Chapter 1

Complex Numbers

1.1 Informal Introduction

What is a complex number? It is any number of the form z = = + iy,
where z and y are real numbers and i obeys i? = —1. Of course, there is
no real riumber whose square is negative, and so ¢ is not a real number.
Accordingly, z is called the real part of z, denoted Rez, and y = Im z is
called the imaginary part. (Notice that Im z is y and not 4y.)

Complex numbers are declared equal if and only if they have the same
real and imaginary parts; if 213 = z1 + ty1 and 22 = x2 + iy2, then 21 = 29
if and only if both 1 = r3 and y; = y2. We write 0 for 0 + 0.

Addition and multiplication are as one would expect;

21+ 22 = (x1 + 22) + i (Y1 + ¥2)
z1 22 = (z1 + iy1) (T2 + Gy2) = T1%2 + Y1 T2 + Y19Y2 + T10Y2
= (2122 — 1y2) + 1 (Y172 + T1Y2) -
If 2=z +iy, then —2 = —x — iy.

Suppose that z = x + iy, and 2z # 0. Then at least one of = or y is
non-zero. In fact, z # 0 if and only if 22 + y? > 0. We have

11 T —1iy Ty
z z+iy (z+w)(z—iy) 22+y?
__ =z i y
__,L-2+y2 :r2+y2’
1 1 —
sothatRe—=—:—B—— and Im- = y_.
z x4+ y? z x4 y?

By definition, complex conjugation changes the sign of the imaginary
part, that is, the complex conjugate of z = = + iy is defined to be the
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complex number 2 = z — iy. Notice that 2z = 22 + y2 and that

+z z—z

Rez=z =2 and Imz=gy="—
24

Proposition 1.1  For any complex numbers z1, 22, we have

() z1+z=7%+2,
() Zm=-mm
)
)

(i) 71 =21.
(iv If z9 #0, then (ﬂ) =4
Z9 z9
Proof. This is just straightforward computation. 0

1.2 Complex Plane

There is a natural correspondence between complex numbers and points
in the plane, as follows. To any given complex number z = z + 1y, we
associate the point (z,y) in the plane and, conversely, to any point (z,y)
in the plane, we associate the complex number z = z + 1y

z=z+iy <« (z,9).

This is evidently a one-one correspondence.

P_ (z,y) «— z + iy

ol = Va2

Fig. 1.1 Complex numbers as points in the Argand diagram.
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The complex plane (also called the Argand diagram or Gauss plane) is
just the set of complex numbers thought of as points in the plane in this
way. It is very helpful to be able to picture complex numbers like this. The
z-axis is called the real axis and the y-axis is called the imaginary axis.

If P is the point (z, y), corresponding to z = z+1y, then the (Euclidean)
distance of P from the origin is equal to y/x2 -+ y2. This value is written |z|,
the modulus (or absolute value) of z. Thus, |z] is the length of the two-
dimensional vector (z,y). If z is real, then y = 0 and so 2| = Va2 = |zl
the usual value of the modulus of a real number.

For any complex numbers z; and 22, 21 — 22 = (1 — Z2) + i(y1 — y2)

so that |z1 — 22| = \/(xl — 22)2 + (y1 — y2)? which is the distance between
the points z; and zp thought of as points in the plane. It makes perfectly
good sense to talk about complex numbers being “close together”—this
simply means that the distance between them, namely |z; — 22|, is “small”.

Examples 1.1

(1) What is the set S = {2 : |z — (| =7}, where r > 0 and ( is fixed? The
complex number z belongs this set if (and only if) its distance from ¢
is equal to 7. We conclude that S is the circle in the complex plane
with centre ¢ and radius r. In terms of cartesian coordinates, we see
that z = = + iy belongs to S if and only if

P=le= (P =@ =P+ = )?

where ¢ = € 4+ in. This is the equation of a circle in R? with centre at
the point (£,7) and radius r.

By considering values r < R, we see that {z : [z —(| < R} is the
disc in the complex plane formed by all those complex numbers whose
distance from ( is strictly less than R.

