,P) is a probability
space, we set

F={ACQ:3B,CeF such that BC A C C, P(B) = P(C)}.

Then F is a o-algebra and is called the completion of F. If F = F,
the probability space (2, F,P) is said to be complete. If not, one can easily
extend P to F by defining P(4) = P(B) = P(C) for A € F, where B,C € F
with the properties that B C A C C and P(B) = P(C). Now (Q, F,P) is a
complete probability space, called the completion of (2, F,P).

In the remaining of this section, we let (2, F,P) be a probability space.
If X is a real-valued random variable and is integrable with respect to the
probability measure P, then the number

EX = / X(w)dP(w)
Q
is called the expectation of X (with respect to P). The number
Var(X) = E(X — EX)?

is called the variance of X (here and in the sequel of this section we assume
that all integrals concerned exist). The number E|X|? (p > 0) is called the
pth moment of X. If Y is another real-valued random variable,

Cou(X,Y) = E[(X — EX)(Y — EY)]
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is called the covariance of X and Y. If Cov(X,Y) =0, X and Y are said
to be uncorrelated. For an R™-valued random variable X = (X1, , X,)T
define EX = (EX,,--- ,EX,)T. For an n x m-matrix-valued random vari-
able X = (Xij)nxm, define EX = (EXij)nxm. If X and Y are both

R"-valued random variables, the symmetric non-negative definite n x n

¥

matrix
Cov(X,Y) = E[(X - EX)(Y — EY)T]

is called their covariance matriz.
Let X be an R™-valued random variable. Then X induces a probability
measure iy on the Borel measurable space (R™, B™), defined by

ux(B) =P{w: X(w) € B} for B € B",

and pyx is called the distribution of X. The expectation of X can now be
expressed as

IEX:/ zdux(z).
IR"

More generally, if g : R® — R™ is Borel measurable, we then have the
following transformation formula

Bg(X) = [ g(a)dux (@),

For p € (0,00), let L? = LP(Q;R™) be the family of R™-valued random
variables X with E|X|P < co. In L', we have |EX| < E|X|. Moreover, the
following three inequalities are very useful:

e Holder’s inequality
E(XTY)| < EIX|P)'/? (E|Y]?)!/e

ifp>1, 1/p+1/q=1, X € LP, Y € LY;
¢ Minkovski’s inequality

BIX +Y[P)/7 < (BIXP)7 + EIY )7

ifp>1,X,Y € LP;
e Chebyshev’s inequality

P{w: | X(w)| > ¢} < ¢ PE|X|P

ife>0,p>0, X € LP,
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A simple application of Holder’s inequality implies
EIXHYT < (EIX[P)VP

if0<r<p<oo, Xe€LP
Let X and Xg, k > 1, be R™-valued random variables. The following
four convergence concepts are very important:

(a) If there exists a P-null set Q¢ € F such that for every w ¢ Qo, the
sequence { X (w)} converges to X (w) in the usual sense in R™, then
{X&} is said to converge to X almost surely or with probability 1,
and we write limg_, oo Xt = X a.s.

(b) If for every € > 0, P{w : | Xk (w) — X(w)| > €} — 0 as k — oo, then
{Xk} is said to converge to X stochastically or in probability.

(c) If Xx and X belong to L? and E| X — X|P — 0, then {Xj} is said
to converge to X in pth moment or in LP.

(d) If for every real-valued continuous bounded function g defined on
R™, limg .00 Eg(X)) = Eg(X), then {X} is said to converge to X
in distribution.

These convergence concepts have the following relationship:

convergence in L?

4

a.s. convergence = convergence in probability

4

convergence in distribution

Furthermore, a sequence converges in probability if and only if every subse-
quence of it contains an almost surely convergent subsequence. A sufficient
condition for limy_,co Xx = X a.s. is the condition

o0
Z]E[X;C - X < oo for some p > 0.
k=1

Let us now state two very important integration convergence theorems.

Theorem 1.1 (Monotonic convergence theorem) If {Xy} is an in-
creasing sequence of non-negative random variables, then

Jim EX = B lim Xs).
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Theorem 1.2  (Dominated convergence theorem) Letp > 1, {X} C
LP(ER™) and Y € LP(Q;R). Assume that | Xi| < Y as. and {Xi}
converges to X in probability. Then X € LP(Q;R"™), { Xk} converges to X
in LP, and

klim EXr =EX.
When Y is bounded, this theorem is also referred to as the bounded con-

vergence theorem.

Two sets A, B € F are said to be independent if P(AN B) = P(A)P(B).
Three sets A, B,C € F are said to be independent if

P(AN B) =P(A)P(B), P(ANC)=PAP(C),

P(BNC)=P(B)P(C) and P(ANBNC)=P(A)PB)PC).

Let I be an index set. A collection of sets {4; : i € I} C F is said to be
independent if

]P(Ail n"'nAik) ZP(AH)]P)(AH:)

holds for arbitrary distinct finite indices iy, - ,ix € I. Two sub-g-algebras
J1 and F; of F are said to be independent if

]P(Al M Az) = P(Al)]P(AQ) for all 4 € Fi, As € Fa.

A collection of sub-o-algebras {F; : i € I} is said to be independent if for
arbitrary distinct finite indices iy, ,i; € I,

P(AH n"'nA‘ik) = ]p(Ah)P(AZk)

holds for all A;; € F;,---,4;, € Fi,. A family of random variables
{Xi : i € I} (whose ranges may differ for different values of the index) is
said to be independent if the o-algebras o(X;), i € I generated by them
are independent. For example, two random variables X :  — R"™ and
Y : Q — R™ are independent if and only if

Plw: X(w) €A, Y(w) € B} =P{w: X(w) € A} P{w: Y (w) € B}

holds for all A € B®, B € B™. If X and Y are two independent real-valued
integrable random variables, then XY is also integrable and

E(XY) = EX EY.
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If X,Y € L2(Q;R) are uncorrelated, then
Var(X +Y) = Var(X) + Var(Y).

If the X and Y are independent, they are uncorrelated; but the converse is
not true. However, if (X,Y) has a joint normal distribution, then X and
Y are independent if and only if they are uncorrelated.

Let {Ax} be a sequence of sets in F. The set of all those points which
belong to almost all Ax (all but any finite number) is called the inferior
limit of Ay, and is denoted by liminfg_,o, Ag. Clearly,

o0 o0
hkn_l.g.}fAk = U ﬂ Ag.
i=1 k=1
The set of all those points which belong to infinitely many Ay is called the
superior limit of Ay and is denoted by limsup,_, . Ax. It is easy to see

limsup A = ﬁ O Ag.

k—oo i=1k—i
Moreover,

lim inf Ay C lim sup Ag.
k—oo

k—o0

With regard to their probabilities, we have the following well-known Borel-
Cantelli lemma.

Lemma 1.2 (Borel-Cantelli’s lemma)

(1) If {Ax} C F and 372, P(Ar) < o0, then

]P’(lim sup Ak) =0.
k—o0
That is, there ezists a set 3 € F with P(Q1) = 1 and an integer-valued
random variable ky such that for every w € Q1 we have w ¢ A whenever
k Z kl ((4))

(2) If the sequence {Ax} C F is independent and Y 7., P(Ax) = oo,
then

]P’(limsupAk) =1.
k—oo

That is, there exists a set §3 € F with P(Qy) = 1 such that for every
w € g, there exists a sub-sequence {Ag,} such that the w belongs to every
Ay, .
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Let A, B € F with P(B) > 0. The conditional probability of A under

condition B is

P(A|B) = %B—)‘

However, we frequently encounter a family of conditions so we need the
more general concept of conditional expectation. Let X € LY(Q;R). Let
G C F be a sub-c-algebra of F so (Q,G) is a measurable space. In general,
X is not G-measurable. We now seek an integrable G-measurable random
variable Y such that it has the same values as X on the average in the sense
that

E(lcY) =E(lcX) ie. [ Y(w)dPw)= [ X(w)dP(w) VGE€G.
G G

By the Radon-Nikodym theorem, there exists one such Y, almost surely
unique. It is called the conditional expectation of X under the condition G,
and we write

Y = E(X|G).
If G is the o-algebra generated by a random variable Y, we write
E(X|G) = E(X|Y).
As an example, consider a collection of sets {Ax} C F with

UJAe=9, P(A)>0, AcnA4;=0 if k#j.
k

Let G = o({Ax}), i.e. G is generated by {Ax}. Then E(X|G) is a step
function on §) given by

_ IAk]E(IAkX)
E(X|Q) = Zk: TR

In other words, if w € Ag,

E(X|0)(w) = ———]Eg(*xg ),

It follows from the definition that

E(E(X]9)) = E(X)
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and
IE(X|G)| < E(X]]G) a.s.

Other important properties of the conditional expectation are as follows
(all the equalities and inequalities shown hold almost surely):

o E(X|G) =EX if G = {0,Q};

e E(X|G)>0if X >0

e E(X|G) = X if X is G-measurable;

o E(X|G) =cif X = ¢ = const.;

e E(aX +bY|G) = aE(X|G) + b]E(Y|g) if a,b e R;

o E(X|G) <EYI|G)if X <Y;

e E(XY|G) = XE(Y|G) if X is G-measurable, in particular,
E(E(X|G) Y|0) = E(X|) E(Y0);

o E(X|G) = EX if 0(X) and G are independent, in particular,

E(X|Y)=EX if X,Y are independent;
o E(E(X|G2)|G1) =E(X|G1) if G1 C G2 C F.

