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where 

Iij = / pXiXjdV , 
Jv 

T ^Jim.ajdV, (1.47) 

2 7y Jv \r - r'r 

Note that if Eq. (1.46) is contracted over i and j (i.e. multiplied by 5ij and 
summed over i and j ) then the scalar virial theorem (1.44) is recovered. 

Derivations of the virial theorem in different forms can be found in 
Chandrasekhar (1969) and Tassoul (1978). 

1.9 Vorticity 

An important derived quantity for a fluid flow is the vorticity 

u> = Vxw . (1.48) 

For a fluid rotating rigidly with angular velocity ft, for example, u = ftxr 
and 

u> = 2ft, (1.49) 

using a standard vector identity (cf. Appendix A). Generally, in a fluid 
flow u the vorticity at any location is equal to twice the local rotation rate 
of a fluid line element at that location, as is proved below. This does not 
mean however that streamlines have to be curved for the fluid to possess 
non-zero vorticity. For example, consider the shear flow u = Cyex where C 
is a non-zero constant: this is a unidirectional shear flow in the x-direction 
with magnitude proportional to y. Here as elsewhere we use ex, ey, ez to 
denote unit vectors in the x-, y- and z-directions. It is a straightforward 
exercise to show that the vorticity of such a flow is OJ = —Cez, which is 
non-zero although the streamlines (lines everywhere parallel to the flow) 
are straight lines. 

To see the relationship between vorticity and local rotation of the fluid, 
we shall now analyse the relative motion of a fluid in the vicinity of a point. 
Let A be a point moving with the fluid, which at an initial time t is at 
position r; and let B be another point which at time t is at nearby position 
r + Sr (Fig. 1.2). At time t therefore the position of B relative to A is dr. 
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Fig. 1.2 The motion of neighbouring points A (at position r) and B (at postion r + Sr), 
which leads to the evolution of the material line element 5r with time. 

The fluid velocity at A is u(r) and at B it is u(r + Sr); therefore after a 
short time St the separation of B from A has changed to 

{r + 8r + St u(r + Sr)} - {r + Stu(r)} = Sr + St {u(r + Sr) - u(r)} 

correct to 0(5t). The last term can be simplified by expanding u(r + Sr) 
in a Taylor series about r and keeping only terms up to Sr. Treating Sr 
now as a function of time, an equation for the rate of change of Sr with 
time can be can be obtained from here by dividing the difference between 
the new separation and the old one by St and taking the limit as St —> 0: 

DSr 
— = Sr-Vu (1.50) 

where, since we are following the separation between material points, we 
write the derivative as a material derivative. This equation therefore de­
scribes the evolution of a material element Sr. The right-hand side can 
be expressed in index notation as (Sr)jdui/dxj. The tensor Vu, like any 
other second-rank tensor, can be split into a symmetric part and an anti­
symmetric part: 

duj _ 1̂  / du^ duj\ ^ /du^ _ duj\ . 
dxj ~~ 2 \dxj dxi) 2 \dx~ ~ ~dx~) ' [ ' 

The second term on the right of Eq. (1.51) is anti-symmetric: using the def­
inition (1.48) of vorticity, it can be written as —-^ îjk^k (cf. Appendix A). 
Hence, substituting into Eq. (1.50) it makes a contribution to the right-
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hand side which is equal to — ^Srxu; = ^u;xSr. Thus, comparing this 
with the velocity due to a solid-body rotation, we deduce that the antisym­
metric part of VM contibutes to the motion of point B relative to point A 
a motion which is a rotation with angular velocity \ui. Equivalently, the 
vorticity is given by Eq. (1-49) where fl is interpreted as the local rotation 
rate. 

The symmetric part of dui/dxj, i.e. the first term on the right of 
Eq. (1.51), is called the rate of strain tensor e^ : 

1 / dm diij \ 

* = 2{^ + di)- (L52) 

Its trace e^k is equal to V • u and the isostropic part of e^, namely \ekk&ij, 
represents an expansion or compression of the fluid in the region of point 
A. The remainder of e^, namely ejj — ^ekkSij, has zero trace and represents 
a local shear of the fluid. 