Note that {z : |z| = 1} is the circle with radius 1 and centre at the
origin. The set {z : |2| < 1} is the disc with centre at the origin and
radius 1 but not including the perimeter { z: |z| =1}.

(2) What is the set A = {z: |z —i| = |z — 3] }? We see that z € A if and
only if its distance from the complex number ¢ is the same as its distance
from 3. It follows that A is a straight line—the perpendicular bisector
of the line between ¢ and 3 in the complex plane. We can see this in
terms of cartesian coordinates. If z = z + 14y, then z — i =z +i(y — 1)
and z — 3 = z — 3 + iy, so that z belongs to A if and only if

2+ (y-1)7%=(x-3)°+¢°.
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Simplifying, this becomes y = 3z — 4, the equation of a straight line.
(3) The set {z:Imz >0} is the set of those complex numbers z = z + iy

such that Imz = y > 0. This is just the set of all points in the upper

half-plane—those points lying strictly above the z-axis.

Proposition 1.2 For any complex number z,
|Re z| < |2]
Im 2| < |z]
5 (el +Jyl) <zl < |z] + [y]
where t = Rez and y = Im 2.

Proof. The first two inequalities are direct consequences of the inequality
a? < a®+b?, valid for any real numbers a and b (take positive square roots).
Furthermore, |2|° = 22 + y2 < 22 + y? +2|z||y| = (|z| + |y|)%. Taking
positive square roots gives |z| < |z| + |y|.
Finally, the inequality (a — b)? > 0, for any real numbers a and b, can
be rewritten as 2ab < a? + b2. Using this, we have

2 2 2 2 2
(2] + 1y1)" = l2I* + ly* + 2|z |y| < 2|z + 2 |y|.

Taking the positive square root completes the proof. O

1.3 Properties of the Modulus

Further properties of the modulus are as follows.
Proposition 1.3  For any complexr numbers z, ¢, we have
) |z2|=04fand onlyifz=0;
) |z =27;
) el =171
(iv) lz¢l =1zl [{]; "
z z
) 0, then |=| = — ;
)
)

|z4+¢] < |z|+¢| (the triangle inequality) ;
214+ zm| < 21| + -+ + |2m]| for any 21, 22,...,2m € C.

(vi
(vii

Proof. Parts (i), (ii) and (iii) are straightforward. To prove (iv), we
observe that lzCi2 = 2(2(, by (i), = 2¢zC = |2]° |C|2, again by (ii).



Complex Numbers 5

Taking positive square roots gives (iv). Similarly, if ¢ # 0, then

HEHOR

_ Ll

I¢?

d\|N
il

and (v) follows.

It is possible to prove part (vi) by substituting in the real and imaginary
parts and doing a bit of algebra. However, we can give a slick and relatively
painless proof as follows:

lz+¢P ==+ (z+¢)
=Z+{(z+¢)
=zz+(z+2(+((¢
= 2P+ ¢+ 2T+ 2
= 2> + I¢]? + 2 Re(2 C)
< el + ¢ + 22
=2 +[¢|* + 22| K]
= (2| + ¢])?.

Taking positive square roots completes the proof.

Part (vii) is the generalized triangle inequality and follows directly from
part (vi) by induction. Indeed, for each m € N, let P(m) be the statement
that |z1 + -+ + 2m| < |21] + -+« + |2m]| for any 21, 29,...,2, € C. Clearly,
P(1) is true.

