Chapter 1

Formal Stochastic Differential
Equations

The goal of this first chapter is to establish the Chen-Strichartz formula
which, in a way, is a cornerstone of this book. This formula is universal and
determines very precisely and explicitly the local structure of any stochastic
flow. To derive this formula, it is quite convenient to work in an abstract
and formal setting, in which we do not have to care about convergence
questions.

The reader which is not so familiar with the theory of stochastic differ-
ential equations and vector fields is invited read the Appendices A and B
which are included at the end of the book.

1.1 Motivation

Let us consider a stochastic differential equation on R™ of the type

d t
X5 =z +Z/ Vi(X°)odB;, t >0, (L)
i=1 0

(1) o € R?;

(2) V1, ..., Vi are C° bounded vector fields on R™;

(3) o denotes Stratonovitch integration;

(4) (Bt)t>o = (B}, ..., B)>0 is a d-dimensional standard Brownian mo-
tion.



2 An Introduction to the Geometry of Stochastic Flows

Let f: R* — R be a smooth function and denote by (X;°);>o the solution
of (2.1) with initial condition o € R™. First, by Ité’s formula, we have

d t
FX2) = fE) + Y / (Vif)(X2) 0 dBS, ¢ > 0.
i=1

Now, a new application of Ité’s formula to V; f(XZ) leads to

d t s ' '
Z/O/O(%Wf)(X#)odeodB;.

t,j=1

d
F(XE) = f(zo) + Y _(Vif) (o) B; +
i=1

We can continue this procedure to get after N steps

N

FXP)=f@)+Y. D, ViV F)(mo) odB' + Ru(t),

k=1I=(i1,...ix) Akfo,t]
for some remainder term Ry, where we used the notations:
(1)

A*0,8] = {(t1, .. tx) € [0,8],t; < ... < tr};

(2) If I = (41,...ix) € {1,...,d}* is a word with length k,

/ odB' =/ o BZ; o..0dB*.
AX{0,t) 0<t;<...<tp <t

If we dangerously do not care about convergence questions (these questions
are widely discussed in [Ben Arous (1989b))), it is tempting to let N — 4-00
and to assume that Ry — 0. We are thus led to the nice (but formal!)
formula

+00
FXP)=f(zo)+)_ Y. (ViViHlzo) odB!.  (1.2)

k=1 I:(‘l,l,‘l,k) Ak[O;t]

We can rewrite this formula in a more convenient way. Let &, be the
stochastic flow associated with the stochastic differential equation (2.1).
There is a natural action of ®; on smooth functions: The pull-back action
given by

(®F 1) (o) = (f 0 e)(z0) = f(X7°).
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The formula (1.2) shows then that we have the following formal develop-
ment for this action

~+oo
o =14+ % Wl...tfik/ odB!. (1.3)
k=1TI=(i,...ix) AF{0,t]

Though this formula does not make sense from an analytical point of view,
at least, it shows that the probabilistic information contained in the stochas-
tic flow associated with the stochastic differential equation (1.1) is given by
the set of Stratonovitch chaos [, A*[0,4] odBI. What is a priori less clear is
that the algebraic information which is relevant for the study of ®7 is given
by the structure of the Lie algebra generated by the V/s, and this is pre-
cisely this aspect we want to stress in this chapter which is devoted to the
study of formal objects like

+o0
d+> > v,-l...vik/ odBT.

k=1TI=(iy,...ig) Ak[0,t]

Such objects and their relations with flows seem to appear the first time in
the works of K.T. Chen [Chen (1957)], [Chen (1961)].

1.2 The signature of a Brownian motion

Let us denote by R[[X}, ..., X4]] the non-commutative algebra of formal
series with d indeterminates.

Definition 1.1 The signature of a d-dimensional standard Brownian mo-
tion (B:)s>0 is the element of R[[X}, ..., X4]] defined by

+o0
SB=1+Y S Xi.X, odB!, t > 0.
k=1TI=(iy,...ix) Ak[o,e]

Remark 1.1 We define the signature by using Stratonovitch’s integrals
because we keep in mind the connection with stochastic flows which appeared
with formula (1.3). Nevertheless, it is possible to define a signature by using
Ité’s integrals. The link between these two signatures is given in Proposition
1.2 below.