Finally, if X = (X1,---,Xn)T € LY (Q;R™), its conditional expectation
under G is defined as

E(X|G) = (E(X1]G),-- ,E(Xx]G))".

1.3 Stochastic Processes

Let (2, F,P) be a probability space. A filtration is a family {F;}i>0 of
increasing sub-o-algebras of F (i.e. F; C Fs C Fforall 0 <t < 5 < 00).
The filtration is said to be right continuous if F; = ﬂsx F, for all t > 0.
When the probability space is complete, the filtration is said to satisfy the
usual conditions if it is right continuous and Fq contains all P-null sets.

From now on, unless otherwise specified, we shall always work on a given
complete probability space (Q, F,P) with a filtration {F:}:>0 satisfying the
usual conditions. We also define Foo = 0(Uy5o Ft), t.e. the o-algebra
generated by | J,~q Fi- B

A family {X_t}te 1 of R™-valued random variables is called a stochastic
process with parameter set (or index set) I and state space R™. The pa-
rameter set I is usually {as in this book) the half line Ry = [0, 00), but it
may also be an interval [a, b], the non-negative integers or even subsets of
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R™. Note that for each fixed t € I we have a random variable
Q>5>w— Xi(w) eR™.

On the other hand, for each fixed w € Q we have a function
I>t— Xyw)eR"

which is called a sample path of the process, and we shall write X (w) for
the path. Sometimes it is convenient to write X (t,w) instead of X:(w),
and the stochastic process may be regarded as a function of two variables
(t,w) from I x § to R™. Similarly, one can define matrix-valued stochastic
processes etc. We often write a stochastic process {X:}i>0 as {X:}, X: or
X().

Let {X:}:>0 be an R™-valued stochastic process. It is said to be con-
tinuous (resp. right continuous, left continuous) if for almost all w € Q2
function X,(w) is continuous (resp. right continuous, left continuous) on
t > 0. It is said to be cadlag (right continuous and left limit) if it is right
continuous and for almost all w € Q the left limit limyy; X,(w) exists and
is finite for all ¢ > 0. It is said to be integrable if for every t > 0, X; is
an integrable random variable. It is said to be {F;}-adapted (or simply,
adapted) if for every t, X; is Fi-measurable. It is said to be measurable if
the stochastic process regarded as a function of two variables (t,w) from
Ry x Q to R™ is B(R4) x F-measurable, where B(R,) is the family of all
Borel sub-sets of R.. The stochastic process is said to be progressively mea-
surable or progressive if for every T > 0, {X;}o<t<T regarded as a function
of (t,w) from [0, T]xQ to R™ is B([0, T]) x Fr-measurable, where B([0, T1)
is the family of all Borel sub-sets of [0, T|]. Let O (resp. P) denote the
smallest o-algebra on R x Q with respect to which every cadlag adapted
process (resp. left continuous process) is a measurable function of (t,w). A
stochastic process is said to be optional (resp. predictable) if the process
regarded as a function of (¢,w) is O-measurable (resp. P-measurable). A
real-valued stochastic process {A4:}:>o is called an increasing process if for
almost all w € Q, A;(w) is non-negative nondecreasing right continuous on
t > 0. It is called a process of finite variation if A = A, — A, with {A:} and
{flt} both increasing processes. It is obvious that the processes of finite
variation are cadlag. Hence the adapted processes of finite variation are
optional.

The relations among the various stochastic processes are summarised as
follows:
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continuous adapted continuous adapted adapted increasing
Y 4 4
left continuous cadlag adapted <«  adapted finite
adapted variation
Y Y
predictable = optional
¢
progressive = adapted
Y
measurable

Let {X:}:>0 be a stochastic process. Another stochastic process {Yi}e>o0
is called a version or modification of {X,} if forall t > 0, X; = Y; a.s. (i.e.
P{w : X¢(w) = Yi(w)} = 1). Two stochastic processes {X:t}t>0 and {Yi:}:>0
are said to be indistinguishable if for almost all w € Q, X;(w) = Yi(w) for
all £ >0 (i.e. P{w: X¢(w) = Yi(w) for all t > 0} = 1).

A random variable 7 : @ — [0,00] (it may take the value co) is called
an {F;}-stopping time (or simply, stopping time) if {w : T(w) < t} € F; for
any t > 0. Let 7 and p be two stopping times with 7 < p a.s. We define

(7, pll={(t;w) € Ry x Q: 7(w) <t < p(w)}

and call it a stochastic interval. Similarly, we can define stochastic intervals
([r, Pl], 17, p]] and ]]7, p[[. If 7 is a stopping time, define

Fr={AceF: An{w:r(w) <t} € F; for all t > 0}
which is a sub-o-algebra of . If 7 and p are two stopping times with 7 < p
a.s., then . C F,. The following two theorems are useful.

Theorem 1.3 If {X:}:>0 is a progressively measurable process and T is
a stopping time, then X Ii; o} is Fr-measurable. In particular, if T is
finite, then X, is F,-measurable.

Theorem 1.4 Let {X;}:>0 be an R™-valued cadlag {F;}-adapted process,
and D an open subset of R™. Define

T=inf{t>0: X, ¢ D},

where we use the convention inf § = co. Then 7 is an {F;}-stopping time,
and is called the first exit time from D. Moreover, if p is a stopping time,
then

6=inf{t>p: X, ¢ D}
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is also an {F;}-stopping time, and is called the first exit time from D after
p-

An R™-valued {;}-adapted integrable process {M;}:>o is called a mar-
tingale with respect to {F;} (or simply, martingale) if

E(MFs) =M, as. forall0<s<t<oo.

It should be pointed out that every martingale has a cadlag modification
since we always assume that the filtration {F;} is right continuous. There-
fore we can always assume that any martingale is cadlag in the sequel. If
X = {Xi}+>0 is a progressively measurable process and 7 is a stopping
time, then X7 = {X;a¢}:>0 is called a stopped process of X. The following
is the well-known Doob martingale stopping theorem.

Theorem 1.5 Let {M;}:>0 be an R™-valued martingale with respect to
{F:}, and let 6, p be two finite stopping times. Then

E(Ms|F,) = Mgr, a.s.
In particular, if T is a stopping time, then
E(MratlFs) = Mrps  a.s.

holds for all 0 < s <t < co. That is, the stopped process M™ = {M ¢} is
still a martingale with respect to the same filtration {F;}.

A stochastic process X = {X;}s>0 is called square-integrable if
E|X¢? < oo for every t > 0. If M = {M;}t>0 is a real-valued square-
integrable continuous martingale, then there exists a unique continuous
integrable adapted increasing process denoted by {(M,M).} such that
{M?Z— (M, M)} is a continuous martingale vanishing at ¢ = 0. The process
{{M, M)} is called the quadratic variation of M. In particular, for any
finite stopping time T,

EM2 = E(M, M),.

If N = {N:¢}i>0 is another real-valued square-integrable continuous mar-
tingale, we define

(M, N), = %((M + N, M+ N), ~ (M, M), — (N, N).),

and call {{(M, N);} the joint quadratic variation of M and N. It is useful to
know that {(M, N);} is the unique continuous integrable adapted process
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of finite variation such that {M;N; — (M, N);} is a continuous martingale
vanishing at ¢ = 0. In particular, for any finite stopping time 7,

EM, N, = E(M, N),.

A right continuous adapted process M = {M;}:>0 is called a local
martingale if there exists a nondecreasing sequence {7x}x>1 of stopping
times with 7, T oo a.s. such that every {Mra: — Mo}s>0 is a mar-
tingale. Every martingale is a local martingale (by Theorem 1.5), but
the converse is not true. If M = {M;};>0 and N = {N;}:>0 are two
real-valued continuous local martingales, their joint quadratic variation
{{M,N)}:>0 is the unique continuous adapted process of finite variation
such that {M;N; — (M, N); }+>0 is a continuous local martingale vanishing
at t = 0. When M = N, {{M,M)}:>0 is called the quadratic variation of
M. The following result is the useful strong law of large numbers.

Theorem 1.6 (Strong law of large numbers) Let M = {M;}:>0 be
a real-valued continuous local martingale vanishing at t = 0. Then

. M,
tl_l}l’él()(M, M)t =0 a.s. = tllglo m =0 a.s.
and also
lim sup <—]\—/——[’;W—>t <oo a.s = tlim —t—t- =0 a.s.
t—o00 —00

More generally, if A = {A¢}+t>0 is a continuous adapted increasing process
such that

lim A, =0 and / dM, M1+ A2 <00 as.
0

t—o00
then
M
lim =X =0 a.s.
t—oo t

A real-valued {F,}-adapted integrable process {M;}s>0 is called a su-
permartingale (with respect to {F:}) if

E(M|Fs) <M, as. forall0<s<t<oo.