We suppose that P(n) is true and show that this implies that P(n + 1)
is true. Indeed, for any 21,...,2,41 in C, let { = z,, + 2p4+1. Then, we have

|21+ + 2zn + Zny1l = |21+ - + 21 + (]
<lz| 4+ |zn-1| + €]

by the induction hypothesis (namely, that P(n) is true)

<la| 4+ lzn-1] + |zal + [2041]

by part (vi), and therefore P(n+1) is true, as claimed. Hence, by induction,
P(n) is true for all n € N. O
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Remark 1.1 Replacing ¢ by —(, the triangle inequality becomes
|z = ¢ < [z +I¢] -

Now, |z| = |z— 0} and |[¢{| = |¢ — 0|, and so the above inequality tells us
that the distance between the pair of complex numbers z and ¢ is no greater
than the the sum of the distances of each of z and ¢ from the origin. This
is just the statement that if we form the triangle with vertices 0, z and ¢,
then the length of the side joining z and ¢ is never longer than the sum of
the other two sides—hence the name “triangle inequality”.

For any complex numbers u, v, w, we see that

[u—w|=|(u—-v)+ @ -w)| <|u-v|l+—uwl,

so there is nothing special about the origin in the above discussion—it works
for any triangle.

Evidently, part (vi) is just a special but important case of part (vii),
the generalized triangle inequality.

Remark 1.2 For any z,{ € C, we have [(| = |( — z+ 2| < |( — 2| + |z|,
giving |{| — |z| < |z —(|. Interchanging z and ¢, we obtain the inequality
2~ I¢ < I¢ — 2 = | — ¢|. Thus — |2 — | < o] - |¢] < | — |, which can
be written as

[zl = 1¢l] <1z —¢].

From this, we see that if two complex numbers z and ¢ are close (i.e., the
distance between them, |z — (|, is small) then they have nearly the same
modulus. The converse, however, need not be true, for example, ¢ and —:
have the same modulus, namely 1, but | — (—1) | = 2| = 2.

Example 1.2 If the complex numbers u and v are proportional, with
positive constant of proportionality, then u +v = v+ ru = (1 + 7)u for
some r > 0. Evidently, |u +v| = (1 + ) |u| = |u| + |v|. Geometrically, this
is clear. The complex number u + v is got by putting the vector v onto the
end of the vector « in the complex plane. If v = ru, then u and v “line up”
and the triangle with vertices 0, u and u 4 v collapses to a straight line.

Furthermore, if v1,...,vm are each of the form v; = rju, for some
r; > 0, then the vector v + v1 + v2 + -+ + vy, is got by placing parallel
vectors end to end and so its length will be the sum of the parts,

futvr+va+- ol =ul+ v+ vm -

We shall see that the converse is also true, as one might expect.
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First, we shall show that the equality |21 + 22| = |2z1] + |22| holds for
non-zero complex numbers, z; and 22, only if they are proportional (with
positive constant of proportionality), that is, if and only if 25 = rz; for
some real number 7 > 0.

Indeed, as we have just discussed, if z9 = rz;, with » > 0, then the
claimed equality holds.

Conversely, suppose that |z + 22| = |21] + |22|. Then

2 —
(lz1] + |22])” = |21 + 22” = |21]* + | 22]* + 2Re(2172)

and so Re(z122) = |z1] |22] = |71%2|. It follows that z1z; has no imaginary
part and so 2122 = Re(z122) = |2122|. From this we see that zo = rz;
where r = |2172} / |21

Now, suppose that zx # 0, for all k = 1,...,n, and that

Sl =13z (+)
k=1 k=1

We wish to show that there are positive real numbers rs, ..., r, such that
zj = rjz for j = 2,...,n. Now, for any partition of the set {1,2,...,n}
into two subsets I and J, the equality (*) implies that

ZIZkI—IZZk[—|ZZk+ZZkI

kel keJ
IS Y]
kel keJ
S|sz |+Z|2kl
kel keJ
<D lzkl + ) —lekl
kel keJ

and so |Y,cr2k| = Ypes |2kl Taking I = {1,5} and applying the first
part, the result follows.