Remark 1.2 In the same way, it is of course also possible to define the
signature of a general semimartingale.
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Observe that the signature hence defined is the solution of the formal
stochastic differential equation

d t
S(B):=1+ Z/ S(B)sX;cdB;, t > 0. (1.4)
i=170

Such linear equations appear in the study of Brownian motions on Lie
groups. Indeed, let G be a Lie group with Lie algebra g.

Definition 1.2 A process (Xi):>o with values in G is called a (left)
Brownian motion on G if:

(1) (Xt)e>o0 is continuous;

(2) for each s > 0, the process (X;lXt+3)t>0 is independent of the process
(Xu)OSuSs; -

(3) for each s > 0, the processes (X;1X,4,)
in law. :

£0 and (X¢)¢>o are identical

In a general way, one can construct Brownian motions on Lie groups by
solving differential equations. Let us consider Vi,...,Vy € g. As explained
in Appendix B, V;,...,V; € g can be seen as left invariant vector fields on
G, so that we can consider the following stochastic differential equation

t
X, = 1G+Z/ Vi(X,)odBi, t >0, (1.5)
=10

where (B:)¢>0 is a standard Brownian motion on R4, For instance, if G is
a linear group of matrices, equation (1.5) can be rewritten

t
Xt=1G+Z/ X,V;0dB:.
i=1"0

It is easily seen that there is a unique solution (X;):>0 to the stochastic
differential equation (1.5), and this solution is a (left) Brownian motion on
G. The process (X;)¢>o0 is called a lift of (By)¢>o in G. It is interesting to
note that, conversely, each Brownian motion on G is solution of a stochastic
differential equation

t t
thxo+/ Vo(Xs)ds+Z/ Vi(X,) 0dB:, t >0,
0 i=1 0

where Vj, V1, ..., Vy are left-invariant vector fields on G; for further details
on this, we refer to [Hunt (1958)] and [Yosida (1952)].
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With this in mind, we interpret now R[[X, ..., X4]] as the universal en-
veloping algebra of the free Lie algebra with d generators f4. So, with this
interpretation, at the formal level the signature of (B):>o can be inter-
preted as a lift of (B;):>0 in the formal object exp(fa).

On the other hand, the first section of this chapter has shown that the
pull-back action on functions of the stochastic flow (®;),>¢ associated with
the stochastic differential equation

d t
X2 =30 + Z/ Vi(X®)odB:, t >0,
i=1 0
solves formally the stochastic differential equation
t
il =1d+Z/ 3V, 0dB:,
i=170

so that (®}):>0 can formally be seen as a lift of (Bi)s>o in the formal
object exp (£(V1, ..., Va)) where £(V1,...,V}) is the Lie algebra generated
by Vl, ceey Vd.

Therefore, since fz is-a universal object in the theory of Lie algebras,
the signature appears as a universal object in the theory of stochastic flows.
In particular, if we do not care about convergence questions, any algebraic
formula concerning the signature of (B;);>o0 can be applied to study the
stochastic flow associated with any stochastic differential equation driven
by (B:)i>0. As it will be seen in the next chapters, one of the most il-
luminating example in this direction is certainly the universality of the
Chen-Strichartz formula; an other example is given by the expectation of
the signature (see the end of the chapter), a purely algebraic object, which
ezplains in a different way than the usual one, the Markov property shared
by any process that solves a stochastic differential equation driven by Brow-
nian motions.

We have a fundamental flow property for the signature which stems
directly from the following key but simple relations, known as the Chen’s
relations since the seminal work [Chen (1957)].

Lemma 1.1 For any word (7),...,%n) € {1,...,d}” and any 0 < s <,

/ odB(i1-in) — Z/ OdB(il,...,ik)/ odBix+1rin),
AT{0,1] =0 Ak{0,s] An=k[s,t]

where we used the following notations:
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(1)

/ odBli1rik) = / odBj! o...0 dBy*;
A"[s,t] <1 <... <t <t

(2) if I is a word with length 0, then on[O,t] odB! =1.

Proof. It follows readily by induction on n by noticing that

t
/ od B(t11in) =/ / od B(i1srin—1) odBf".
AT 0,1 0 An—10,t,) "

O
Proposition 1.1 For0< s <t,
+oo
SB):=SB) [1+) . > XX, odBT ] .
k=1TI=(i1,...ix) Akls,t]
Proof. We have, thanks to the previous lemma,
+o0
S(B)s <1 + D XX, odB! )
k=1 I A"[s,t]
+00 )
=1+ Xy X, Xor o Xy odB' / odB'
chz=1 [Z[/ ' o w Aks,t] Ak [0,s]
+o0
=1+ X, ... X; / odB'
:;21: *Jakp
=S(B);.
(B): .