It is called a submartingale (with respect to {F:}) if we replace the sign
< in the last formula with >. Clearly, {M;} is submartingale if and
only if {—M,} is supermartingale. For a real-valued martingale {M.},
{M; := max(M,,0)} and {M; := max(0,—M,)} are submartingales. For
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a supermartingale (resp. submartingale), EM; is monotonically decreasing
(resp. increasing). Moreover, if p > 1 and {M,} is an R"-valued martingale
such that M; € LP({;R™), then {|M|P} is a non-negative submartingale.
Moreover, Doob’s stopping Theorem 1.5 holds for supermartingales and
submartingales as well.

Theorem 1.7 (Doob’s martingale convergence theorem)
(i) Let {M:}:>0 be a real-valued right-continuous supermartingale. If

sup EM[ < oo,
0<t <00

then M, converges almost surely to a random variable My, € L*(Q;R). In
particular, this holds if My is non-negative.

(it) Let {Mi}i>0 be a real-valued right-continuous supermartingale.
Then {M;}i>0 is uniformly integrable, i.e.

Cc— 00

lim | supE(I (a5 Me]) | =0
[j;_lg ( {1M:12¢}] tl) ]

if and only if there exists a random wariable My, € L'(;R) such that
M; - My, a.s. and in L as well.

(iii) Let X € L} (4 R). Then
E(X|F) - E(X|Fx) ast— oo
a.s. and in L1 as well.

Theorem 1.8 (Supermartingale inequalities) Let {M;}:>0 be a real-
valued supermartingale. Let [a,b] be a bounded interval in Ry. Then

c P{w . sup Mi(w) > c} <EM, +EM;
a<t<b

and
c P{w : aigréngt(w) < —c} <EM,
hold for all ¢ > 0.

For submartingales we have the following well-known Doob inequality.

Theorem 1.9 (Doob’s submartingale inequalities) Let p > 1. Let
{M;:}s>0 be a real-valued non-negative submartingale such that M; €
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LP(,R). Let [a,b] be a bounded interval in Ry. Then

1E( sup Mg’) < (Ll)pEM;’.

a<t<h

Theorem 1.10 (Non-negative semimartingale convergence theo-
rem) Let {A;}s>0 and {Us}s>o be two continuous adapted increasing pro-
cesses with Ag = Up =0 a.s. Let {M;}1>0 be a real-valued continuous local
martingale with Mo = 0 a.s. Let £ be a non-negative Fo-measurable random
variable such that B¢ < oco. Define

X =¢ + A - U+ M; fort>0.
If X, is non-negative, then
{tkr{:o A< oo} C {tl_lgjlo X; exists and is ﬁm’te} N {tlilglo U < oo} a.s.

where B C D a.s. means P(BN D®) = 0. In particular, if lim;_,o0 A < 00
a.s., then for almost all w € Q

tlim Xi(w) < o0, tlim Ui(w)<oo and —oo0< tlim Mi(w) < oo.

If we apply these results to an R™-valued martingale, we obtain the
following Doob martingale inequalities.

Theorem 1.11 (Doob’s martingale inequalities) Let {M;}:>0 be an
R™-valued martingale. Let {a,b] be a bounded interval in R.
(i) If p > 1, ¢ > 0 and M; € LP(;R™), then

CEMP
<=

IP’{w : sup |My(w)| > c}
(it) If p > 1 and M, € LP(};R™), then

p
E( sup |Mt|p) < (p%l) E|M|P.

a<t<b

1.4 Brownian Motions

Brownian motion is at the heart of most models in practice. Its name
comes from the Scottish botanist Robert Brown who, in around 1827, re-
ported experimental observations involving the erratic behaviour of a pollen
grain when bombarded by (relatively small and effectively invisible) water
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molecules. A mathematical theory for Brownian motion has since been de-
veloped, with famous names such as Albert Einstein and Norbert Weiner
making significant contributions. To describe the motion mathematically
it is natural to use the concept of a stochastic process Bi(w), interpreted
as the position of the pollen grain w at time ¢. Let us now give the mathe-
matical definition of Brownian motion.

Definition 1.12 Let (Q,F,P) be a probability space with a filtration
{Fi}t>0. A (standard) one-dimensional Brownian motion is a real-valued
continuous {F;}-adapted process {B;}:>0 with the following properties:

(i) Bo =0 as;
(it) for 0 < s < t < o0, the increment By — B, is normally distributed
with mean zero and variance ¢ — s;
(iii) for 0 < s <t < 00, the increment B; — B; is independent of .

We shall sometimes speak of a Brownian motion {B;}o<t<r on [0,T],
for some T" > 0, and the meaning of this terminology is apparent.

If {B:}:>0 is a Brownian motion and 0 <ty < t; < -+ <t} < 0o, then
the increments By, — B;,_,, 1 < i < k are independent, and we say that
Brownian motion has independent increments. Moreover, the distribution
of By, — B;,_, depends only on the difference ¢; — ¢;,_1, and we say that
Brownian motion has stationary increments.

The filtration {F;} is a part of the definition of Brownian motion. How-
ever, we sometimes speak of a Brownian motion on a probability space
(Q, F,P) without filtration. That is, {B;}:>0 is a real-valued continuous
process with properties (i) and (ii) but property (iii) is replaced by that it
has independent increments. In this case, define .7-'tB =0(Bs:0<s5<t)
for t > 0, i.e. F2 is the o-algebra generated by {B, : 0 < s < t}. We
call {FP}:>0 the natural filtration generated by {B:}. Clearly, {B;} is a
Brownian motion with respect to the natural filtration {FZ}. Moreover,
if {F,} is a “larger” filtration in the sense that F2 C F; for t > 0, and
B; — B, is independent of F, whenever 0 < s < t < oo, then {B;} is a
Brownian motion with respect to the filtration {F;}.

In the definition we do not require the probability space (2, F,P) be
complete and the filtration {F;} satisfy the usual conditions. However, it
is often necessary to work on a complete probability space with a filtra-
tion satisfying the usual conditions. Let {B:};>0 be a Brownian motion
defined on a probability space (2, F,P). Let (2, F,P) be the comple-
tion of (@, F,P). Clearly, {B:} is a Brownian motion on the complete
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probability space (€, F,P). Let A be the collection of P-null sets, i.e.
N ={A € F:P(A) =0}. For t >0, define

Fi=o(FBUN).

We called {F;} the augmentation under P of the natural filtration {F£}
generated by {B;}. It is known that the augmentation {F;} is a filtration
on (Q, F,P) satisfying the usual condition. Moreover, {B;} is a Brownian
motion on (Q, F,P) with respect to {F;}. This shows that given a Brow-
nian motion {B:}:>0 on a probability space (£, F,PP), one can construct a
complete probability space with a filtration satisfying the usual conditions
to work on.

However, throughout this book, unless otherwise specified, we would
rather assume that (Q, F,P) is a complete probability space with a filtration
{F:} satisfying the usual conditions, and the one-dimensional Brownian
motion {B;} is defined on it.

In Section 1.1 we mentioned that the integral ft oz(u)dB(u) cannot
be defined as the classical Lebesgue integral since for almost every w € 2,
the Brownian sample path B (w) is nowhere differentiable. To begin, we
note that Brownian motion has a remarkable scaling property: for any fixed
c#0,

X, =52t 4>, (1.4)

c =

is a Brownian motion with respect to the filtration {F,.2;}. Consider the
quantity |B:|/t. Since By = 0, if B; were differentiable then |B;|/t would
converge to |B}| as t — 0. Let t = 1/k?, where k is large, and set ¢ = k? in
(1.4). Since B; and X; have the same distributions we have

e > 1y = > k) ={y7 > o} =P{im > £

Since B; is N{0,1), we have

. 1/k4
kl.lg.lo { 1/k* k}
This shows that, with probability 1, B; is not differentiable at t = 0. A
similar argument can be used to show that B; is nowhere differentiable,
with probability 1.
Another way of examining the roughness of Brownian motion is to
consider its variation. Recall that a continuously differentiable function,
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f € CY([0,T);R), has finite variation. In fact, let k be any large integer
and set A = T/k and t; = jA for 0 < j < k. The mean value theorem says
that

ft5) = f(tj—1) = Af'(8;), for some ; € (tj-1,1;).
Thus

k
Z H|—A2|fo>|<Tmax| '(®))-

t€(0,T)

It follows that the variation of f obeys

hnlsup2|f (i) T Ienax If(t)] < o0.

To see whether Brownian motion has a similar property we use the inequal-
ity

k
S (B, - Bi,,)? S(lmax |B,, — Bt“)Z|Bt ~B, | (15)

=1

Note that the random variable ZLI (Bt,—Bt;_,)? has mean T and variance
of O(A) (see Exercise 1.1). This implies

k
. 2
Jim 3 By ~ By, ) =T as.
i=t

On the other hand, each B;, — B;;_, has mean zero and variance A. It can
then be shown that

lim ( = Bi,,|) =0 as.

A B ~ Bl =0 e
In order for inequality (1.5) to hold it must therefore be true that, with
probability 1, 2?:1 |Bt; — Bg;_,| is unbounded as k — oo. We thus say
that Brownian motion has infinite variation in any finite time interval.