Let (o =0and {; = (j—1+2;, for j =1,...,n and let P be the polygon
[€o, C1] U+ -U{n—1,(n], where [w, z] denotes the straight line segment from
w to z. Then the equality in question is the statement that the distance
between the initial and final points of P is equal to the sum of the lengths
of its segments. This can only happen if the polygon stretches out into a
straight line (and does not turn back on itself).
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Example 1.3 For given 21, 23, 23 € C, what is the set
{weC:w=az + Bz +vz3, some a, 3,7 € 0,1 witha+8+vy=1}7

In fact, this set is the triangle (including its interior) with ver-
tices 21, 29, z3. To see this, first notice that we can write

w= oz + Pz +v23 = (1 —7)((1 — )21 + pza) + 23

where = 3/(a + B) (assuming that the denominator is not zero).] Now,
the set {{: ¢ = (1—p)z1 + pzo, 0 < p < 1} is just the line segment from
21 to z2. Let ¢, = (1 — p)z; + p22 be some point on this line segment. The
set L, = {w:w=(1-7) +v23, 0 <7 <1} is the line segment from
Cu to z3. As p varies between 0 and 1, so (, varies along the line segment
from z; to z; and the Lys fill out the triangle.

1.4 The Argument of a Complex Number

We have agreed that a complex number can be usefully pictured as a point
in the plane. Now, we can use polar coordinates rather than cartesian
coordinates, giving the correspondences (assuming z # 0)

z=z+iy —  (zy) «— (r,0),

where r = 4/z2 + y? = |z|, and where 0 is given by the pair of equations

T T Rez
cosf=—=—=—
el e
and
Im
sin9:—:£-=—z.
lz] 2]

The value of 8 is determined only to within additive multiples of 27,
that is, if @ satisfies both cos§ = z/r and sin @ = y/r then so does 6 + 2k,
for any k € Z. Moreover, these are the only possibilities: if 1 also satisfies
cost = z/r and siny = y/r then ¥ = 0 + 2nx for some suitable n € Z.

The angle 6 is called the argument of z, denoted arg z. Note that accord-
ing to the above discussion, arg z is not well-defined. One could call arg z an
argument of z, i.e., a solution to cosé = z/r and sinf = y/r, or one could
define arg 2 to be the set of all such solutions, argz = {8, 0+2xr,0+4m,---},
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Fig. 1.2 Cartesian and polar coordinates.

where 6 is any solution. We prefer the first idea, even though it is something
of a nuisance.

By convention, we can pick on a particular choice. There is a unique
solution @ satisfying —7 < 6 < m; this choice of 6 is called the principal
value of the argument of the complex number z and is denoted by Argz.
Thus, for any z # 0, Argz is well-defined and is uniquely determined by
the requirement that Argz = 6 € (—m,n] and cosé = z/r and sinf = y/r.
For example, Argz = 0 for any real number z with x > 0. If z is real and
x <0, then Argr = 7. Also Argi = m/2, Arg(—1) = m, Arg(—i) = —7/2.

Y

-1+ 1+1

ISE

—1—1

Fig. 1.3 Arg(1+i) =TI, Arg(-1+1) = 3T", Arg(—1—14) = ~32.

If zy = r1(cos @y + isinfy) and 29 = ro(cos Bz + isinfz) then, using the
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standard trigonometric formulae, we find that
z122 = r179(cos(f1 + 62) + isin(6; + 63))

and so 6 + 0, is a possible choice of argument for the product z; 29, for
any choices 0; and 63 of arguments for z; and 29, respectively. In general,

arg(z122) = argz; + arg z2 + 2k, for some k € Z,

where argz;, argz; and arg(z1z2) denote any particular choices of the
arguments. Of course, different choices will lead to different values for k.
In particular, by induction, we obtain De Moivre’s formula

(cos@+isin®)™ = cosnf +isinnd.

Remark 1.3 It is not always true that
Argzyzo = Arg 2y + Arg 2.

For example, Arg(—1) = 7 but Arg((—1)(-1)) = Argl =0 # 7 + 7.
The ambiguity of the argument of a complex number reappears when
we try to set up the notion of the logarithm of a complex number.