Remark 1.3  Observe that if I € {1,...,d}* is a word with length k then
forany 0 < s <t:

(1) fA"[s . odB! is independent from (By)u<s;

(2)
/ odB! =law / odB’.
AF[s,t] AK[0,t—s}

Therefore, we can roughly conclude that:

(1) for each s >0, the process (S(B);1S(B)sts
process (S(B)u)o<u<s;

) >0 is independent of the
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(2) for each s > 0, the processes (S(B);‘IS(B)HS)DO and (S(B)¢)t>0 are
identical in law. -

By using the relation between Stratonovitch’s and It6’s integral (see Ap-
pendix A), it is possible to give a formula for the signature of a Brownian
motion which only involves It&’s iterated integrals.

Proposition 1.2 We have
S(B):=1+ Z Z Xi,...Xik dB!, t >0,
k=11€{0,1,...d Ak[0,¢]

where we used the following notations:

(1)
sz BY =t;

1_1

(2)

/ dBT = / dB}}...dB}*.
Ak[0,2] 0<t .. Lt <t

Proof. Let I = (i1,..,i) € {l,..,d}*. From the definition of
Stratonovitch’s integrals, we have

t
/ odB! = / / odB*ik-1 | dBy
Ak[0,4) 0 \JAak-1]0,t]
1 t . .
+§Tik—1yik/ (/ odB* =2 | dty_q,
0 \JAak-2{0,tx_4]

Tix_1,06 — 0if ik—l # ’ik

=1 lf ik—l = ik.

where

Consider now the smallest set Z of words which satisfies the following prop-

erties:

V) IeT,

(2) if J = (J1,..s01) €T and if jp, = Jmy1 # 0 forsome 1 <m <1 -1,
then (jl’ "'ajm——l)Oajm+2a '-'ajl) S I
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By iterating the previous formula, we get

1
odB! = ———/ dB’,
/A*[O,t] Z 2k"|-” AlJI[O,t]

Jer

where | J | denotes the length of the word J. The expected result follows
readily. 0

Remark 1.4 Observe that if we write equatidn (1.4) in Ité’s form, we
get

1 [t d d _
S(B =1+—/SBS X?)ds+ /SBindB;,
(B): A (B) <; ) ; A (B)

which explains intuitively formula of Proposition 1.2.

1.3 The Chen-Strichartz development formula

This section is devoted to the proof of the Chen-Strichartz development
formula. The formula we give is actually a restatement of a result of [Chen
(1957)] and [Strichartz (1987)], and can be seen as a deep generalization of
the Baker-Campbell-Hausdorff formula (see Appendix B).

The Chen-Strichartz formula is an explicit formula for InS(B);. In
particular, it appears that InS(B), is a Lie element, a result which is far
from being obvious at a first look. As it is illustrated in this book, the
geometric consequences of this development are rather deep. Before we go
into the heart of this formula, let us first try to understand a simple case:
the commutative case.

We denote G the group of the permutations of the index set {1,..., k}
and if ¢ € Gk, we denote for a word I = (4y,...,4x), o - I the word
(i0(1)s -+ to(k)). Now, let us observe that if X;,..., Xy were commuting,
we would have

d
S(B), = exp (Z X,-B;’) .
i=1
Indeed in that case, by symmetrization, we get

+00
S(B)y = 1+Z Z X, .. X, (% Z /A"[O,t] odB"'I).

k=1TI=(i1,...,%%) o€y,
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Now observe that
3 / 0dB°T = B, B,
oe6; Y A0:]
which implies,
I ) ) d )
S(B), =1+ kzl 8 (Z | )Xil...XikB;‘...B;* = exp (Zl LB;) .
= =(i1, ik i=

Of course, in the general case, this formula does not hold anymore. But,
we still have a nice formula for In S(B), which involves iterated functionals
of the commutators X;X; — X; X.