Although Brownian motion is rough, it has many important properties,

and some of them are summarised below:

(a) {B:} is a continuous square-integrable martingale and its quadratic
variation (B, B); =t for all t > 0.
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(b) The strong law of large numbers states that

lim = =0 a.s.
t—o0
(c) For almost every w € 2, the Brownian sample path B (w) is locally
Holder continuous with exponent & if § € (0,3). However, for
almost every w € (2, the Brownian sample path B (w) is nowhere
Hélder continuous with exponent & > %

Besides, we have the following well-known law of the iterated logarithm.

Theorem 1.13 (Law of the Iterated Logarithm) For almost every
w € Q, we have

(i) limsup __Blw) =1, (ii) liminf __Blw) =-1,
tlo  +/2tloglog(1/t) tl0 \/2tloglog(1/t)
B;(w) Bi(w)

il imsup ———~— =1, (iv) liminf ————~— = —1.
(i) t——»oop V2tloglogt (i) t—oo /2tloglogt
This theorem shows that for any ¢ > 0 there exists a positive random
variable p. such that for almost every w € 1, the Brownian sample path
B (w) is within the interval (1 + £)+/2tloglogt whenever ¢ > p.(w), that
is

—(1+¢)y/2tloglogt < Bi(w) < (1+¢)+/2tloglogt for all t > p.(w).

On the other hand, the bounds —(1 —¢)+/2tloglog and (1 —€)+/2tloglogt

(for 0 < & < 1) are exceeded in every t-neighbourhood of oo for every
sample path.
Let us now define an n-dimensional Brownian motion.

Definition 1.14 An n-dimensional process {B; = (B},--- ,B?)}i>0 is
called an n-dimensional Brownian motion if every { B} } is a one-dimensional
Brownian motion, and {B}},---,{BJ} are independent.

For an n-dimensional Brownian motion, we still have, for example,

I | B:|
im sup

t—oo /2tloglogt

This is somewhat surprising because it means that the independent indi-
vidual components of B; are not simultaneously of the order /2t loglog?,

=1 a.s.
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otherwise /7 instead of 1 would have appeared in the right-hand side of
the above equality.

It is easy to see that an n-dimensional Brownian motion is an n-
dimensional continuous martingale with the joint quadratic variations

B!, Bi), =6;;t for1<i,j<m,
7

where §;; is the Dirac delta function, i.e.

5 — 1 fori=j,
710 fori# 3.

It turns out that this property characterises Brownian motion among con-
tinuous local martingales. This is described by the following well-known
Lévy theorem.

Theorem 1.15  Let {M; = (M}, , M) }s>0 be an n-dimensional con-
tinuous local martingale with respect to the filtration {F:} and Mo = 0 a.s.
If

(Mian>t =0;t for1<i4,5<mn,

then {M; = (M}, , M)}¢t>o0 is an n-dimensional Brownian motion with
respect to {F:}.

As an application of the Lévy theorem, one can show the following useful
result.

Theorem 1.16 Let M = {M;}+>0 be a real-valued continuous local mar-
tingale such that My = 0 and lim;— (M, M); = oo a.s. For eacht > 0,
define the stopping time

7; = inf{s : (M, M), > t}.

Then { My, }+>0 is a Brownian motion with respect to the filtration {Fr, }+>o0.

1.5 Stochastic Integrals

In this section we shali define the stochastic integral

/ ' f(s)dB,
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with respect to an m-dimensional Brownian motion {B; } for a class of nxm-
matrix-valued stochastic processes {f(¢)}. Since for almost all w € , the
Brownian sample path B (w) is not only nowhere differentiable but also has
infinite variation in any finite time interval, the integral can not be defined
in the ordinary way. However, we can define the integral for a large class
of stochastic processes by making use of the stochastic nature of Brownian
motion. This integral was first defined by K. It in 1949 and is now known
as [t0 stochastic integral. We shall now start to define the stochastic integral
step by step.

Let (2, ,P) be a complete probability space with a filtration {F:}i>0
satisfying the usual conditions. Let B = {B:}:>0 be a one-dimensional
Brownian motion defined on the probability space adapted to the filtration.

Definition 1.17 Let 0 < a < b < co. Denote by M?([a, b]; R) the space
of all real-valued measurable {F;}-adapted processes f = {f(t)}a<t<b such
that

b
1712, = E / F(@®)Pdt < oo, (1.6)

We identify f and f in M2([a,;R) if | f — f|I2 = 0. In this case we say
that f and f are equivalent and write f = f.

Clearly, || - ||a,6 defines a metric on M?([a,b];R) and the space is com-
plete under this metric. Let us point out that for every f € M?2([a,b];R),
there is a predictable f € M?2([a,b];R) such that f = f. In fact, f has a
progressively measurable modification f in M2([a,b];R) and then we may
take

_ . 11t .
ft) = hn;lsglp 7 /t_h f(s)ds.

Thus, if necessary, we may assume that f € M?([a,b];R) is predictable
without loss of generality. However, in this book we would rather follow
the usual custom of not being very careful about the distinction between
the equivalence processes.

For stochastic processes f € M2([a,b];R) we shall show how to define
the It6 integral f: f()dB;. The idea is natural: first define the integral
f: g(t)dB; for a class of simple processes g. Then we show that each
f € M?([a,b];R) can be approximated by such simple processes g’s and
we define the limit of f: g(t)dB; as the integral f: f(®)dB;. Let us first
introduce the concept of simple processes.
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Definition 1.18 A real-valued stochastic process g = {g(t)}a<t<s is
called a simple (or step) process if there exists a partition a =ty < t; <

-+ <t = b of [a, b], and bounded random variables §;, 0 < i <k —1 such
that &; is F;,-measurable and

k-1
g(t) = gOI[to, t1](t) + Zgil(ti, t,'+1](t)' (1'7)
i=1
Denote by Mg([a, b]; R) the family of all such processes.

It is obvious that Mo([a,b];R) C M?([a,b];R). We now give the defi-
nition of the It6 integral for such simple processes.

Definition 1.19 (Part 1 of the definition of Ité’s integral) For a
simple process g with the form of (1.7) in Mo([a, b];R), define

b
/ o(0dB: = 3" &(Bus — By (1.8)
=0

and call it the stochastic integral of g with respect to the Brownian motion
{B:} or the It6 integral.

Clearly, the stochastic integral f: g(t)dB; is Fp-measurable, We shall
now show that it belongs to L2(Q;R).

Lemma 1.3 If g € M([a,b];R), then

E / ’ g(t)dB, =0, (1.9)

b 2
E / g(t)dB:

Proof.  Since §; is Fy,-measurable whereas By, +1 — By, is independent of
f tis

k-1
E / t)dB; = Y E[&(B,,, ~ B Z]Eg, (Bi.,, — B:,) =0.
i=0

=0

= E/b lg(¢)]2dt. (1.10)

Moreover, note that B;,,, — By, is independent of £;¢;(Bs,,, — By,) if i < j.



26 SDEs with Markovian Switching

Thus
b 2
E / g(t)dBt = Z E[gigj(Bti+l - Bt.‘)(Btj+1 - Btj)]
a 0<i,j<k—1
k-1
= ZE[é‘?(Bti-H - Bt-‘)z]
i=0
k-1
= Z]EE?]E(B“_H - Bti)2
=0
k-1 b
= Y Bt - 1) =E [ loPds
i=0 @
as required. 0

Lemma 1.4 Let g1, 92 € Mo{[a,b];R) and let c;, cy be two real numbers.
Then c191 + c292 € Mo([a,b};R) and

b b b
/ [clgl(t) + 02gz(t)]dBt = Cl/ gl(t)dBt + 02/ gg(t)dBt.

a
The proof is left to the reader as an exercise. We shall now use the
properties shown in Lemmas 5.4 and 5.5 to extend the integral definition
from simple processes to processes in M?([a,];R). This is based on the
following approximation result.

Lemma 1.5 For any f € M?([a,b];R), there exists a sequence {gn} of
sitmple processes such that

b
Jim E 170 - ga(0)d =0. (L11)

Proof. We divide the whole proof into three steps.
Step 1. We first claim that for any f € M?([a,b];R), there exists a
sequence {¢x}x>1 of bounded processes in M?([a, b];R) such that

b
Jim E / |£(t) — pr(t)|2dt = 0. (1.12)
In fact, for each k, put
pi(t) = [k V (O] A K.

Then (1.12) follows by the dominated convergence theorem (i.e. Theorem
1.2).
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Step 2. We next claim that if ¢ € M?2([a,b];R) is bounded, say |p| <
C = const., then there exists a sequence {¢x}r>1 of bounded continuous
processes in M?([a, b]; R) such that

b
lim E / lo(£) — i (t)]2dt = 0. (1.13)

In fact, for each k, let pr : R — R, be a continuous function such that
pr(s) =0 for s < —% and s > 0 and

/00 pr(s)ds = 1.

—00

Define

b
Pr(t) = P (t,w) = / pr(s — t)p(s,w)ds.