Remark 1.4 Suppose that z has polar coordinates (r,8), 2 « (r,6).
Then 2" < (r™,nf#). Multiplying complex numbers amounts to multi-
plying their moduli and adding their arguments. Furthermore, 1/z =
z/(2Z) = Z/|z|°, so that 1/z < (1/r,¢), where @ is an argument of z.
But z = rcosf — irsinf = r(cos(—0) + isin(—0)) giving z < (r, —6).
Hence 1/z « (1/r,—0). Dividing by a complex number amounts to divid-
ing by the modulus and subtracting the angle; z/w « (r/p, 8 — a), where
z e (r,0) and w < (p,a).

Example 1.4 For any w # 1,

1—w™

l4w4w?+- - +uw" =

1—-w
(because (1 —w)(1+w-+---+w™ 1) =1—w"). Setting w = cosf +isinf
(so that w* = coskf + isinkf « (1,kH)), we find that
sin((n + $)8) — sin(%)

Sp =cosf 4 cos20+ - + cosnd = QSin(%)
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and that

T, =sinf4sin20+---+sinnf =

provided 8 # 2k for any k € Z.
Indeed, if we let ¢ = cos(§) —isin(§) < (1, —2), then we have

Sp + 1Ty, =cos +ising + cos26 +isin26 + - - - + cosnf + isinnd

=w+w+--+w"
w — !
1—w

_ (W —w)¢
- (w=1)¢
Wt ¢ —w(

w—¢
cos((n + 3)0) + isin((n + 3)0) — cos(§) — isin(§)

2isin() ‘

Equating real and imaginary parts gives the required formulae.

Returning to the general discussion, we have declared a complex number
to be one of the form z = z + iy, where i = —1, and have so far accepted
this uncritically. The question is “is this legitimate?” What is this magical
number which we denote by i7 It is certainly not a real number, so what
is it? Now watch closely:

1 1
%?1:(—_1—)
—1 1
= VT -V3I
e S
= A~V
— VIVI=ViVi
= —1=1,

which is some cause for concern.
A similar but somewhat less picturesque “observation” is that

V10 = /(=5)(=2) = V=5 V=2 = iv/5 iv/2 = i /10 = —/10.
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Maybe we should take a little more care in setting up the notion of a
complex number. Happily, this can be done, as we will now see (but the
paradoxes above must wait until we discuss complex powers).

1.5 Formal Construction of Complex Numbers

We define C to be the set of ordered pairs (z,y), with z,y € R, together
with the binary operations of “addition” (denoted +) and “multiplication”
(denoted - ) given, respectively, by

(a,b) + (c,d) = (a+ ¢, b+ d)
and
(a,b) - (¢,d) = (ac — bd, ad + bc).

(Secretly, we think of (a,b) and (c,d) as being a + b and ¢ + id. Then the
addition and multiplication laws above are the obvious ones.)

Proposition 1.4 The set C equipped with these operations is a field in
which (0,0) is the identity for addition and (1,0) is the identity for multi-
plication.

Proof. 1t is clear from the definitions above that (a,b) + (0,0) = (a,b) =
(0,0) +(a, b) and that (a,b)-(1,0) = (a,b) = (1,0)-(a,b). Also, (—a, —b) is
an additive inverse for (a,b). Furthermore, provided (a,b) # (0,0), we see
that (c,d) is a multiplicative inverse for (a,b) where ¢ = a/v/a2 + bZ and
d = —b/va? + b2. (These are what we would expect if (a, b) is to somehow
be a rigorous realization of the expression a + b).

Straightforward computations, using the definitions of + and -, show
that, for any (a,b), (¢,d), (e, f) € C,

(a,b) + (¢, d) = (¢, d) + (a, ) ( —|— is commutative),

(a,b)+ ((c d)+ (e, f)) = ( d))+(e, f), (+ is associative),
(a,b) - (c,d) = (¢,d) - {a, b), ( is commutatlve),

(a,b) - ({c,d) - (e, F)) = ((a,b) - (c,d)) - (e, f), (- is associative),
(a,0) - ((¢,d) + (e, f)) = (a,b) - (¢, d) + (a,]) - (e, f),

(- is distributive over +)

a,
a,

Thus, C is a field, as claimed. a
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Proposition 1.5 The set F = {(a,0) : a € R} is a subfield of C and the
map ¢ : R — C given by ¢ : a — (a,0) is a field isomorphism of R onto F.