We define the bracket between two elements U and V' of R[[X1, ..., X4]]

by
[U,V]=UV - VU,

and it is easily checked that this bracket endows R[[Xj, ..., X4]] with a Lie
algebra structure. If I = (¢1,...,1%) € {1, ...,d}* is a word, we denote by X7
the commutator defined by

X] = [Xilv [Xiga erey [X‘ik—l’Xik]"‘]'
If ¢ € Gy, we denote e(o) the cardinality of the set
Ge{1,....k—=1},0(j) > oG +1)}.
Theorem 1.1  We have
SB=exp (D>, Y. ABrXr|,t>0,
k21 I=(i1,.-. k)

where:

A (B) . Z (—l)e(a) / odBa_l.I
T t ol k2 k—1 Ak[o,t] .
e(o)

Proof. We shall proceed in several steps.

Step 1. First, we write

+oo
S(B), =1 +Z/ odws, ... 0 dws, ,
k=174

*[0,¢)
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where we used the notation

d
dw=""XdB".
i=1
Now we have,
S (D ‘
S(B): = exp (In S(B);) = exp T(S(B)t -1)"].
k=1

Therefore we get,
S(B)t = eXp Zta

with

+o0 (_1)k-—1 +o00 k

Zi=) —— (Z/ t odwsl...odwsﬂ> : (1.6)

k=1 n=1 [01 ]

For each positive integer r, consider all ways of writing
rT=p1+ .+ Pm, m=1,...,7,

for p; positive integers, and set go = 0 and g; = p; + ... + p;, for j > 1. We
can now expand out

+00 k—1 k
(Z/ odwsl...odwsn> :
k=1 "[0,¢]

to obtain, thanks to Lemma, 1.1,
Z =+Z°:oiz(—_—}—)-m;l/odw o dw
t el - spe0e 53
where the integral is taken over the region given by the inequalities

0<s) <. <sgy <t

0<sg41 <. <5g, <t (1.7)

0<sgp 141 <o < 8q,, <t
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Step 2. By applying now the generalized Baker-Campbell-Hausdorff for-
mula (B.4) of Appendix B, we obtain

oo 7 _1yme—1
Z, = Zl Zzlz(__ln)?. /[...[odwsl,odw”]...],odwsr], (1.8)

where the integral is taken over the same region. The domain determined
by the inequalities (1.7) can be written as the union of simplices obtained
from the simplex A"[0,t] by permuting the variables, actually

/[..,[odwsl,Odwsg]...],odwsr] = Z/T[o tJ[...[odwsd(l),odwsa(z)]...],Odwsa(r)],

where the inner sum is taken over the permutations o € &, that satisfy
0'((1]' + 1) < G(q:) +2) < ..o < G(q_.H_]), _’) = 0,- e, M — 1.
Therefore, by regrouping the terms in (1.8), we obtain that Z; is equal to

1™ 1
> 3 5 U rm) [ (ol g g o
AT[0,t]

r=1ce6, m=1

where d(r,m,o) is the number of ways of choosing positive integers

D1y Pm With py + . + p = 7 satisfying o(g; + 1) < ... < o(gj41),
7j=0,...,m—1.

Step 3. We claim now that

™ ()

Indeed, a straightforward combinatorial argument shows that
_[r—elo)-1
d(r,m, o) = (m —e(o) — 1) ’
so that we need to sum

> B ().

m=e(c)+1
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But let us observe that for n > 0 and & > 0,

B (1) £ () [ oo

j=0 j=0

= /l 1-z)" zFldz
0
_(k=1n!

 (k+n)

Therefore, by setting k = e(0) + 1, m = k + j, and n = r — k we obtain

Zr: —-——(_l)m_ld(r,m,a) = (_1)8(0)

= (o)

Step 4. Putting things together, we get therefore

e(a)
Z y o /A S A
r=10€6, 2 ’

" (e(o))

Now, observe that

lodws,, ), [---s [odw oduws, .-

= (—1)"1[...[odw30(r),odwga(r_l)]...], odws, ,, 1,

Sa(1)? Sa(r—1)?

and that if for ¢ € &,, 0* denotes the permutation defined by o*(k) =

o(r +1—k), then e(¢*) =r — 1 — e(o). Therefore, we also have

e(a)

" Z Z (’" — 1) /Ar[o,t] [Odwsv(U’ [ [oduws, (, sy 0dws,(p]---]-

r=10€6,
e(o)

By expanding out

0€B, p2 r—1

e(o)

(=)
s [odis, s -y [ods, ), 0wy, )]
( ) A[0,¢]
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into

_1h\el®) B
RTINS
Y i R SR P ()

e(o)

we obtain finally the claimed formula. a

Remark 1.5 Observe that the first terms in the Chen-Strichartz formula
are:

(1)
d
Z Ar(BpXr = ZBin;
k=1

I=(iy)

(2)

1 P o i i

> MBiXi=3 ¥ (X)) [ BiodB]-BlodB}
I=(i1,i) 1<i<;<d o

it is interesting to note the above Stratonovitch integrals are also Iié

integrals, that is

t t
/ BiodBl — Bl odB' = / BidB! — BidB:.
0 0
Remark 1.6 Actually, the Chen-Strichartz formula holds for the signa-

ture of any semimartingale: this is indeed a pathwise result.