An evolution equation for vorticity can be derived by taking the curl of 
the momentum equation. Initially we shall consider the inviscid case. First 
we rewrite the u • Vu term in Eq. (1.7) using a vector identity to obtain 

Tt = " X - " V ( ^ 2 ) --/P+f. (1.53) 

Taking the curl of this equation gives 

<9u> 1 
— = Vx (uxw) + — VpxVp + V x / (1.54) 

since the curl of a gradient vector is zero. The V X ( J J X U ) can be expanded 
using identity (A.4) from Appendix A. Noting that V • OJ vanishes by its 
definition (1.48), Eq. (1.54) becomes 

dw 1 
— + u- Vu> = OJ-VU - (V -U)OJ + -^VpxVp + V x / . (1.55) 

Finally, using the continuity equation (1.3) to eliminate V • it, we obtain 

(1.56) 
Equation (1.56) is called the vorticity equation. It describes how vorticity 
evolves in a fluid. 

A fluid for which VpxVp = 0 everywhere is called barotropic: since 
the vector gradients of density and pressure are everywhere parallel, the 
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surfaces of constant density and of constant pressure coincide, and it is 
possible to write either variable as a function solely of the other variable, 
e.g. p = p{p). Conversely, if density and pressure are just functions one of 
the other, then the fluid is barotropic. If the fluid is barotropic and any 
body force / that is present is conservative (i.e. V x / = 0, or equivalently 
/ can be written as the gradient of a scalar potential), so in particular there 
are no viscous forces, then the last two terms in Eq. (f .56) vanish and the 
vorticity equation (1.56) is of the same form as the equation (1.50) for the 
evolution of a material line element. We deduce that in this case vortex 
lines move with the fluid. (A vortex line is a line everywhere parallel to the 
vorticity.) We can define a vortex tube to be, loosely speaking, a bundle 
of vortex lines or more precisely a tube whose surface is nowhere crossed 
by vortex lines and whose surface is itself composed of vortex lines. In the 
present case, then, the walls of a vortex tube form a material surface moving 
with the fluid. We define the strength of a vortex tube to be j s u> • ndS, 
where S is any cross-section area cut across the tube and n is a vector 
normal to that area. Since no vortex lines cross the walls of a vortex tube, 
and vorticity is divergence-free, it follows from the divergence theorem that 
the strength of a vortex tube is a well-defined quantity, i.e. it is independent 
of which cross-section area we choose on which to evaluate it. 

Generally in a fluid we can define the circulation about a closed curve 
C contained within the fluid to be 

T = (h udr . (1.57) 

If we choose C to be a material curve, moving with the fluid, then 

dr l Du , / D , , 
d̂  = fc-Dt-dr + fc

UDtdr- (L58) 

The last term can be rewritten as the integral around C of V( | i t 2 ) using 
Eq. (1.50), and for an inviscid fluid we can replace Du/Dt in the first term 
on the right of Eq. (1.58) using the momentum equation (1.7). We consider 
only 3-D fluid domains for which curve C can be spanned by a surface <S 
wholly contained in the fluid domain; so Stokes's theorem can be applied. 
Hence Eq. (1.58) becomes 

- ^ = J (\vpxVp + VxA-ndS . (1.59) 

We can immediately deduce from this that for a barotropic fluid with only 

file:///vpxVp
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conservative body forces / , the circulation around a material curve is in­
variant with time. This is a statement of Kelvin's circulation theorem. 

Moreover, the strength of a vortex tube can be expressed, using Stokes's 
theorem, as a flow around a material curve embedded in the walls of the 
tube and encircling the tube's axis. Hence the strength of a vortex tube in 
such a flow is invariant also: if the fluid motion is such as to cause the vortex 
tube to become narrower (known as vortex stretching), the magnitude of 
u> must increase so that J u> • ndS over the cross-section of the tube is 
constant. 

A fluid for which VpxVp ^ 0 is called baroclinic. This means that 
surfaces of constant density are inclined to the surfaces of constant pressure. 