Proof. From the definitions, we see that (a,0)+(b,0) = (a+b,0) and that
(a,0) - (b,0) = (ab,0), for any (a,0),(b,0) € F. Furthermore, the additive
inverse of (a,0) is (—a,0) € F and, if a # 0, the multiplicative inverse is
(1/a,0) € F. It follows that F is a subfield of C.

Next, we note that ¢(a+b) = (a+b,0) = (a,0)+(b,0) = ¢(a)+¢(b) and
$(ab) = (ab,0) = (a,0) - (b,0) = $(a) - $(8), $(0) = (0,0) and ¢(1) = (1,0)
and so ¢ is a homomorphism with respect to both operations + and -.

Finally, we observe that (a,0) = ¢(a) and so ¢ maps R onto I, and
if ¢(a) = ¢(b), then (a,0) = (b,0) and therefore a = b. Hence ¢ maps R
one-one onto I and is a field isomorphism. O

This means that F and R are “the same”, that is, R can be embedded
in C as F. This is just the formal proof that the “real line” is still the “real
line” when we consider it as the z-axis of the complex plane. This is not an
entirely vacuous statement because we are also considering the additive and
multiplicative structures involved. (The plane is more naturally considered
as a linear space, so that addition is natural but multiplication is a little
special. In fact, it can be shown that R™ (with n > 1) can be given a
multiplication making it into a field only for n = 2, in which case the
multiplication is as above.)

Now, any (a,b) € C can be written as

(a,b) = (a,0) + (0,b) = (a,0) + (0,1) - (b,0)
= ¢(a) +(0,1) - ¢(b) = B(a) + i p(b)
=a+1ib

where we have dropped the isomorphism notation ¢ by writing ¢(z) as
just z, for any z € R. Also, we have set i = (0,1), and we have dropped
the -, denoting multiplication merely by juxtaposition, as usual. Thus, with
this new streamlined notation, any complex number has the form a-+4b, with
a, b € R, and where i satisfles 1> = (0,1) - (0,1) = (—1,0) = ¢(—1) = —1,
i.e., i2 = —1. We have therefore given substance to the hopeful but vague
idea of “a number of the form z + iy, with z, y € R, and with i2 = —1”,
and have recovered our original formulae for addition and multiplication.
The complex numbers are well-defined—they form a field and contain the
set of real numbers R as a subfield.
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What’s going on? We might worry about simply asserting that i? = -1
without having said precisely what 7 was in the first place. However, it turns out
to be all right. We can just go ahead and write any complex number as a + b,
where i2 = —1 and not worry. It can all be justified. (But we still need to sort
out square roots.)

Remark 1.5 The set of real numbers has a notion of order, defined in
terms of positivity. For any real number z, precisely one of the following
three statements is true; x = 0, z > 0, —z > 0. A property of positivity
is that if x > 0 and y > 0, then zy > 0. It follows that 1 > 0. (To see
this, first we note that, clearly, 1 # 0 (otherwise, £ = 1z would be 0 for all
x € R). Hence either 1 > 0 or —1 > 0, but not both. If —1 > 0 were true,
then we would have (—=1)(—=1) > 0. But (—1)(—1) = 1% = 1 so that also
1> 0. Both —1 > 0 and 1 > 0 is not allowed, so we conclude that —1 >0
is false and therefore 1 > 0.)

Is there such a notion for complex numbers which extends that for the
real numbers? If this were possible then, for example, we would have either
i > 0or —i > 0 (since i # 0). Ifi > 0 were true, we would have —1 = i* > 0,
which is false. Hence —i > 0 must be true. But then, again, this would
imply —1 = (—i)? > 0, which is false. We must concede that there is no
generalization of positivity extending from the real numbers to the set of
complex numbers.