Then for every w, ¢i(-,w) is continuous and |¢x(f,w)] < C. Also ¢ is a
measurable {F;}-adapted process. Moreover, for all w € ,

b
lim / lo(t,w) — o (t,w)|?dt = 0.
k—oo [,

So (1.13) follows by the bounded convergence theorem.
Step 3. We now claim that if ¢ € M?([a,b];R) is bounded and contin-
uous, then there exists a sequence {gi} of simple processes such that

b
lim E / 16(t) — gi()[2dt = 0. (L.14)
In fact, for each k, let

9x(t) = ¢(a) Ija, at(b—a)/ki ()
k=1

+ ) $la+i(b— a)/k) Iayis-ay/k, at(i+1)(o—a)/k (t)-

i=]1

Then gx € Mo([a, b];R), and for every w,

b
lim / |p(t, w) — gi(t,w)|2dt = 0.
k—oo [,

So (1.14) follows by the bounded convergence theorem once again. Finally,
the conclusion of the lemma follows clearly from steps 1-3 and the proof is
now complete. O
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We can now explain how to define the Itd integral for a process
f € M?([a,b];R). By Lemma 5.6, there is a sequence {gx}x>1 of simple
processes such that

hm ]E/ If(t) — gx(t)|%dt = 0.

Thus, by Lemmas 1.3 and 1.4,
b

ge(t)dB; — / g;(t dBt’ —IE[ / [k (t) — gk(t)]dBt
_IE/ lgk(t) (t)|?dt -0 ask,j— oo.

In other words, { fa gx(t)dB:} is a Cauchy sequence in LZ({;R). So the
limit exists and we define the limit as the stochastic integral. This leads to
the following definition.

Definition 1.20 (Part 2 of the definition of Ité’s integral) Let
f € M?([a,b]; R). The It integral of f with respect to {B;} is defined by

b b
/f(t)dBt=kEI&/ gr(t)dB; in L:(;R), (1.15)

where {gr} is a sequence of simple processes such that

b
Jm B [17) - ()P =0 (1.16)

The above definition is independent of the particular sequence {gx}.
Indeed, if {ht} is another sequence of simple processes converging to f in
the sense that

Jim IE/ |f(t) (t)2dt =

then the sequence {¢x}, where pox—1 = gx and por, = hy, is also convergent
to f in the same sense. Hence, by what we have proved, the sequence
f ©r(t)dB:} is convergent in L2(Q R). It follows that the limits (in L?)
of fa gk(t)dB; and of fa hi(t)dB; are equal almost surely.
The stochastic integral has many nice properties. We first observe the
following:

Theorem 1.21  Let f, g € M%([a,b];R), and let o, B be two real numbers.
Then
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The proof is left to the reader as an exercise. The next theorem improves
the results (ii) and (iii) of Theorem 1.21.

Theorem 1.22 Let f € M?([a,b];R). Then

E( / ' FHBOIF.) =0, (1.17)

/ rwyaB| 17.) = / Ot F)
- / E(|f(t)[2|Fa)dt. (1.18)

We need a simple lemma.

Lemma 1.6 If f € M?([a,b;R) and ¢ is a real-valued bounded F,-
measurable random variable, then £f € M?([a,b);R) and

b b
/ £f(t)dB, = ¢ / f(t)dB. (1.19)

Proof. 1t is clear that ¢f € M2([a,b];R). If f is a simple processes, then
(1.19) follows from the definition of the stochastic integral. For general
f € M?%*([a,b];R), let {gx} be a sequence of simple processes satisfying
(1.16). Applying (1.19) to each g and taking k — oo, the required assertion
(1.19) follows. d

Proof of Theorem 1.22. By the definition of conditional expectation, (1.17)
holds if and only if

E(IA / ’ f(t)dB(t)) =0

for all sets A € F,. But by Lemma 1.6 and Theorem 1.21,

]E(IA /a b f(t)dB(t)) =E /a b Taf(t)dB(t) =

as required. The proof of (1.18) is similar. O
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LetT>0andf€M2[0T]IR) Clearly, for any 0 < a < b < T,
{f(®)}a<t<s € M?2([a,b];R) so f f(t)dB is well defined. It is easy to show
that

b c c
/a £()dB; + /b F()dB; = / F()dB, (1.20)
if0<a<b<e<T.

Definition 1.23 Let f € M?([0,T];R). Define
¢
I(t) = / f(s)dBs for0<¢<T,
0

where, by definition, 1(0) = f f(s)dB, = 0. We call I(t) the indefinite It5
integral of f.

Clearly, {I(t)} is {F:}-adapted. We now show the very important mar-
tingale property of the indefinite It0 integral.

Theorem 1.24 If f € M?2([0,T);R), then the indefinite integral
{I(t)}o<i<T is a square-integrable martingale with respect to the filtration
{F}. In particular,

[ sup ] < 4IE/ |f(s)|%ds. (1.21)

0<t<T

Proof. Clearly, {I(t)}o<t<T is square-integrable. To show the martingale
property, let 0 < s <t < T. By (1.20) and Theorem 1.22

EU()|F) =EI6)IF) +E( [ f0)dB.IR,) = 1(5)

as desired. The inequality (1.21) now follows from Doob’s martingale in-
equality (i.e. Theorem 1.11). a

Theorem 1.25 If f € M?2([0,T);R), then the indefinite integral
{I(t)}o<i<T has a continuous version.

Proof. Let {gr} be a sequence of simple processes such that

T
lim IE/ If(s) — gr(s)]*ds = 0. (1.22)

k- 00
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Note from the definition of the stochastic integral and the continuity of the
Brownian motion that the indefinite integrals

t
h@%:/gdﬂﬂ%,OStST
0

are continuous. By Theorem 1.24, {Ic(t) — I;(t)} is a martingale, for each
pair of integers k, j. Hence, by Doob’s martingale inequality (namely, The-
orem 1.11), for any € >0

P{ sup 110 ~L(0)] 2 €} < SEIL(T) - LT)P

T
= EE]E/O lgk(s) — gj(s)|2ds —0 ask,j— oo.

For each i = 1,2, - -, taking € = i~2, it follows that for some k; sufficiently
large,

1 1 ...
]P’{ sup [Ik — L) > 1—2} < ) if 7 > k;.
One can then choose the k; in such a way that k; T oo as ¢ — oo and

P{ up I (®) ~ e, 0] 2 3 sl<a, iz

Since ) i72 < oo, the Borel-Cantelli lemma (i.e. Lemma 1.2) implies that
there exists a set Qg € F with P(}) = 0 and an integer-valued random
variable ig such that for every w € o,

1
sup |[(t, w) I, . (t,w)] < = if i > dp(w).
0<t<T

In other words, with probability 1, {Ik,(t)}i>1 is uniformly convergent in
t € [0,T}, and therefore the limit, denoted by J(t), is continuousin ¢t € [0, T
for almost all w € Q. Since (1.22) implies

i
hmmmz/f@wsmﬁmﬂx
11— 00 0

=/t f(s)dBs a.s.
0

That is, the indefinite integral has a continuous version.

it follows that
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From now on, when we speak of the indefinite integral we always mean
a continuous version of it.

Theorem 1.26 Let f € M?([0,T);R). Then the indefinite integral I =
{I(t)}o<t<T is a square-integrable continuous martingale and its quadratic
variation is given by

(I,I), = At If(s)]?ds, 0<t<T. (1.23)

Proof. Obviously we need only to show (1.23). By the definition of the
quadratic variation we need to show that {I%(t) — (I,I);} is a continuous
martingale vanishing at ¢t = 0. But, obviously I2(0)— (I, I} = 0. Moreover,
if0<r<t<T, by Theorem 1.22,

E(I%(t) — (I, I)¢|Fr)
=I2(r)—( I, +2I(r / f(s)dB,| %)

-( [ 110Pasiz)

as desired. 0

=I2( )—(I,I>r

Let us now proceed to define the stochastic integrals with stopping time.
We observe that if 7 is an {F;}-stopping time, then {Ijjo, r}(t)}:>0 is a
bounded right continuous {F;}-adapted process. In fact, the boundedness
and right continuity are obvious. Moreover, for each t > 0,

Q)E}-t if r <0,
{w: I, mt,w) <r} =S {w:t(w) <t}e F if0<r<1,
Qe R ifr>1,

that is, Ijjo, -)j(t) is Fi-measurable. Therefore, {[jo, -}}(t)}s>0 is also pre-
dictable.

Definition 1.27 Let f € M?2([0,T);R), and let 7 be an {F;}-stopping
time such that 0 < 7 < T. Then, {Ijj, (t)f(t)}o<t<T € M2([0, T); R)
clearly, and we define

T T
/ f(S)st = / I[[O, r]](S)f(s)st,
0 0
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Furthermore, if p is another stopping time with 0 < p < 7, we define

/pT f(s)dBs = /OT f(s)dB, — /op £(s)dBs.

It is easy to see that

T T
[ #6938, = [ By, er(s)aB. (1.24)

If applying Theorem 1.21 to this we immediately obtain:

Theorem 1.28 Let f € M?([0,T];R), and let p, T be two stopping times
such that 0 < p <7 <T. Then

E /,, £(s)dB, =0

=2 " \F(s)Pds.

However, the next theorem improves these results and is also a gener-
alisation of Theorem 1.22.