Remark 1.7 The formal development for the action on functions of the
stochastic flow ¥ associated with a stochastic differential equation of the
type (1.3) reads therefore

si=ep (Y Y MBV
k>1 T=(iy,...,5)
It is also possible to obtain a formal development for the action of ®; on
smooth tensor fields. Indeed an iteration of the formula given in the Propo-
sition A.6 of Appendiz A leads, due to the Lie algebra homomorphism prop-
erty of the Lie derivative, to

@7 =exp (Z > AI(B)tcv,)

k>1 I=(i1,...,ik)
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1.4 Expectation of the signature of a Brownian motion

It is interesting to note that it is possible to derive in a purely algebraic
manner the semigroup P; associated with the solution of a stochastic dif-
ferential equation driven by Brownian motions .

Definition 1.3 The element of R[[X}, ..., X4]] defined by

+o0
— : I
P=1+Y" Y  X,.X,E (/MM odB ) t>0,

k=1TI=(i1,...ik)
is called the expectation of the signature of the Brownian motion (B;):>o0.

Proposition 1.3 We have

d
1
P, =exp (?ZX?) , t>0.
=1

Proof. By using proposition (1.2), we get

+o0
I
P=1+) X,-l...XiklE(/AkMdB),tzo,

k=171€{0,1,...,d}*

where:
18
Z 2 0 _
Xo: —2-i=1Xi, andBt =1{.

In the previous sum, the only terms whose expectation does not vanish are

the terms
/ dB!
Ak[0,t]

where I is a word which contains only 0. Therefore,

+o00

P=1+ X"/ dt,...dty.
, ; o ™

Since
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we get

+o00 tk
Pi=1+) X5 =e™.
k=1 O

Remark 1.8 If we think (S(B):):>0 as the solution of the formal stochas-
tic differential equation

d t
S(B)y =1+ Z/ S(B),X; 0 dBt, (1.9)

and P; as E(S(B):), then the above formula is rather intuitive. Indeed, by
writing the Ité’s form of (1.9), and by taking the expectation, we obtain the
equation

t 1 d ,
pt=1+/op, <§;X,. ds,

which directly implies

d
P, =exp <%t Z Xf) .
i=1

Remark 1.9 In the commutative case, we have
d .
S(B): = exp (Z x,-B;) ,
i=1

and the formula for P; reduces to the well-known Laplace transform formula

d d
E (exp (Z XiBt’)) = exp (%tZX?) .
i=1 i=1

We stress the fact that the last formula only holds in the commutative case.
Observe that the semigroup property of P, that is

P, t+s — PP, s
could have been directly derived from the identity

+oo
S(B)ess = S(B), (1+Z > XX, » ]odBI) .
klt,t+s

k=11=(i1,...ix)
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Indeed, since [ AX[t,14s) odB is independent of (By)u<:, we deduce

+o0
Pps=P(1+4) > Xiy.X,E </Ak[t . ]odBJ)

k=1I=(i1,...ix)

Now observe that, due to the stationarity of the increments of a Brownian

motion,
E / odB' | =E / odBT |,
Akt t+s] AK[0,s]

so that
+00
P, =PF 1+Z Z Xi . X E </ OdBI) = BP,.
k=1T=(i1,...ix) Ak[o,s]

We have already pointed out that the signature is a universal object in
the theory of stochastic flows, so let us see the analytic counterpart of the
purely algebraic formula

+oo d
1+ > Xy X,E ( / odBI> = exp (—l-t > Xf) :
Ak[0,1] 2 i=1

k=1TI=(i1,...5x)

In the first section, we have seen that for the action on smooth functions
of the stochastic flow & associated with the stochastic differential equation

d t
Xgo =z0+2/ Vi(XZF°) o dB:,
=170

we had formally

+o0
o =Id+> > VV/ odB’.