For real numbers = and y, the inequality z > y is just a way of writing
z—y > 0. This latter does not make sense, in general, for complex numbers,
so it follows that inequalities, such as z > ¢, do not make sense for complex
numbers.

What’s going on? Try as we might, we cannot make (useful) sense of
inequalities between complex numbers.

1.6 The Riemann Sphere and the Extended Complex Plane

Let 2 denote the sphere {(,y,2) € R : 22 +y?+22 =1} in R? and let N
denote the point (0,0,1), the “north pole” of S?. Think of C as the plane
{(z,y,z) : z = 0}, containing the equator of 52, Then given any point P
in this plane, the straight line through P and N cuts the sphere 52 in a
unique point, P’, say. As P varies over the plane, the corresponding point
P’ varies over §%\ {N}. This sets up a one-one correspondence between C
and 52\ {N}.
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We note that points far from the origin in C are mapped into points
near the north pole (and points close to the origin are mapped into points
close to the south pole of S2, i.e., the point (0,0, —1)). Notice too that if
(Pr) is a sequence of points in C which converges to some point P in C,
then the images P, of P, converge in S? to the image P’ of P. We also
see that if (2,,) is a sequence in C such that |z,| — oo, then the sequence
(P}) of their images converges to N in S? (and vice versa). The point N
is called the “point at infinity”.

The extended complex plane, Co,, is defined to be C together with one
additional element, that is, Coc = C U {oo}, where {oo} is a singleton
set with oo ¢ C. It does not matter what oo actually is, as long as it
is not already a member of the set C. For example, we could take oo to
be &, which is certainly not a complex number. (Note that a and {a} are
different mathematical objects, so, in particular, @ is not the same as { @ }.
Indeed, the objects { @}, {@,{@}} and {@,{2,{2 }}} are different, as
different as the numbers 1,2, 3.)

What’s going on?  The issue is how to augment a given set to give it just one
new element. That is, given a set A, how does one construct a new set B such
that B\ A is a singleton set? In the case above, A = C and B = C is the set
we seek. If it does not matter what the new element is, as in the case here, then
the explicit construction above is just one of many possibilities.

There is then a one-one correspondence between Co, and S? given by
o0 «— N together with the correspondence between C and S2 \ {N}, as
introduced above. The extended complex plane, Co,, viewed in this way is
referred to as the Riemann sphere.

This gives a sensible realization of “infinity”. For example, the mapping
2z 1/z is not a priori defined at z = 0 € C. However, if we consider the
extended complex plane, or the Riemann sphere, then in addition to the
mapping z — 1/z for z € C\ {0}, we can define 0 —» N and N ~ 0, (or, in
more suggestive notation, 0 +— oo (1/0 = o0) and oo — 0 (1/00 = 0)). This
defines the map z — 1/z as a mapping from Co, — Co. This construction
is reasonable in that if z, — 2, then 1/z, — 1/z even if z or any 2, is equal
to 0 or to oo.

The point here is to notice that by studying Cq,, rather than just C, we
can sometimes handle singularities just as ordinary points—after all, one
point on a sphere is much the same as any other.

In real analysis, one considers the limits £ — co and = — —oo. Whilst
It must be stressed at the outset that this is just shorthand symbolism,
nevertheless, it does invoke a kind of image of two infinities—one positive
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and the other negative. In view of the picture of complex numbers as points
in the plane, one might wonder if it might be worth considering some kind
of collection of “complex infinities”, each being somewhere off in some given
direction (perhaps corresponding to some “end of the rainbow” at the “end”
of the ray r(cos @+ isin ) as r becomes very large). The view of C as being
wrapped around a sphere, as developed above, suggests that we can bundle
all these “infinities” into just a single “point at infinity”, namely, the north
pole.

It should be stressed that whilst C is a field (so one can do arithmetic),
this is no longer true of Co,. There is no attempt to assign any meaning
whatsoever to expressions such as 0o + 0o or 0 x co. The operations of
addition and multiplication are simply not directly applicable when oo is
involved.