Theorem 1.29 Let f € M2([0,T);R), and let p, T be two stopping times
such that 0 < p <7 <T. Then

]E / ’ f(s)st|.7-',,) =0, (1.25)

We need a useful lemma.

/ |F()%ds|). (1.26)

Lemma 1.7 Let f € MZ%([0,T};R), and let 7 be a stopping time such
that 0 <7 <T. Then

/0 " f(s)dB, = I(r),

where {I(t)}o<t<T is the indefinite integral of f given by Definition 1.23.
We leave the proof of this lemma to the reader, but prove Theorem 1.29.

Proof of Theorem 1.29. By Theorem 1.26 and the Doob martingale stopping
theorem (i.e. Theorem 1.5),

E(I(T)|Fp) = I(p) (1.27)
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and
E(I*(1) — (I, )| F) = I*(p) — (I, 1), (1.28)

where {(I,I):} is defined by (1.23). Applying Lemma 1.7 one then sees
from (1.27) that

B[ S(94B.F,) = EU(r) - 1G)IF) =0
which is (1.25). Moreover, by (1.27) and (1.28),
E(1(7) ~ I(o)PIF,) = E((7)|5,) — 2H(G)EAIF,) + I(p)
= E(P()I%,) - 1) =B(L D). = (1, DlF) =B( [ f(oasiF,)

which, by Lemma 1.7, is the required (5.21). O

Corollary 1.30 Let f,g € M2([0,T);R), and let p,7 be two stopping
times such that 0 < p <7 <T. Then

/ £(s)dB. / B.IF,) / F(s)a(s)ds| 7).

Proof. By Theorem 1.29,
& /"T f(s)dB, /p g(s)st|.7:,,)
=5(|[ v+ ([ -

_E(/’(f() o(5)dslF) / (£(5) - 9(s)) dsIF)

i5( [ se)9te)is7,)

as desired. O

Let us now begin to extend the Itd stochastic integral to the multi-
dimensional case. Let {B; = (B}, -+, B™)T}>0 be an m-dimensional
Brownian motion defined on the complete probability space (2, F,P)
adapted to the filtration {F;}. Let MZ2([0,T];R™*™) denote the fam-
ily of all n X m-matrix-valued measurable {F;}-adapted processes f =
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{(fi;(®))nxm }o<t<T such that

T
2 (o N
E /0 F(s)Pdt <

Here, and throughout this book, |A| will denote the trace norm for matrix
A, ie. |A| = \/trace(AT A).

Definition 1.31 Let f € M2([0,T];R"*™). Using matrix notation, we
define the multi-dimensional indefinite It6 integral

f11(5) - fim(s)\ [dB;
[ s = [ s s
0
f d1(8) -+ fam(s)/ \dB7
to be the n-column-vector-valued process whose i’th component is the fol-
lowing sum of one-dimensional Itd integrals

m .t
.. Y]
; /0 fis(s)dBi.

Clearly, the Ito integral is an R™-valued continuous martingale with
respect to {F;}. Besides, it has the following important properties.

Theorem 1.32 Let f € M?([0,T];R™*™), and let p,7 be two stopping
times such that 0 < p <71 <T. Then

E /T f(s)st|]-',,)=0, (1.29)
/ F(s)Pdsl ). (1.30)

Assertion (1.29) follows from the definition of multi-dimensional It6 in-
tegral and Theorem 1.29, while (1.30) follows from Theorem 1.29 and the
following lemma.

Lemma 1.8 Let {Bl}i>0 and {B?}i>0 be two independent one-
dimensional Brownian motions. Let f,g € M?([0,T);R), and let p, T be
two stopping times such that 0 < p <7 <T. Then

E( / " #(s)dB! / ’ g(s)dB§|f,,) =0. (1.31)
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Proof. We first claim that if ¢, ¢ € M2([a,b];R). Then

IE( / b (s)dB! /,, ’ ¢(s)dB§) =0. (1.32)

In fact, let ¢, ¢ be simple processes with the forms

k—1
(,O(t) = &)I[to, t1](t) + Z&I(ti, t¢+1](t)
i=1
and
m—1
#(t) = Col[fo, t_ll(t) + Z CiI(fja t—j+1](t)'
j=1
Then
b b k—-1m-1
B( [ ps)aB! [ #()aB2) = 3 3 Elt;(BL,, ~ BLIBE,, ~ BE)]
a a =0 j=0

But for every pair of 3,7, if t; < t;, then Btng - B%J_ is independent of
&¢;(BY,,, — B},) and hence

E[&:¢;(Br,, — Bi)(BY,, — B})] = 0.
Similarly, it still holds if ¢; > #;. In other words, we have shown that
(1.32) holds for simple processes ¢, $, but the general case follows by the

approximation procedure.
We next observe that for any 0 <r <t <T

E( /  f(s)dB! / tg(s)dBfl}'r) o, (1.33)

since, by (1.32) and Lemma 1.6, for any A € F,

E(Ia / ' f(s)dB! / t g(s)dB?) = E( / " Luf(s)dB! / t 9(s)dB?) =o.

r ke
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Therefore

E( [ ' f(s)aB} / 'o(s)dBEI )
- [ #aBt [ gt + [ f(oyape( [ o(0)dB2IF)

+ / $)dB2E( / F(s)dBIIF:) +E( / f(s)dB? / o(s)dB3| 7, )

/ #(s)dB! / g(s)dB2.

That is, { fo s)dB} fo (s)dB%}o<i<T is a martingale with respect to
{F:}. Hence, by the Doob martingale stopping theorem,

B([ s} [ ooaBiiE) - [ 102 [ aaBt .34

Now the required assertion (1.31) follows from (1.34) easily. The proof of
the lemma, hence of Theorem 1.32 is now complete. O

We shall finally extend the stochastic integral to a larger class of stochas-
tic processes. Let £2(R4;R™*™) denote the family of all n x m-matrix-
valued measurable {F;}-adapted processes f = {f(t)}s>0 such that

T
/ |f(t)|?dt < co a.s. for every T > 0.
0

Let M2(R4;R™™™) denote the family of all processes f € L2(Ry;R™"*™)
such that

T
]E/ |f(t))?dt < oo for every T > 0.
0

Clearly, if f € M2(Ry;R™ ™), then {f(t)}o<t<T € M2([0,T);R™*™) for
every T > 0. Hence, the indefinite integral fot f(s)dBs, t > 0 is well
defined, and it is an R™-valued continuous square-integrable martingale.
However, we aim to define the integral for all processes in £L2(R;R™*™).
Let f € L2(R4;R™*™). For each integer k > 1, define the stopping time

¢
e =kAinf{t >0: / |f(s)|%ds > k}.
0
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Clearly, 7% T oo a.s. Moreover, { f(t)Ijjo,r,]j(t) }s>0 € M2(R4; R™™) so the
integral

i
I(t) = /(; f(S)I[[O,.,.kH(S)st, t>0

is well defined. Note that for 1 <k < jandt >0,
tATE t
Lenm) = [ 1@ lonn@dB = [ 0oy ion B,

- /0  $() oy (5)dBs = Iu(®),
which implies
Lty=Ik(t), 0<t< 7.
So we may define the indefinite stochastic integral {I(t)}:>0 as
It)y=Ix(t) on0<Lt< 7. (1.35)

Definition 1.33 Let f = {f(¢)}:>0 € L2(R4+;R™*™). The indefinite Itd
integral of f with respect to { B,} is the R™-valued process {I(t)}+>0 defined
by (1.35). As before, we usually write fg f(s)dB; instead of I(t).

It is clear that the Ité integral fot f(s)dBs, t > 0 is an R™-valued con-
tinuous local martingale.

1.6 1t6’s Formula

In the previous section we defined the It6 stochastic integrals. However the
basic definition of the integrals is not very convenient in evaluating a given
integral. This is similar to the situation for classical Lebesgue integrals,
where we do not use the basic definition but rather the fundamental theorem
of calculus plus the chain rule in the explicit calculations. For éxample, it
is very easy to use the chain rule to calculate f; cos(s)ds = sin(t) but not
so if you use the basic definition. In this section we shall establish the
stochastic version of the chain rule for the It6 integrals, which is known as
It6’s formula. We shall see in this book that It6’s formula is not only useful
in evaluating the It6 integrals but, more importantly, it plays a key role in
stochastic analysis.
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Let B(t) = (Bi(t), -+ , Bn(t))T, t > 0 be an m-dimensional Brownian
motion defined on the complete probability space (Q, F,P) adapted to the
filtration {F:}:>o0.

Definition 1.34 An n-dimensional Ité process is an R™-valued continu-
ous adapted process z(t) = (z1(t), -+ ,Z(t))T on t > 0 of the form
t t
() = 2(0)+ [ f)ds+ [ a(s)dB(s),
0 0

where f = (f1,- afn)T € ‘CI(R+;Rn) and g = (gij)nxm € £2(R+;Rnxm)_
We shall say that z(t) has a stochastic differential dz(t) on t > 0 given by

dz(t) = f(t)dt + g(t)dB(2). (1.36)

We shall sometimes speak of Itd process z(t) and its stochastic differ-
ential dz(t) on t € [a, b], and the meaning is apparent.