k=11I=(i1,...ix) akfo,
Therefore,

+o0 :
E@)=1d+) Y V.E (/»k[Ot}odBI>=e%tzz‘=m2_

k=1 I=(i1,...4) - A
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By coming back to the definition of ®} we deduce that if f: R® — R is a
smooth function,

E(f(X7*)) = (e} % £) (w0),

which exactly says that (X;°):;>0 is a Markov process with generator
b >

e3tXie1 V| In the same way, by using the formal development of ®; on

smooth tensor fields which reads

+00 .
o =Id+) Y Ly, .Ly, / odB’,
k=1TI=(iy,...ix) Ak[0,¢]

where £ denotes the Lie derivative, we obtain that if K is a smooth tensor
field on R™,

E((#; K)(20)] = (e} T4 5% K) (o).

Of course, all this is only formal, but should convince the reader of the
relevance of the formal calculus on the signature.

1.5 Expectation of the signature of other processes

As already observed, the notion of signature can be defined for other pro-
cesses than Brownian motions and there is a corresponding notion of ex-
pectaﬁon for the signature. Let us for instance mention the example of
the signature of a fractional Brownian motion. A d-dimensional fractional
Brownian motion with Hurst parameter H > % is a Gaussian process

B, = (BL,..,BY), t >0,

where B1,..., B4 are d independent centered Gaussian processes with co-
variance function

(321{ +2H |- Sle) _

=

R(t,s)=

It can be shown that such a process admits a continuous version whose
paths are locally p-Holder for p < H. Therefore, if H > 1, the integrals

/ dBT
A*[0,]
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can be understood in the sense of Young’s integration; see [Young (1936)]
and (Zihle (1998)]. We define then the signature of (By):>0 by

+o0
— . I
By=1+Y Y XX, /MO . dB!, t >0,

k=11=(iy,...ik)
and associate with S(B) the family of operators
400
P=1+) Y Xil...Xik]E</ dB’), t>0.
k=1I=(i1,...ix) Ax{0,1]

The increments of (B;)¢>o are not independent (they are however station-
ary), and (P;);>o is therefore not a semigroup. Nevertheless, as shown in
[Baudoin and Coutin (2004)], when t — 0,

d
P=1+ 1t2H (Zx ) +tH N e XX X X + O(%H),

im1 ik l=1
where,
. 1 1 2H — 1
Qi ikl = §5k,l5j,i [Z —2HB(2H,2H - 1)} + §5i,k5j,l_4H(4H 1)
H(2H - 1) 1 1
+-—g———55,k5,,1 [5(2H,2H 2)+4H—-1_2H—1],
with B(z,v) fo t*=1(1 — t)¥~'dt, and §;; is the Kronecker’s symbol. A

development for P, Whlch leads to development in small times of expressions
of the type E (f(X7°)), where (X{°);>0 denotes the solution of the equation

_:c0+Z/ Vi(X2°)dB:, t > 0,

which is understood in Young’s sense (see [Nualart and Rascanu (2002)] for
theorems concerning the existence and the uniqueness for the solution of
such an equation).

Observe that when H — 35, then the above development tends to

d d 2
_ l 2 12 2 3
Pt—1+2t(;X,-) +3t (;x) + 03,

which is the development of the P; corresponding to the Brownian motion.
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Also observe that the fourth order operator

d
Z a; 5 k1 XX Xk Xa

&5,k l=1

can not be simply expressed from

d
S X2
i=1

Such a discussion can obviously be generalized to any stochastic differential
equation driven by Gaussian processes whose paths are more than % locally
Holder continuous and this is actually an interesting open question to decide
what is the smallest sub-algebra of R[[ X7, ..., X4]] that contains P;.

Let us finally mention another type of processes for which the expec-
tation of the signature can be explicitly computed. Let us consider the
process

Zt = Bat’ t 2 0,

where (B;):>0 is a d-dimensional standard Brownian motion and ¢ a non
negative random variable independent of (B;);>o which satisfies E (0*) <
+00, k > 0. In that case, the expectation of the signature of (Z;):>¢ is
easily seen to be given by

+o0 d k
1
Po= ) g o) (Z_l X ) ’

and observe that, like in the Brownian case, the smallest algebra containing
P, is given by R [ZLI Xf] For instance, by taking for o an exponential
law with parameter 1, that is

P(o € dz) = e7"1R,,(2),

we get
1

1- 3¢ (L, x?)

P =