Let C%'(R™ x Ry;R) denote the family of all real-valued functions
V(x,t) defined on R™ x R4 such that they are continuously twice differen-
tiable in z and once in t. If V € C?}(R™ x Ry; R), we set

Vt:8V $=(8V 6V),

ot’ oz;’ Oz,
v ... _9*v
an O0x10x1 O0x10xn
Ve = (89: oz ) - ; :
: 7 nxn
e 8v_ 8V
8z, 0x; 0,0z,

Clearly, when V € C?1(R x Ry;R), we have V, = &~ and V., = %2;‘{-.
We are now ready to state the well-known It6 formula.

Theorem 1.35 (It6’s formula) Let z(t) be an n-dimensional Ité pro-
cess on t > 0 with the stochastic differential

dz(t) = f(t)dt + g(t)dB(t),

where f € LYR4;R™) and g € L2(R4;R™*™). Let V € CPHR™ x Ry;R).
Then V(z(t),t) is a real-valued Ité process with its stochastic differential
given by

4V (a(t), 1) = [Vi(a(t), 1) + Vala(t), D ()

+%trace(gT(t)Vm(w(t),t)g(t))]dt+Vm(:v(t),t)g(t)dB(t) a.s. (1.37)
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The proof can be found in many books e.g. [Mao (1997)] so is left to
the reader as an exercise. Let us now introduce formally a multiplication
table:

dtdt =0, dB;dt=0,
dB;dB; =dt, dB;dB;=0 ifi#j.

Then, for example,

m

dz;(t)dz;(t) = Zgzk(t)gjk( )dt. (1.38)

k=1

Moreover, the Ité formula can be written as

dV(z(t),t) = Vi(z(t), t)dt + Vi (z(t), t)dz(t)
+ %dwT(t)Vm(m(t),t)dx(t). (1.39)

Note that if z(t) were continuously differentiable in ¢, then (by the classical
calculus formula for total derivatives) the term }dzT (£)Vie(x(2), t)dz(t)
would not appear. For example, let V(z,t) = z1x2, then (1.38) and (1.39)
yield

d[:cl (t)Ig(t)] =T (t)dmz( ) + :1,‘2( )d(tl( ) + d.’IIld(L‘Z (140)

= z1(t)dz2(t) + z2(t)dzy (¢ +Zglk g2 (t

which is different from the classical formula of integration by parts d(uv) =
vdu + udv if both u, v are differentiable. More clearly, we have

d[sin®(t)] = 2sin(t)dsin(t)
but we don’t have, if B(t) is a scalar Brownian motion,
d[B2(t)] = 2B(H)dB(),
instead, we have
d[B%(t)] = 2B(t)dB(t) + dt.

However we do have the stochastic version of integration by parts formula
which is similar to the classical one.
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Theorem 1.36 (Integration by parts formula) Let z(t), t > 0 be a
one-dimensional Ité process with the stochastic differential

dz(t) = f(t)dt + g(t)dB(t),

where f € LY(Ry;R) and g € L2(R4; RY™™™). Let y(t), t > 0 be a real-
valued continuous adapted process of finite variation. Then

dz(t)y(t)] = y(t)dx(t) + z(t)dy(?), (1.41)
that is
t t
z(t)y(t) — z(0)y(0) = /0 y(s)[f(s)ds + g(s)dB(s)] + /0 z(s)dy(s), (1.42)
where the last integral is the Lebesgue—Stieltjes integral.
Given V € C?1(R" x R;;R), define an operator LV : R* x Ry — R by
LV (z,t) = Vi(z,t) + Va(z,t) f(t) + %trace(gT(t)Vm(:ﬂ,t)g(t)), (1.43)

which is called the diffusion operator of the Itd process (1.36) associated
with the C%!-function V. With this diffusion operator, the It6 formula
(1.37) can be written as

dV (z(t),t) = LV (z(t), t)dt + Va((t), )g(t)dB(t) a.s.  (1.44)

If 0 < 7 < p < o0 are two stopping times such that

P
E [ 1Va(alt), Do(0)de < o0
and the integrations involved below are all finite, then

EV(z(p),p) — EV(z(7),T) = ]E/p LV (z(t), t)dt. (1.45)

T

Let us now give a number of examples to illustrate the use of Itd’s
formula in evaluating the stochastic integrals.

Example 1.37 Let B(t) be a one-dimensional Brownian motion. To
compute the stochastic integral

T
/ e—s/2+B(3)dB(s),
0
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we let V(z,t) = et/2+% and z(t) = B(t), and then, by the It6 formula, we
compute
d[e—t/2+B(t)J _ _%e—t/2+B(t)dt+ e t/HBO B (1) + %e—t/2+B(t)dt
= e t/2*BM4B(1).
That yields

t
/ /2B B () = ¢~t/2+B(1) _ 1|
0

Rewrite this as

t
e—%P2t+pB(t) = 1+/ e—%pzsﬂ’B(S)dB(s)_
0

It can be shown (see Exercise 1.10) that

to
IE/ |e—§p2s+pB(s)|2ds - _lz_[epzt —1], vt>o0.
o p

1
So fot e_§p23+p3(s)dB(s) is a martingale on ¢ > 0 vanishing at ¢t = 0. We
hence obtain the following important result.

Theorem 1.38 (The exponential martingale formula) Let B(t) be

a one-dimensional Brownian motion and p > 0. Then e~ 2P tHPBW) o 4
martingale on t > 0 with initial value 1 and hence for any bounded stopping
time T,

E[e~ 277 +7B(™] _ 1.

Example 1.39 Let B(t) be a one-dimensional Brownian motion. What
is the integration of the Brownian sample path over the time interval [0, ¢,
ie. fot B(s)ds? The integration by parts formula yields

d[tB(t)] = B(t)dt + tdB(t).
Therefore
t t
/ B(s)ds = tB(t) —/ sdB(s).
0 0
On the other hand, we may apply It6’s formula to B3(t) to obtain
dB3(t) = 3B?(t)dB(t) + 3B(t)dt,
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which gives the alternative

t _ 1 B t 2 . )
/0 B(s)ds = 3 B%(1) /0 B2(s)dB(s).

Example 1.40 Let B(t) be an m-dimensional Brownian motion. Let
V :R™ — R be C2. Then It6’s formula implies

V(B(t)) :V(0)+% /0 AV(B(s))ds + /0 V,(B(s))dB(s),

where A = Y00, —7 is the Laplace operator. In particular, let V be a

quadratic functlon namely V(z) = 27 Qz, where Q is an m X m matrix.
Then

BT ()QB(t) = trace(Q)t + / t BT (s)(Q + QT)dB(s).
0

Example 1.41 Let z(t) be an n-dimensional It6 process as given by
Definition 1.34. Let Q be an n x n matrix. Then

2T (£)Qx(t) — 27 (0)Q=(0)
= [ (F"6)@+@Mf(s) + 5tracels(:)(@ + QM)o()] ) ds

+AxW@@+Qﬁaww@»

1.7 Markov Processes

In this section we will recall some basic facts about a Markov process. An
n-dimensional F;-adapted process X = {X;}+>0 is called a Markov process
if the following Markov property is satisfied: for all 0 < s <t < oo and
A € B(R"),

P(X(t) € A|F,) = P(X(t) € A|X(s)).

This is equivalent to the following one: for any bounded Borel measurable
function ¢ : R® > R and 0 < s <t < o0,

E(p(X (9)1Fs) = E(p(X (£))| X (s))-
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The transition probability or function of the Markov process is a function
P(s,z;t, A), defined on 0 < s <t < 00, z € R™ and 4 € B(R"), with the
following properties:

(1) For every 0 < s <t < oo and 4 € B(R"),
P(s,X(s);t, A) = P(X(t) € A|X(s)).

(2) P(s,x;t,-) is a probability measure on B(R™) for every 0 < s <t < 00
and z € R™.

(3) P(s,-;t, A) is Borel measurable for every 0 < s <t < co and A €
B(R™).

(4) The Kolmogorov—-Chapman equation

P(s,z;t,A):/ P(u,y;t, A)P(s, z;u,dy)
]Rn

holds for any 0 < s <u <t < 0o,z € R" and A € B(R").
Clearly, in terms of transition probability, the Markov property becomes
P(X(t) € A|F,) = P(s, X(s);t, A).
We shall use the notion
P(X(t) € A|X(s) =z) = P(s,x;t, A)

and
E(X(0) = | p)Pls,ait,dy).

A Markov process X = {X(t)}:>0 is said to be homogeneous if its
transition probability P(s,z;t, A) is stationary, namely

P(s+u,z;t+u, A) = P(s,z;t, A)

forall0 £ s <t < oo,z € R*,u >0 and A € B(R"). In this case, the
transition probability P(s, z;t, A) depends only on t—s and it can be simply
written as P(0,z;t, A) = P(t,z, A). Moreover, the Kolmogorov—-Chapman
equation becomes

P(t+s,m,A)=/ P(s,y, A)P(t, z,dy).

n
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Furthermore, with the notation
E.o(X(0) = | ewP(t.zd),
the Markov property becomes

E(p(X (1) Fs) = Ex(yp(X (¢ - 9)).

An n-dimensional process {X;}:>o is called a strong Markov process if the
following strong Markov property is satisfied: for any bounded Borel mea-
surable function ¢ : R™ — R, any finite {F;}-stopping time 7 and ¢ > 0,

E(p(X (t + 7)) F7) = E(p(X (t + 7))| X (7).
Especially, in the homogeneous case, this becomes

E(p(X(t +7))|F7) = Ex(nye(X(2))-

A stochastic process X = {X(t)};>0, defined on a probability space
(Q, F,P), with values in a countable set E (to be called the state space
of the process), is called a continuous-time Markov chain if for any fi-
nite set 0 < ¢ < t2 < -+ < t, < tpyy of “times”, and corresponding
set 41,42,...,%n—1,%,7 of states in = such that P{X(t,) = i, X(th—1) =
in—1,...,X(t1) =41} > 0, we have

P{X (tns1) = 1X (tn) = 4 X (tn1) = int,..., X(t1) = i1}
= P{X (tns1) = §|X (tn) = i}.

If for all s,¢ such that 0 < s < t < oo and all 4,57 € = the conditional
probability P{X (t) = j|X(s) = i} depends only on ¢ — s, we say that
the process X = {X(t)}:>0 is homogeneous. In this case, then, P{X(t) =
J1X(s) =i} =P{X(t - s) = j|X(0) = i}, and the function

Pi(t) = P{X(t) = j|X(s) =i}, 1,j€E,t>0,

is called the transition function or transition probability of the process. The
function P;;(t) is called standard if lim; o P;;(t) = 1 for all i € =.

Theorem 1.42 [Anderson (1991)] Let P;;(t) be a standard transition
function, then v; 1= lim;_,o[1— Py;(t)]/t exists (but may be 0o) for alli € E.

A state 7 € E is said to be stable if v; < oo.
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Theorem 1.43 [Anderson (1991)] Let P;;(t) be a standard transition
function, and let j be a stable state. Then v;; = P;;(0) exists and is finite
forallieE.

Let v = —v and T' = ()i e=. I is called the generator of the
Markov chain. If the state space is finite which we can take to be S =
{1,2,..., N}, then the process is called a continuous-time finite Markov

chain. Throughout this book, we assume that all Markov chains are finite
and all states are stable. For such a Markov chain, almost every sample
path is a right continuous step function.

Theorem 1.44 [Anderson (1991)] Let P(t) = (P;;(t))nxn be the tran-
sition probability matriz and T = (7;;)nxn be the generator of a finite
Markov chain. Then

P(t) = e'T.

It is useful to emphasise that a continuous-time Markov chain X (t) with
generator I' = {7;;}nxn can be represented as a stochastic integral with
respect to a Poisson random measure (see [Skorohod (1989)] and [Ghosh
et al. (1997)]). Indeed, let A;; be consecutive, left closed, right open
intervals of the real line each having length +;; such that

Az = [0,712),
Az = 112,112 + 113)s

N-1 N
Ay = M Y M |
| =2 j=2
[N N
Ag = Z'}’l Z Y1+ Y21 | s
| =2 =2
[~ N
Agz = Z Y15 +721,Z’Yl] + 721 +723 ],
_7=2 ] =2

N
Nov = | Y mj+ Z 72172’71]"‘ Z Y2i

j=2 §=1,j#2 J=1,7#2
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and so on. Define a function

h:SxR—=R
by
. _ j—1 if ES A,’j,
hiy) = { 0 otherwise. (146)
Then

axX(t) = /}R h(X (t-), y)v(dt, dy),

with initial condition X(0) = 4o, where v(dt, dy) is a Poisson random mea-
sure with intensity dt x p(dy), in which u is the Lebesgue measure on R.

1.8 Generalised It6’s Formula

Let (Q,F,{F:}+>0,P) be a complete probability space with a filtration
{Fi}t>0 satisfying the usual conditions (i.e. it is increasing and right
continuous while Fo contains all P-null sets). Let B(t) = (Bi,.. ., BMT
be an m-dimensional Brownian motion defined on the probability space.
Let r(t),t > 0, be a right-continuous Markov chain on the probability
space taking values in a finite state space S = {1,2,..., N} with generator
I' = (v55) Nx N given by
P{r(t+46) = t)=i}=
where 6 > 0. Here +y;; > 0 is transition rate from ¢ to j if ¢ # j while
Vi = — Z’Yij-
Jj#i

We assume that the Markov chain r(-) is independent of the Brownian
motion B(-).

Let z(t) be an n-dimensional 1t6 process on t > 0 with the stochastic
differential

dz(t) = f(t)dt + g(t)dB(t),

where f € L1(R4;R™) and g € L2(Ry;R™*™). The Itd formula established
in Section 1.6 shows that a C%!(R™ x R4 ;R )-function V maps the Itd
process z(t) into another Ité process V(z(t),t). On the other hand, we



48 SDFEs with Markovian Switching

will consider the paired process (z(t),r(t)) in this book and we need to
know how a function V : R® x R}y x § — R will map (z(t),r(t)) into
another process V(z(t),t,7(t)). For this purpose, let CZ1(R" x R, x S;R)
denote the family of all real-valued functions V(z,¢,4) on R® x Ry x S
which are continuously twice differentiable in z and once in t. If V €
C?>HR™ x R4 x S;R), define an operator LV from R™ x R; x S to R by

LV("L‘a t 7’) = V}(IL‘, L, Z) + VI(‘T> t l)f(t)
+ %trace[gT(t)Vm(x,t,i)g(t)],+ S Vi ti),  (147)
j=1

where

Vi(z,t,0) =

OV {z,t,7) ) oV (z,t,1) OV (z,t,7)
Bt , Ve(z,t,4) = ( o2 Bm.

and

) 0%V (x,t,4
Vaa(2,8,) = (#) :
Lot nxn

The following formula, known as the generalised It6 formula, reveals how
V maps the paired process (z(t),r(t)) into a new process V (z(t), t, r(t)).

Theorem 1.45 IfV € C>!(R™ x Ry x S;R), then for any t > 0
V(z(t),t, (1))
¢
=V {(z(0),0,7(0)) + / LV (z(s),s,r(s))ds
0

+/ Vi (x(s), 8,7(s))g(z(s), 5,7(s))dB(s)
/ / (V((s), 5,70 + h(r(s), 1) = V{a(s), s, r(s))u(ds, dl),  (1.48)

where the function h is defined by (1.46) and u(ds, dl) = v(ds,dl) — p(dl)ds
is a martingale measure while v and p have been defined in the end of
Section 1.7.

The proof can be found in [Skorohod (1989)] on page 104 (namely, the
proof of Lemma 3 there). In particular, taking the expectation on both
sides of (1.48), we get the following useful lemma.
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Lemma 1.9 LetV € C*}(R" x R4 x S;R;) and 71, 72 be bounded stop-
ping times such that 0 <7 < 73 a.s. If V(z(t),t,r(t)) and LV (2(t),t, (1))
etc, are bounded on t € [y, o] with probability 1, then

EV (z(rp), 72, 7(12)) = EV(z(11), T1,7(T1))
+E / " LV(2(s), 5,7(s))ds. (1.49)

1.9 Exercises

1.1 Let B;, 0 <t < T be a scalar Brownian motion and let k£ be a positive
integer. Set A =T /k and ¢; = jA for 0 < j < k. Show

E(B; — By,_,)>=A and E(By — By,_,)* =3A%
Deduce that
]E[(Btj - Btj—l)(Bti - Btj-i)] =0 fors 75 J.

Hence show that E;-c:l(Btj — B;;_,)? has mean T. Next, show that

k
]E( S (B, - Btj_l)2)2 =T? 4 2TA

j=1
and hence deduce that Z§=1(Bt ; — Bt;_,)? has variance of O(A).
1.2 Show that a scalar Brownian motion B; has a scaling property: for any
fixed ¢ # 0,

X,= B2t 45,

c =

is a Brownian motion with respect to the filtration {F.2;}.

1.3 Prove properties (a)—(c) listed on page 21 for a Brownian motion.

1.4 Prove Lemma 1.4.

1.5 In Step 2 of the proof of Lemma 1.5, ¢(¢) is defined for the given
process @(t). Show that for every w, ¢x(-,w) is continuous and and

b
lim / o (t,w) — e (t, w)|2dt = 0.

1.6 Prove Theorem 1.21.
1.7 Prove Lemma 1.7.
1.8 Prove the It6 formula. (You may refer to [Mao (1997)].)
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1.9 Let Q be an m x m matrix and define V(z) = 27 Qx for 2 € R™. Show
that Vz(z) = 27(Q + QT) and V;, = Q + QT and hence show by the
1t6 formula that

BT()QB(1) = trace(@)t + [ " BT(5)(Q + QT)dB(s),

where B(t) is an m-dimensional Brownian motion.
1.10 Let £ ~ N(0,02) (i.e. a normal distribution with mean 0 and variance
o?). Show

1
E(ef) = 37"
Hence show that if B(t) is a scalar Brownian motion and p > 0, then

t 1
/ Ele—§P2s+pB(s)|2ds — %[ezﬁt ~1], Vt>o.
0

p



